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ARITHMETIC.
(SECTION 1.)

DEFINITIONS.
1. Arithmetic is the art of reckoning-, or the sti:

numbers.

2. A unit is one, or -a single thing, as i boy, one

horse, one dozen.

.*>. A number is a unit or a collection of units, as one,

three apples, five boys.

4:. The unit of a number is one of the collect:

units which constitutes the number. Thus, the unit of

- one, of twenty dollars is one dollar.

,">. A concrete number is a number applied to some
particular kind of object or quantity, as three horses, rive

dollars, ten pounds.

6. An abstract number is a number that is not applied

to any object or quantity, as tkn ten,

7. Like numbers are numbers which express units of

the same kin Jays and ten days, two feet and five
'

8. l*n like numbers are numbers which express units

of different kinds, as ten months and eight miles, seven dol-

lars and five '

NOTATION AM) NUMERATION.
D. Numbers are expressed in three (1) by words;

(2) b;

1 O. Notation is the art of expressing numbers by fig-

ures or lettc

11. Numeration is the art of r numbers

which ha

For r.

40-2 6
l



2 ARITHMETIC. § 1

12. The Arabic notation is the method of expressing

numbers by figures. This method employs ten different

figures to represent numbers, viz.

:

Figures 0123456789
Names naught, one two three four five six seve?i eight nine

cipher,

or zero

The first character (0) is called naught, cipher, or zero
9

and when standing alone has no value.

The other nine figures are called digits, and each has a

value of its own.

Any whole number is called an integer.

13. As there are only ten figures used in expressing num-
bers, each figure must have a different value at different times.

14. The value of a figure depends upon its position in

relation to others.

15. Figures have simple values and local, or rela-

tive, values.

16. The simple value of a figure is the value it ex-

presses when standing alone.

17. The local, or relative, value of a figure is the

increased value it expresses by having other figures placed

on its right.

For instance, if we see the figure 6 standing

alone, thus 6

we consider it as six units, or simply six.

Place another G to the left of it; thus 66

The original figure is still six units, but the sec-

ond figure is ten times 6, or 6 tens.

If a third 6 be now placed still one place further

to the left) it is increased in value ten times more,

thus making it 6 hundreds 666

A fourth 6 would be 6 thousands . 6666

A fifth 6 would be 6 tens of thousands, or

thousands 66666

ixth 6 would be 6 hundreds of thousands . 66QQQQ

rh 6 would be 6 millions ........ fimm



51 ARiTHMi-yric.

The entire line of seven figures I six million

hundred sixty-six thousands six hundred sixty-six.

IS. The Increased % ai ue of each of tl > is its

local, or relative, value. Each figure is ten tinii r in

value than the one immediately on its right.

19. The cipher (0) has no value itself, but it is

in determining- the place of other figures. To represent

number four hundred fit ligits only are necessary

to represent four hundred and the other to represent

units; but if these two digits are placed together, as 45, the 4

(being in the second place) will mean 4 tens. To mean 4 hun-

dreds, the 4 should have two figures on its right, and a cipher

is therefore inserted in the place usually given to tens,

that the number is composed of hundreds and units only, and

that there are no tens. Four hundred five is then

pressed as 405. If the number were four thousand

ciphers would be inserted; thus, 4005. If it were four hun-

dred fift)\ it would have the cipher at the right-hand side to

show that there were no units, and only hundreds and tens;

thus, 450. Four thousandfifty would b . the

first cipher indicating that there are no units and the second

that there are no hundreds.

20« In readi?ig numbers that have been represented by
figures, it is usual to point off the number into grou] is

three figures each, beginning with the right-hand, or units,

column, a comma (,) being used to point off these groups.

Bilh Millions. Thousands. l 'nits.

ad—
•s.

i. z.

/.
zz •/'

BO J.

H £3 - z
•—
z

— = •_

73
m n .V s ~ f.

— /.

- : - :

1 -
\ 1

J.

'5
~ — % r-

~" — S
4 1 8 \

»;



4 ARITHMETIC. § 1

In pointing off these figures, begin at the right-hand figure

and count

—

units, tens, hundreds; the next group of three

figures is thousands; therefore, we insert a comma (,) before

nng with them. Beginning at the figure 5, we say

thousands, tens of thousands, hundreds of thousands, and

insert another comma. We next read millions, tens of mil-

lions, hundreds of millions (insert another comma), billions^

tens of billions, hundreds of billions.

The entire line of figures would be read: four hundred

thirty-two billions one hundred ninety-eight millions seven

hundred sixty-five thousandsfour hundred thirty-two. When
we thus read a line of figures it is called numeration, and

if the numeration be changed back to figures, it is called

notation.

For instance, the writing of the following figures,

72,584,623,

would be the notation, and the numeration would be sev-

enty-two millions five Jimidred eighty-four thousands six hun-

dred twenty-three.

*i 1 . Note.—-It is customary to leave the s off the words mil-
lions, thousands, etc., in cases like the above, both in speaking and
writing; hence, the above would usually be expressed seventy-two
million five hundred eighty-four thousand six hundred twenty-three.

*l'l. The four fundamental processes of arithmetic are

addition, subtraction, multiplication, and division.

They are called fundamental processes because all operations

in arithmetic are based upon them.

ADDITION.
23. Addition is the process offindi?ig the sum of two or

more //umbers. The sign of addition is +. It is read plus,

and means more. Thus, 5 + 6 is read 5 plus 6, and means
that 5 and 6 are to be added.

2 1 . The sign of equality is = . It is read equals or

is equal to. Thus, 5+ 6 = 11 may be read 5 plus 6

equals 11.
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*i.">. Like numbers can be added, but unlike numbers
cannot be added. Thus, 6 dollars ran be added to 7 doll

and the sum will be L3 dollars; but o* dollars cannot

added to ; feet

*i(>. The following table gives the sum of any two num-
bers from 1 to 12:

1 and 1 is 2 2 and 1 is :; 2 and 1 ttd lis f)

1 and 'J is 3 2 and 2 is 4 8 and 2 is 5 id 5 is

1 and 3 is 1 2 and 3 is 5 2 and 2 is •1 and 2> is 7

1 and 4 is 5 2 and 4 is 2 and 1 is 7 •1 and 1

1 and 5 is 6 2 and 5 is 7 8 and 5 is s •1 and 5 is

1 and (') is 7 2 and is s 2 and is 1 and
1 and 7 IS 8 2 and 7 is !) Sand 7 is 10 I 7 is 1 1

1 and 8 is 9 2 and 8 is 10 2 and 8 is 11 1 8 [s J2

1 and 9 is K> 2 and is 11 8 and is 12 1 it is 18

1 and 10 is 11 2 and 10 is 12 2 and 10 is 18 4 and 10 is 11

1 and 11 is 12 2 and 11 is 13 3 and 1 1 is 1 1 d 11 is IT)

1 and 12 is id 2 and 12 is 14 2, and 12 is 15 4 and 12 is Hi

! 1 is 6 and 1 is 7 7 and 1 is 8 8 and 1 i- it

5 and 2 is 7 (5 and 2 is 8 7 and 2 is S and 2 is 10

5 and 3 is 8 (> and 3 is !) 7 and 2 is 10 1 2, is 11

5 and 4 is 1) (J and 4 is 10 7 and 4 is 11 1 1 is 12

5 and 5 is lo and 5 is 11 7 and 5 is 12

5 and 6 is 11 6 and 6 is 12 7 and is 13 -

5 and 7 is 12 and 7 is 12 7 and 7 is 14 i 7 is i;>

5 and 8 is 12 and S is 14 7 and 8 is 1."") d S is 10

5 and 9 is 14 6 and is L5 7 and is 16 1 i» is 17

5 and 10 is 15 and 10 is 10 7 and 10 is 17

5 and 11 is 16 and 11 is 17 7 and 11 is 18 - ad 11 is 10

5 and 12 is 17 and 12 is 18 7 and 12 is ID .

9 and 1 is 10 10 and 1 is 11 11 and 1 is 12 12 and lis 13

1 2 is 11 10 and 2 is 12 11 and 2 is 13 12 and 2 is U
9 and 3 IS 12 10 and 2 is 18 11 and 2 is 1 1 12 and 2 is 15

9 and 4 is 13 10 and 1 1 1 and I is 15 12 and -1 is 10

9 and 5 is 14 10 and :» 11 and .-. is 10 12 and 5 is 17

10 and 6 11 and o is 17

9 and 7 is 10 10 and 7 : 1 7 is 10

9 a: 10 and 8 1 1 and s is lo 12 and 8 is 20
9 and it 10 and 1 1 and 9 d is 21

9 and 10 is 19 10 and 10 is 20 11 and 10 is 21 12 and lo is 22
9 and 11 is 20 lo and 11 is 21 11 and 11 12 and 11

11 and 12 : is 21

This tabic should be carefully committed to memory. Since o has no

value, the sum of anv number and is the number itself; thus 17 and

is 17.

4

i 7. For addition, place the numbers t<> be added directly

under each other, taking care t<> place units under /////As-, tens

under tens, hundreds under hundreds, and so on.



6 ARITHMETIC. § 1

When the numbers are thus written, the right-handfigure

of one number is placed directly under the right-hand figure

of the one above it, thus bringing units under units, tens

under tens, etc. Proceed as in the following examples:

£8. Example.—What is the sum of 131, 222, 21, 2, and 413?

Solution.— 13 1

222
21
2

413
sum 7 8 9 Ans.

Explanation. — After placing the numbers in proper

order, begin at the bottom of the right-hand, or units, col-

umn, and add, mentally repeating the different sums. Thus,

three and two are five and one are six and two are eight and

one are nine, the sum of the numbers in units column.

Place the 9 directly beneath as the first, or units, figure in

the sum.

The sum of the numbers in the next,, or tens, column

equals 8 tens, which is the second, or tens, figure in the

sum.

The sum of the numbers in the next, or hundreds, column

equals 7 hundreds, which is the third, or hundreds, figure in

the sum.

The sum, or answer, is 789.

29. Example.—What is the sum of 425, 36, 9,215, 4, and 907 ?

Solution.— 425
36

9215
4

907
27
60

1500
9000

stun 10 5 8 7 Ans.

Explanation.—The sum of the numbers in the first, or
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units, column is seven and four

. and s: o and G

two tens and seven unit-

sho e sum of the numbers in the second,

column :ens, or 60. W under:,

shown. The sum of the numbers in the third, or hi

column is 15 hundreds, or 1,500. Write

preceding- results as shown. There is only one number in

the fourth, or thousands, colum jh represent

Writ I under the thr -ding r

these four results, the sum is \

frequently happens when adding a long column
ures, that the sum of two numbers, one of which c
addition table, is required. Thus, in

of 16 and 6 was required. We know from the table t'::.

hen^.

number less than I

nsequen:
kind, ad rigure of the la

and if the result is greater than 9.

number by 1. Thus 44 — 7 = 4+ 7 = 11 14+ 7 =

30. The addition may also be performed as folio

36

4

Explanation.—The sum of the numbers in uni:

•nits.

g ht-hand, figure" in the sum. K
- and add them to tr. -um

as column, pin-

and car colum:

carry to the lumn, 1

1 thousand and 5 hundreds. \V



8 ARITHMETIC. § 1

column. 1 + 9 == 10, which is written down at the left of

the other figures.

The second method saves space and figures, but the first

is to be preferred when adding a long column.

.*> 1 . Example.—Add the numbers in the column below:

S i'tion.— 8 9

82
90

393
281
80

770
83

492
80

383
84

191

sum 3 8 9 9 Ans.

Explanation.—The sum of the digits in the first column
equals 19 units, or 1 ten and 9 units. Write down the 9 and

carry 1 to the next column. The sum of the digits in the

second column +1 is 109 tens, or 10 hundreds and 9 tens.

Write down the 9 and carry the 10 to the next column.

The sum of the digits in this column plus the 10 reserved

is 38.

The entire sum is 3,899.

Wl, Rule.—I. Begin at the right, add each column sep-

arately, and write the sum, if it be only one figure, under the

column added.

II. If the sum of any column consists of two or more

figures, put the right-hand figure of the sum under that

column and add the remaining figure or figures to the next

column.

.*>.*>. Proof.— To prove addition, add each column from
top to bottom. If you obtain the same result as by adding

from bottom to top, the work is probably correct.
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LMPU - FOB PB v< i i< B.

34:. Find the sum of:

(a) 1<>4 . J 14.

if

{d) 14 .

888H

if) *1 :

(^)

(A) 6.354- 1,111 + 3

(*)

SUBTRACTION,
35. n arithn: - the process of finding

how much greater one number is than anoth

The gTeater of the two numbers is called the minuend.
The smaller of the two numbers is called the subtrahend.
The number left after subtracting the subtrahend from

the minuend is called the diti r remainder.

:><). The sign of subtraction is —

.

and means

.

read 12 i . and means
that T is to be taken from 12.

.'
\ 7

.

Solution— "• 6 8

su

4 14 3 Ai

Explanation.—Begin at the right-hand, or "umn
and subtract in succession each figure in the subtrahend 1

:

the one directly above it in the minue:

ders below the line. The result ainder.

38. When thv the minuend than

the subtrahend, and ne figi:

are less than the

hend, proceed as in I

mf-lf..—From - "

Sol
B

rtt>



10 ARITHMETIC. § 1

i a nation.—Beg-in at the right-hand, or units, column

to subtract. We cannot take 4 from 3, and must, therefore,

burrow 1 from 5 in tens column and annex it to the 3 in

units column. The 1 ten = 10 units, which added to the 3

in units column = 13 units. 4 from 13 = 9, the first, or

units, figure in the remainder.

Since we borrowed 1 from the 5, only 4 remains; 4 from

4 = 0, the second, or tens, figure. We cannot take 8 from

4, and must, therefore, borrow 1 from 8 in thousands column.

Since 1 thousand = 10 hundreds, 10 hundreds+ 4 hundreds

= 14 hundreds, and 8 from 14 = G, the third, or hundreds,

figure in the remainder.

Since we borrowed 1 from 8, only 7 remains, from which

there is nothing to subtract; therefore, 7 is the next figure

in the remainder, or answer.

The operation of borrowing is performed by mentally

placing 1 before the figure following the one from which it

is borrowed. In the above example the 1 borrowed from 5

is placed before 3, making it 13, from which we subtract 4.

The 1 borrowed from 8 is placed before 4, making 14, from

which 8 is taken.

39. Example.—Find the difference between 10,000 and 8,763.

Solution.— minuend 10
subtrahend 8 7 6 3

remainder 12 3 7 Ans.

Explanation.—In the above example we borrow 1 from

the second column and place it before 0, making 10; 3

from 10 = 7. In the same way we borrow 1 and place it

before the next cipher, making 10 ; but as we have borrowed

1 from this column and have taken it to the units column,

only 9 remains from which to subtract G ; 6 from 9 = 3.

For the same reason we subtract 7 from 9 and 8 from 9 for

the next two figures, and obtain a total remainder of 1,237.

40. Ilule.

—

Place the subtrahend (or smaller number)

under the minuend {or larger number), in the same manner as

for addition, andproceed as in Arts. 37, 38, and 39.



ARITHMETIC. 11

4 1. Proof.— 1 subtract

subtrahend and the remainder. The sum j

minuend. If it does not, a mis:

irk should b

Proof of the

subtrahend 8 7

mainder

VI

10000

r\ vMi'j.r- i -in: PB v< i i< E

From:

ip)

if) W
(d) . 9

(') : 141.

a

J 14.

w 4.

MULTIPLICATION.
4:5. T multiply a number is to <* itself ace

number of til

J 1. Multiplication is the process of multipl;

number by anot ":

The number thus added to r the number to be

multipli multiplicand.

The number which

plic n, or the numk
is called the multiplier.

The result obta: • mltiply: product.

1 .">. f multi;

1<>. Itmatl

|
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47. In the following table, the product of any two num-
bers (neither of which exceeds 12) may be found:

1 times 1 s 1 2 times lis 2 3 times 1 is 3
1 times 2 s 2 2 times 2 is 4 3 times 2 is 6
1 times 3 s 3 2 times 3 is 6 3 times 3 is 9
1 times ! s 4 2 times 4 is 8 3 times 4 is 12
1 times .-) s 5 2 times 5 is 10 3 times 5 is 15
1 times 6 s 6 2 times 6 is 12 3 times 6 is 18
1 times 7 s 7 2 times 7 is 14 3 times 7 is 21
1 times 8 s 8 2 times 8 is 16 3 times 8 is 24
1 times 9 s 9 2 times 9 is 18 3 times 9 is 27
1 times 10 s 10 2 times 10 is 20 3 times 10 is 30
1 times 11 s 11 2 times 11 is 22 3 times His 33
1 times 12] s 12 2 times 12 is 24 3 times 12 is 36

4 times 1 s 4 5 times lis 5 6 times 1 is 6
4 times 2i s 8 5 times 2 is 10 6 times 2 is 12
4 times 3 s 12 5 times 3 is 15 6 times 3 is 18
4 times 4 s 16 5 times 4 is 20 6 times 4 is 24
4 times 5] s 20 5 times 5 is 25 6 times 5 is 30
4 times 6 s 24 5 times 6 is 30 6 times 6 is 36
4 times 7 LS 28 5 times 7 is 35 6 times 7 is 42
4 times 8 s 32 5 times 8 is 40 6 times 8 is 48
4 times 9 s 36 5 times 9 is 45 6 times 9 is 54
4 times 10 s 40 5 times 10 is 50 6 times 10 is 60
4 times It s 44 5 times 11 is 55 6 times His 66
4 times 12 s 48 5 times 12 is 60 6 times 12 is 72

7 times 1 s 7 8 times lis 8 9 times lis 9
7 times 2 s 14 8 times 2 is 16 9 times 2 is 18
7 times 3 s 21 8 times 3 is 24 9 times 3 is 27
7 times 4 s 28 8 times 4 is 32 9 times 4 is 36
7 times 5 LS 35 8 times 5 is 40 9 times 5 is 45
7 times 6 s 42 8 times 6 is 48 9 times 6 is 54
7 times 7 s 49 8 times 7 is 56 9 times 7 is 63
7 times 8 s 56 8 times Sis 64 9 times 8 is 72
7 times 9 s 63 8 times 9 is 72 9 times 9 is 81

7 times 10 s 70 8 times 10 is 80 9 times 10 is 90
7 times 11 s 77 8 times 11 is 88 9 times 11 is 99
7 times 12 s 84 8 times 12 is 96 9 times 12 is 108

10 times 1 s 10 11 times 1 is 11 12 times lis 12

10 times 2 s 20 11 times 2 is 22 12 times 2 is 24
10 times 3 s 30 11 times 3 is 33 12 times 3 is 36
10 times 4 s 40 11 times 4 is 44 12 times 4 is 48
in times 5 LS 50 11 times 5 is 55 12 times 5 is 60
10 times 6 s 60 11 times 6 is 66 12 times 6 is 72
10 times 7 s 70 11 times 7 is 77 12 times 7 is 84
In limes 8 s so 11 times 8 is 88 12 times Sis 96
10 times 9 s 90 11 times 9 is 99 12 times 9 is 108

10 times 10 s 100 11 times 10 is 110 12 times 10 is 120
10 times 11 s 110 11 times 11 is 121 12 times 11 is 132
10 times L2 s 120 11 times 12 is 132 12 times 12 is 144

This table should be earefully committed to memory.
Since has no value, the product of and any number is 0.
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48. To multiply a number by one figure only:

K\ IMP! i . -Multiply 435 !>;.

I. — multiplicand 4 25
multiplier 5

product 2 1 :

: w moN.—For convenience, the multiplier is gener-

ally written under the right-hand figure of the multiplicand.

On looking in the multiplication tabic, we see that 5 X5 are

25. Multiplying the first figure at the right of the multi-

plicand, or 5, by the multiplier, .*>, it is seen that 5 tin

units are 25 units, or 'I tens and 5 units. Write the 5 units

in units place in the product, and reserve the 2 tens t«» add

t<> the product of tens. Looking in the multiplication table

n, we see that 5X2 are 1<>. Multiplying the second

figure of the multiplicand by the multiplier, 5, we see that

5 times 2 tens are 10 tens, and 10 tens plus the '-3 tens reserved

are 1\? tens, or 1 hundred plus 2 tens. Write the *-i tens in

tens place, and reserve the 1 hundred to add to the product

of hundreds. Again, we see by the multiplication table that

5x4 are 20. Multiplying the third, or last, figure ot the

multiplicand by the multiplier. 5, we see that 5 times 4 hun-

dreds are 20 hundreds, and 20 hundreds plus the 1 hundred re-

.'1 hundn thousands and 1 hundred, which

we write in thousands and hundreds places, respectively.

Hence, the product is 2,1 25.

This result is the same as adding 425 live times. Thus,

49.

•1 -J :»

.

in K.l \ \m I'll - i on PH v<

Find the product i

:

S



» 393,504.

(/) 86,984.

{g) 643,887.

M 437,468.
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(e) --4.

{/) 10,873X8.

(^) 71,543X9.

(//) 218,734 X2.

50« To multiply a number "by two or more figures

Example.— Multiply 475 by 234.

Solution.— multiplicand 4 7 5

multiplier 2 3 4

1900
1425
950

product 11115 Ans.

Explanation.—For convenience, the multiplier is gener-

ally written tinder the multiplicand, placing units under

units, tens under tens, etc.

We cannot multiply by 234 at one operation ; we must,

therefore, multiply by the parts and then add the partial

product-.

The parts by which we are to multiply are 4 units, 3 tens,

and 2 hundreds. 4 times 475 = 1,900, the first partial

product ; 3 times 475 = 1,425, the second partial product,

the right-hand figure of which is written directly under

the figure multiplied by, or 3 ; 2 times 475 = 950, the third

partial product, the right-hand figure of which is written

directly under the figure multiplied by, or 2.

The sum of these three partial products is 111,150, which

is the entire product.

51 . llule.—I. Write the multiplier under the multipli-

cand, so that units are under units, tens under tens, etc.

II. Begin at the right and multiply each figure of t'he

multiplicand by each successive figure of the multiplier,

placing the right-hand figure of each partialproduct directly

under the figure used as a multiplier.

III. The sum of the partial products will equal the

requiredproduct,
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.Vi. Proof. A\ vii w the work carefully, or multiply the

multiplier by the multiplicand; if the results agree, th<

is correct.

53. When there is a cipher in the multiplier, multiply

by it the same as with the other figures. Thus,

(a) (d) (C) (it)

1.1 7 8

xo xo xo xo
Ans.

M
8 1 1 4

203
9342

0(

6228
6 3 2 14 2 Ans.

Ans. 00

if)
4008
30 5

20040
0000

1 2 2 \

1 2 2 2 4 4 Ans.

Ans.

{*)
\ a »

1Q02
<77:

00000
00000

64
3 132 05 28

When multiplying by a number containing a cipher, the

work may be shortened by writing the first cipher of the

partial product, then multiplying by the next figure of

the multiplier and writing the partial product alongside

the cipher. Thus, examples (e) and (g) above might have

been solved in the following manner:

3 1 l 4

203
9342

2 2 8_0_

8 3 314 2 Ans.

• 6 1

1 I

; 00

I \ \M I'll - FOB PR \< I i< l .

."> 1 . Find the product of:

i.v
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(0 !02. r (0 868,250.

(./•) J19 1,004. (/) 17,890,276.

; i a i.\ (*) 7,928,170.

(/) 18,804 \ 100. Ans. - (0 1,830,400.

(///) x 10. (;«) 78,340

(*) -;:.;; 1,000. (*) 87,543,000

{o) niJXlOO. Lw 4,876,300.

DIVISION.

55. Division is the process of finding" how many times

one number is contained in another of the same kind.

The number to be divided is called the dividend.

The number by which we divide is called the divisor.

The number which shows how many times the divisor is

contained in the dividend is called the quotient.

56. The sign of division is — . It is read divided by.

54-^-9 is read 54 divided by 9. Another way to write 54

54 54
6, or y = 6.divided by 9 is y. Thus, 54 -=- 9

In both of these cases, 54 is the dividend and 9 is the

divisor.

Division is the reverse of multiplication. .

57. To divide when the divisor consists of out one

figure, proceed as in the following example:

Example.—What is the quotient of 875 -=- 7 ?

divisor dividend quotient

•tion.— 7)8 7 5(125 Ans.

17
14

35

3J5

remainder

7 is contained in 8 hundreds, 1 hundred
the I as the first, or left-hand, figure of the

Multiply the divisor, 7, by the 1 hundred of the
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quotient, and place the product, ] hundreds; under t
:

hundreds in the dividend, and subtract. Beside the re-

mainder, 1, bring down the next, or tens, figure of the

dividend, in this case 7, making 17 tens; 7 is contained in

17, 2 times. Write the 2 as the second figure <>t' the quo-

tient. Multiply the divisor, 7, by the 2 in the quotient, and

subtract the product from 17. Beside the remainder, :;,

bring down the units figure of the dividend, making >\~) units.

7 is contained in 35, 5 times, which is placed in the quotient.

Multiplying the divisor by the last figure of the quotient,

5 times 7 = 35, which subtracted from 35, under which it

is placed, leaves 0. Therefore, the quotient is 125. This

method is called long division.

58. In short division, only the divisor, dividend, and

quotient are written, the operations being performed men-

tally.
dividend

divisor 7 )8 1 7 3 5

quotient 12 5 Ans.

The mental operation is as follows: 7 is contained in 8,

once and 1 remainder; imagine 1 to be placed before 7,

making 17; 7 is contained in 17, 2 times and 3 over; imag-

ine 3 to be placed before 5, making 35; 7 is contained in 35,

5 times. These partial quotients, placed in order as they

are found, make the entire quotient 125.

51). If the divisor consists of tzvo or more figures, pro-

ceed as in the following example

:

Example.—Divide 2,702,826 by 63.

divisor dividend quotient

Solution.— 63)2702826(4290 2 Ans.

1 S2
i -.' 6

568

1 2 •;

1 2 8

40—3
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Explanation.—As 63 is not contained in the first two
figures, 27, we must use the first three figures, 270. Now,
by trial we must find how many times 63 is contained in 270.

6 is contained in the first two figures of 270, 4 times. Place the

4 as the first, or left-hand, figure in the quotient. Multiply the

divisor, 63, by 4, and subtract the product, 252, from 270.

The remainder is 18, beside which we write the next figure

of the dividend, 2, making 182. Now, 6 is contained in the

first two figures of 182, 3 times, but on multiplying 63 by 3,

we see that the product, 189, is too great, so we try 2 as

the second figure of the quotient. Multiplying the divi-

sor, 63, by 2 and subtracting the product, 126, from 182, the

remainder is 56, beside which we bring down the next figure

of the dividend, making 568. 6 is contained in 56 about 9

times. Multiply the divisor, 63, by 9 and subtract the prod-

uct, 567, from 568. The remainder is 1, and bringing

down the next figure of the dividend, 2, gives 12. As 12 is

smaller than 63, we write in the quotient and bring down
the next figure, 6, making 126. 63 is contained in 126, 2

times, without a remainder. Therefore, 42,902 is the

quotient.

60. Rule.—I. Write the divisor at the left of the divi-

dend, with a line betiueen them.

II. Find how many times the divisor is contained in the

lowest number of the left-hand figures of -the dividend that

will contain it, and write the result at the right of the

dividend, with a line between, for the first figure of the

quotient.

III. Multiply the divisor by this quotient; write the prod-

uct under the partial dividend used, and subtract, annexing

to tin remainder the next figure of the dividend, Divide as

' r,
, and thus continue until all the figures of the dividend

hat i bi en used.

IV

.

If any partial dividend will not contain the divisor,

write a cipher in the quotient, annex the next figure of the

dividend, and proceed as before.
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v. If there be at last a remainder
y
write it after the

quotient, with the divisor underneath.

6 1 . Proof.—Multiply the quotient by the divisor and add
the remainder, if there be any, to the product. The result

will be. the dividend. Thus,

divisor dividend quotient

63)4235(67 £| Ans.

62

455
441

remainder 14

OF.-— quotient 67
divisor 63

201
402
4221

remainder 1 4

dividend 4235

EXAMPLES FOR PRACTICE

'« Divide the following:

(a) 126,498 by 58.

w 3,207,594 by 767.

(0 11,408,202 by 234.

id) 2,100,315 by 581.
Ans.

M 969,936 by 4,008.

if) 7,481,888 by 1,021.

(£) 1,525,915 by 5,003.

<*) 1,046,301 by 381.

(*)

w 4,182,

w
id) 8,615.

ie) 242.

if)

Cjr)

(*)

( a\( i:la ti<>\.
(>.*>. Cancelation is the process of shortening opera-

tions in division by casting out equal factors from both

dividend and divisor.

(J I. The (actors i >f a number are those numbers, which,

when multiplied together, produce thegiven number. Tims,

d 3 are the fad Ince 5x3 = L5 Likewi

8 and 7 arc the factor ince 8x7 =
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<>.*>. A prime number is one which cannot be divided

by any number except itself and 1. Thus, 2, 3, 11, 29, etc.

are prime numbers.

(56. A prime factor is any factor that is a prime

number.

Any number that is not a prime is called a composite
number, and may be produced by multiplying together its

prime factors. Thus, 60 is a composite number, and is

equal to the product of its prime factors, 2x2x3x5.
07. Canceling equal factors from both dividend and

divisor does not change the quotient.

The canceling of a factor in both dividend and divisor is

the same as dividing them both by the same number, and

this, evidently, does not change the quotient.

Write the numbers forming the dividend above a hori-

zontal line, and those forming the divisor below it; then

cancel the equal factors.

68. Example.—Divide 4 X 45 X 60 by 9 X 24.

Solution.—Placing the dividend over the divisor, and canceling,

5 10

*xffxfl> = rc ^ Ans>
9 x u i

i

Explanation.—The 4 in the dividend and the 24 in the

divisor are both divisible by 4, since 4 divided by 4 equals 1,

and 24 divided by 4 equals G. Cross off the 4 and write the

1 over it ; also, cross off the 24 and write the 6 under it. Thus,

1

j X 45 X 60

6

60 in the dividend and G in the divisor are divisible by G,

since 60 divided by G equals 10, and 6 divided by 6 equals 1.

s off the 00 and write 10 over it; also, cross off the 6

and write 1 under it. Thus,
1 10

J X 45 X W _
*XW
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i the dividend and 9 in the divisor ;

ble by 9, since 45 divided by 9 equals 5, an

equals 1. Cross off the 45 and write

cross off the 9 and write the 1 under it. Th

l

_

l

l

Since there are no two remaining numbers (one :

dividend and one in the divisor) divisible number
except 1, without a remainder le to cancel

further.

:iply all the uncanceled numbers in the dividend

together and divide their product by the product of all the

uncanceled numbers in the divisor. The result will be the

quotient. The product of all the uncanceled number-

the dividend equals 5 X 1 X ~
—

; the product of all the

uncanceled numbers in the divisor equals lXl = L

Hence,

10

9.
l

1

1

( i ! > . Rule.—I . Cancel the common factors from both the

'or.

II.

i by the pr

sor, and the ill be the quotient.

1 \ VMI*L1>
70. Divide:

(«) 14

(b)

(A) .' iJOOx *>X800.

f(«)

(b)

1.





ARITHMETIC.
(SECTION 2.)

FRACTIONS.
Remark.—The general term fractious embraces both

common fractions and decimal fractions. In the older

treatises on arithmetic, what are now called common frac-

tions were termed vulgar fractions, but both terms have

the same meaning. At the present time it is quite cus-

tomary to omit the word fraction in speaking or writing the

expression decimal fraction and to omit the word common
when referring to a common fraction. As the result

this practice, the meaning of the word fraction has beco

restricted, it being used to designate common fractions only,

while the decimal is used to designate the entire term, deci-

mal fraction.

The subjects of fractions and decimals are among the most

useful and important treated in arithmetic. As it is impos-

sible in every-day transactions to deal in whole numl
only, it follows that it is very nearly, if not quite, as neces-

sary to have a good knowledge of how to add, subtract, mul-

tiply, and divide fractions and decimals as how to perform

the same operations on whole numbers. It is natural and

easy to pay a quarter of a dollar for an eighth of a pound of

some article, but as a rule calculations involving fractions

are not nearly as simple as in this ii The rules

governing the operations of addition, subtraction, multipli-

cation, and division of fractions apparently bear little resem-

blance to the corresponding rules for whole numbers and

decimals; hence, tractions a cult sub

for many. A thorough understand

definitions will assist the student very material!) in stiuh

For notice of copyright, se< lowing the title page.
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this somewhat difficult subject, and he is therefore advised

to pay particular attention to the first two or three pages of

this section.

DEFINITIONS.

71. A fraction is a part of a unit. One-half, one-

third% tico-fifths are fractions.

72. Two numbers are required to express a fraction ; one

is called the numerator, and the other, the denominator.

73. The numerator is placed above the denominator,

with a line between them, as -§-. Here, 3 is the denom-
inator, and shows into how many equal parts the unit, or

one, is divided. The numerator, 2, shows how many of

these equal parts are taken or considered. The denomi-

nator also indicates the names of the parts.

-§- is read one-half,

f is read three-fourths,

f is read three-eighths.

3^- is read five-sixteenths,

l-f-
is read twenty-nine forty-sevenths.

74. In the expression " f of an apple," the denominator,

4, shows that the apple is to be (or has been) cut into 4 eqtial

parts, and the numerator, 3, shows that three of these parts,

or fourths, are taken or considered.

If each of the parts, or fourths, of the apple were cut

into two equal pieces, there would then be twice as many
pieces as before, or 4x2 = 8 pieces in all, one of these

pieces would be called one-eighth, and would be expressed

in figures as -§-. Three of these pieces would be called

three-eighths, and written f. The words three-fourths,

three-eighths, five-sixteenths, etc. are abbreviations of three

one-fourths, three one-eighths, five one-sixteenths, etc. It

is evident that the larger the denominator, the greater is the

number of parts into which anything is divided; conse-

quently, the parts themselves arc smaller, and the value of

the fraction is less for the same number of parts taken. In

other words, \, for example, is smaller than \, because if an

object be divided into 9 parts, the parts are smaller than if
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the same object had been divided into 8 parts; and, sini

is smaller than
J,

it is clear that ] one-ninths is a smaller

amount than 7 one-eighth nee, also,

75. The value of a fraction is the numerator divided

by the denominator, as f = 2, ] — 3.

7<>. The line between the numerator and the de:

nator means divided by, or -r-.

- equivalent to 3 -4- 4.

| is equivalent to 5 -

:

77. The numerator and the denominator of a fraction

are called the terms of a fraction.

78. The value of a fraction whose numerator and denom-

inator are equal is 1.

I-,
or four-fourths = 1.

-§, or eight-eighths = 1.

-||, or sixty-four sixty-fourths = 1.

79. A proper fraction is a fraction whose numerator

is less than its denominator. Its value is less than 1.

3 5 1
T> "g"' T6-

80. An improper fraction is a fraction whose numer-

ator equals or is greater than the denominator. Its value is

1 or more than 1, as :

81. A mixed number is a whole number and a fraction

united. 4~ is a mixed number, and is equivalent t

It is read foiir and two-thirds.

REDUCTION OF FRACTIONS.

82. Reduction of fractions is the pr< changing

their form without changing their value.

83. - / fraction is reduced to higher terms by multiplying

both terms of the fraction by t

'

reduced to & by multiplying both terms 1

4X2
=
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The value is not changed, since
J-
=

f.
For, suppose

that an object, say an apple, is divided into 8 equal parts.

If these parts be arranged into 4 piles, each containing 2

parts, it is evident each pile will be composed of the same
amount of the entire apple as would have been the case^had

the apple been originally cut into 4 equal parts. No^
;
if

one of these piles (containing 2 parts) be removed, there will

be 3 piles left, each containing 2 equal parts, or 6 equal parts

in all, i. e., six-eighths. But, since one pile, or one-quamer,

was removed, there are three-quarters left. Hence, f =^ |.

The same course of reasoning may be applied to any similar

case. Therefore, multiplying both terms of a fraction #y
the same number does not alter its value.

84. To reduce a fraction to an equal fraction hav-
ing a given denominator :

Example.—Reduce f to an equal fraction having 96 for a denominator.

Solution.—Both the numerator and the denominator must be mul-

tiplied by the same number in order not to change the value of

the fraction. The denominator must be multiplied by some number
which will, in this case, make the product 96; this number is evidently

7 V 12 84
96 -r- 8 = 12, since 8 X 12 = 96. Hence, 5 _ ,„ = ™- Ans.

85. Rule.—Divide the given denominator by the denom-

inator of the given fraction, and multiply both terms of the

fraction by the result.

Mi'LE.—Reduce £ to lOOths.
3 V 25 75

Solution.— 100 ~- 4 = 25; hence, -7 ntr = 77^. Ans.
4 X 25 100

86. A fraction is reduced to lozver terms by dividing

both terms by the same number. Thus, T
8 is reduced to

-f

by dividing both terms by 2.

^_-f2 _ 4

lO-r-2 " 5'

That ft
= \ is readily seen from the explanation given

in Art. 83; for, multiplying both terms of the fraction $ by

. and. if \ = ,V ft must equal }. Hence,

dividing both terms of a fraction by the same number does

not alter its value.
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87. A fraction is reduced to its lowest terms when its

numerator and denominator cannot both be divided by the

same number without a remainder; for example,

8T8,

EXAMPLES FOB PB \< in i:

Reduce the following:

(a) T\ to 128ths.

(*> to its lowest terms. w
w rSffu to i ts lowest terms. Ans.

(*) f to 49ths. (<0

w if to 10,000ths_

89. To reduce a whole number or a mixed aumbei
to an improper fraction :

Example.—How many fourths in

Solution.—Since there are 4 fourths in 1 (| = 1), in 5 there will be

5X4 fourths, or 20 fourths; i. e., 5 X \ = Y- Ans -

Example.—Reduce 8| to an improper fraction.

Solution.— 8x£ = ¥• ¥ + £ = ¥• Ans -

90. Rule.— Multiply the whole number by the denomina-

tor of the fraction, add the numerator to the product and
place the denominator under the result. If it is desired to

reduce a whole number to a fraction, multiply the whole number

by the denominator of the given fraction, and write the result

over the denominator.

91.
(«) H.
{b) H-
(0 10A-
id) 37*.

if) Redi

EXAMPLES FOB PBAI TH B.

Reduce to improper fractions:

Reduce 7 to a fraction whose denominator is 16.

92. To reduce mm Improper fraction to a whole or

a mixed number:
ipi.e.— Ri mixed nun

Solution.— 4 is conl

T.~) as this is also divid<

is the number.

5
'

|
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93. Rule.—Divide the numerator by the denominator,

tlic quotient will be the whole number; the remainder, if

there be any, will be the numerator of the fractional part of
which the denominator is the same as the denominator of tJie

improper fraction.

i;XAMPLES FOR PRACTICE.

94:. Reduce to whole or mixed numbers:

Ans. <

(a) 145
6 '

(*)
1 85

w 701~6~-

id) 4*.

w H-
</)

1 S5

f
(<0 241.

0) 61|.

(f) 116|

id) 49|.

(*) 4.

I (/> 5.

95. A common denominator of two or more fractions

is a number which will contain (i. e., which may be divided

by) the denominator of each of the given fractions without

a remainder. The least common denominator is the

least number that will contain each denominator of the

given fractions without a remainder.

90. To find the least common denominator :

Example.—Find the least common denominator of \, i,
-J-,

and T̂ .

tion.—We first place the denominators in a row, separated by
commas. 2)4, 3, 9, 16

2)2, 3, 9, 8

3)1, 3, 9, 4

3)1, 1, 3, 4

4)1, 1, 1, 4

Ans.

1, 1, 1, 1

X 4 = 144, the least common denominator.

Explanation.—Divide each of them by some prime num-
ber which will divide at least two of them without a

remainder (if possible), bringing down those denominators

to the row below which will not contain the divisor without

a remainder. Dividing each of the numbers by 2, the sec-

ond row becomes ;.\ :;, It, 8, since 2 will not divide 3 and 9

without a remainder. Dividing again by 2, the rcsul.t is 1,

3, 9, 4. Dividing the third row by 3, the result, is 1, 1,
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3, 4. So continue until the last row contains only L's

The product of all the divisors, or 2x2 1 II.

the least common denominator.

97. Example.—Find the least common denominator o

Solution.— 3 ) !), 13, 18

3 ) 3, 4, •;

2 ) 1, 4, ^

2) 1, 2, i

1, 1, 1

3X3X2X2 = 3G. Ans.

98. To reduce two or more tract ions to fractions

having a common denominator:

Example.—Reduce |, f, and | to fractions having a common d

inator.

Solution.—The common denominator is a number which will con-

tain 3, 4, and 2. The least common denominator is 12, because it is

the smallest number which can be divided } vithout a

remainder.
3 _ 8 3 __ 9

. _
a — 12' $ — T¥« -• — tf

Reducing | (see Art. 84), 3 is contained in 12, 4 times. By multi-

plying both numerator and denominator of
jj
by 4, we find

2x4 8
- . = ^— . In the same way we find ! = A and 1 =
6 X 4 12 x - - i-

99. Rule.— Divide the common denominator by the

denominator of the given fraction, and multiply both terms

of the fraction by the quotient.

i:\ LMPL.E9 ion PR \< tk I .

100. Reduce to fractions having a common denominator:

(a) M,|.
w) TS> £> ft*

(e)

( f\

>'.

5'

ip)
«

iJ-

addition or ii; ACTIONS.

lOI. Fractions cannot he added unless they ha

man denominator. We cannot add ~> they now stand,

since the denominators represent parts of different

Fourths cannot be added t<> eighths.
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Suppose we divide an apple into 4 equal parts, and then

divide 2 of these parts into 2 equal parts. It is evident

that we shall have 2 one-fourths and 4 one-eighths. Now,
if we add these parts, the result is 2 + 4 = G something.

But what is this something ? It is not fourths, for 6

fourths are I.V, and we had only 1 apple to begin with;

neither is it eighths, for 6 eighths are f, which is less than

1 apple. By reducing the quarters to eighths, we have

£, and adding the other 4 eighths, 4-f4 = 8 eighths.

This result is correct, since f = 1, Or we can, in this case,

reduce the eighths to quarters. Thus, f = f ; whence,

adding, 2 + 2 = 4 quarters, a correct result, since J = 1.

Before adding, fractions should be reduced to a common
denominator, preferably the least common denominator.

102. Example. —Find the sum of |, f, and
f.

Solution.—The least common denomi7iator, or the least number
which will contain all the denominators, is 8.

1 — 4 3 — 6 and r> — 5

Explanation.—As the denominator tells or indicates the

names of the parts, the numerators only are added, to obtain

the total number of parts indicated by the denominator.

Thus, 4 one-eighths plus G one-eighths plus 5 one-eighths =

, e
.

". _ 4 + 6+5 _ 15 _
"t-S-t-8 - 8

~ 8 8
' Ans.

1 ().*>. Example.—What is the sum of 12f, 14f , and 7Ty
Solution.—The least common denominator in this case is 16.

12* = 12i|

14| = 141|

'TF — h |

sum 33+ ff = 33-f-lii = 34^. Ans.

The sum of the fractions = \\ or 1^, which added to the sum of the

whole numbers = 3444.

.1 I'll.—What is the sum of 17, 13&, &, and 3J?

SOLUTION.—The least common denominator is 32. 13T\ = 13.,°.,.

3* = 17

sum 33M. Ans.
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104. Rule. I.

turns having the least common denomiti

sum of the numerator mmon deribminat

II. When there arc mixed numbers an \

add the fractions first, and if their sum is an impr

tion
t
reduce it to a mixed number and ad

with the other whole num

EXAMPLES BOH PB v< TU B.

10«). Find the sum of:

<«) i/;

it) ».*
(o h h rY
(<0 *

1. H. if
Ans. •

(') H.A.if.
(/) H.H-Jf
(^) A.A.H-
(*) !•« 1.

SUBTRACTION OP FRACTIONS

KM). Fractious cannot be subtracted without first re-

ducing them to a common denominator. This can be

shown in the same manner as in the addition

fractions.

Subtract

ution.—The common denomina*.

_

107. MfPLE.—Fl

I.— 1 r=
{

• .; a- * - ..

1 OS.

S



30 ARITHMETIC. §1

109. Example.—From 9i take 4^\.

Solution.—The common denominator of the fractions is 16. 9£

minuend 9T\ or8fg
ibtrahend 4T

7
^

difference 4^§ Ans.

Explanation.—As the fraction in the subtrahend is

greater than the fraction in the minuend, it cannot be sub-

tracted; therefore, borrow 1, or \\, from the 9 in the

minuend and add it to the T
4
g-; t^+ yf = \\. y% from

ff = -ff.
Since 1 was borrowed from 9, 8 remains ; 4 from

8 = 4; 4+ fJ = 4|f.

1 10. Example.—From 9 take 8T\.

Solution.— minuend 9 or 8Jf
subtrahend 8T\ ST\
difference \\ \\. Ans.

Explanation.—As there is no fraction in the minuend
from which to take the fraction in the subtrahend, borrow

1, or \\, from 9. T\ from if = -i-f. Since 1 was borrowed

from 9, only 8 is left. 8 from 8 = 0.

111. Rule.—I. Reduce the fractions to fractions

having a common denominator. Subtract one numerator

from the other and place the remainder over the common
denominator.

II. When there are mixed numbers, subtract the fractions

and whole numbers separately, and place the remainders side

by side.

III. When the fraction in the subtrahend is greater

than the fraction in the minuend, borrow 1 from the whole

number in the minuend and add it to the fraction in

the minuend, from which subtract the fraction in the sub-

trahend.

JV. When tlie minuend is a whole number, borrow 1;

reduce it to a fraction whose denominator is the same as the

denominator of the fraction in the subtrahend, and place it

that fraction for subtraction.
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r\ \M PUSS FOB PB \< ti< i .

112. Subtract:

(*)

(*)

(0

id)

{*)

(/)

(g)

&)

M from H-

A from iJ.

¥̂ from
ft.

|f £ron

|| fron

134. from 30*.

12£ from 27.

54, from 30.

Ans.

(0

w
(/)

(*)

A-

ft
I

I
[•

*.

17*.

MUIiTIPIilCATIOX OF FRACTIONS.

113. />/ multiplication offractions it is not necessary to

reduce thefractions tofractions having a common denominator.

114. Multiplying the numerator or dividing the denom-

inator multiplies the fraction.

Example.—Multiply £ by 4.

Solution.— I X 4 = t
X ** = -V = 3. Ans.

Or, tX4-,+4 -| 0. Ans.

The word "of," when placed between two fractions, or

between a fraction and a whole number, means the same as

X, or times. Thus,

| of 4- = 1x4 = 3.

Example.—Multiply £ by 2,

Qy Q
Solution.— 2x

o
Ans.

115

: [ON.

—

Or, 2X| = g^o =

Example.—What is the product of

i

i
— Ans.

Or, by cancelation,

1

I -

116.
_ iSolution.—

40—4
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117. Example.—What is the product of 9f and 5| ?

Solution.— = ^ ; 5| =

39V-* 5 _£^X40 _ 1755 _T/VT- 4 X ^ **~ ~~ ^^'

118. Example.—Multiply 15| by 3.

Solution.— 15; 15£

__3 or _3

47f 45 +^ = 45 -f 2f = 47f . Ans.

119. Rule.—I. Divide the product of the numerators

by the product of the denominators. All factors common to

the numerators and denominators should first be cast out by

cancelation.

II. To multiply one mixed number by another, reduce them

both to improper fractions.

III. To multiply a mixed number by a zvhole number, first

multiply the fractional part by the multiplier, and if theprod-

uct is an improper fraction, reduce it to a mixed number

and add the whole-number part to the product of the mul-

tiplier and the whole number.

EXAMPLES FOR PRACTICE.

120. Find the product of:

(a)

if)

(d)

(e)

if)

ig)

ih)

7XtV
14X TV
ITS X XT'

MX 4.

«X7.
174|X7.

m X 32.

41 X 14.

Ans.

(a) h\
0) 4|.

ic) if.

id) 010

(')
7 7
'is-

(/) 125.

U) 15.

(It) 74-

DIVISION OF FRACTIONS.

121. In division offractions it is not necessary to reduce

tin fractious to fractions having a common denominator.

1 22, Dividing the numerator or multiplying the denom-

inator divides the fraction.

!
.
win i

. -Divide g b

Solui ion. —When dividing the numerator, we have
'<;

: 8
— J — T8 = = 4, Ans.
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When multiplying the denominator, we have

1

+ 8 :

8x3 "
— l— T Ans.

Example. -—Divide A by 2.

Solution.— 3 _i_
Iff
~ 2 = 3

16X2
- 3

T2- Ans.

Example. -—Divide ^by 7.

Solution. 14 -7 =
14-

32
— T2 = A An

123. To invert a fraction is to turn it upside down ;

that is, make the numerator and denominator change places.

Invert f and it becomes -|.

124. Example.—Divide T% by ^.

Solution.—1. The fraction T
s
g- is contained in T\, 3 times, for the

denominators are the same, and one numerator is contained in the

other 3 times. 2. If we now invert the divisor, T\, and multiply, the

solution is

3

9 16 ?Xfl* „ .

u x T = Wxt = S
-

Ans-

This brings the same quotient as in the first case.

125. Example.—Divide f by \.

Solution.—We cannot divide f by £, as in the first case above, for

the denominators are not the same ; therefore, we must solve as in the

second case.

. l _ 3 V 4 _ 3 X* _ 3
• T - * X T -

? x j
-

2
or 1*. Ans.

2
j

126. Example.—Divide 5 by \%.

Solution.— \% inverted becomes \%.

.xS-^-a An,

127. EXAMPLE.—How many times is 3| contained in 7 T
". ?

:tion— 3| = Y: <t
7
5 = j

tV-

Y- inverted equals T
4
5 .

llfl I 11'.' J 119— X ~ = = — = HI Ans.
16 15 }<5 x 16

1

128. i:uk'.-///:v/V ///«/ divisor a >. I W r» MMf/-

tipiicatioti.
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1 29. We have learned that a line placed between two

numbers indicates that the number above the line is to be

divided by the number below it. Thus, ^ shows that 18

is to be divided by 3. This is also true if a fraction or a

fractional expression be placed above or below a line.

9 3x7
- means that 9 is to be divided by §

;

means that
R O -j- 4:

16

8 + 4

16 "
3 X 7 is to be divided by the value of

- is the same as |-i-f.
S

It will be noticed that there is a heavy line between the 9

and the f. This is necessary, since otherwise there would be

nothing to show as to whether 9 was to be divided by f, or

!! was to be divided by 8. Whenever a heavy line is used,

as shown here, it indicates that all above the line is to be

divided by all beloiv it.

130.
EXAMPLES FOR PRACTICE.

Divide:

(a) 15 by 6f. [(*) 2J.

(b) 30 by f

.

(*) 40.

(c) 172 by f. if) 215.

(d) ifbyl TV
Ans.

(d) 112

(e) 1$* by 14f

.

w HI
(/) Wbyl7f (/) *
(jT) if by W- ig)

5 6

(h) -y*
8
- by 72f LW 64

F5T

1 .'> 1 . Whenever an expression like one of the three

following ones is obtained, it may always be simplified by

transposing the denominator from above to below the line,

or from below to above, as the case may be, taking care,

however, to indicate that the denominator when so trans-

ferred is a multiplier.

3
1. -

,

(

-
}

-
ft = TV; for, regarding the fraction

heavy line as the numerator of a fraction whose
< 4 .*!

•in-'itor is 9, j- . = -—
-, as before,

9X4 9X4
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2.
9 9f = 12. The proof is the same as in the first

case

3.

5
¥ _
3

5X4
3X9 " -~- For, regarding f as the numerator

of a fract:ion whose denominator 1SS
'|X9

== n ; and
3X9'

5

3x9
4

X4

X4

.

5X4 _ 20

3X9
"

,
as above.

4

This principle may be used to great advantage in cases

like
iX310xffX72
40X4iXoi

Reducing the mixed numbers to

4 X310X^X72
tractions, the expression becomes -—-—

tJ

l ~

il
. Now

40 X §X %-

transferring the denominators of the fractions and canceling,

3

10 3 3

1x310x27x72x2x6 _ lx310x 27x 72x 2x t>

40x9x31x4x12 40x9X^X;iX^

= 2T = m ?

iter exactness in results can usually be obtained by
using this principle than by reducing the fractions to deci-

mals. The principle, however, should not be employed if

a sign of addition or subtraction occurs either above or

below the dividing line.





ARITHMETIC.
(SECTION 3.)

DECIMALS.
Remade—A knowledge of decimals is of the utmost

importance to all who are required to make calculations of

any kind. The subject is easy to learn, and for this reason

the student is somewhat inclined to study it too hastily, the

result being- that he afterwards has trouble that might have

been entirely avoided had he given the text the proper

attention in the beginning. Decimals are much easier to

use than common fractions, which they replace; at the

same time it is frequently more expedient to use common
fractions in certain operations, and, hence, they cannot

be wholly dispensed with. Particular attention should be

paid to the rules for multiplication and division—espe-

cially to the locating of the decimal point—and to the

operations of changing a common fraction to a decimal and

versa,

132, Decimals are tenth fractions; that is, the parts of

a unit are expressed on the scale of ten, as tenths, hun-

dredths, thousandths, etc

133« The itor
y
which is always ten or a mul-

tiple of ten, as etc., is not expressed, as it

would be in common fractions, by writing it under the

For zo^c ui copyright, see page immediately following the tiUe page.
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numerator with a line between them, as y
3
^, y-

3
^, y^nj-, but

is expressed by placing a period (.), which is called a

decimal point, to the left of the figures of the numer-
ator, so as to indicate that the number on the right is

the numerator of a fraction whose denominator is 10, 100,

1,000, etc.

134. The reading of a decimal number depends upon

the number of decimal places in it, or the number of figures

to the right of the decimal point.

One decimal place expresses tenths.

Two decimal places express hundredths.

Three decimal places express thousandths.

Four decimal places express ten-thousandths.

Five decimal places express hundred-thousandths.

Six decimal places express millionths.

Thus:

.3 £2 y
3^ =3 tenths.

.03 r=z T-|¥ = 3 hundredths.

.003 •= y^-g. = 3 thousandths.

.0003 == Tuihnr — 3 ten-thousandths.

.00003 S= tto
3
"o ou — 3 hundred-thousandths.

.000003 = iTTotomr - 3 millionths.

We see in the above that the number of decimal places in

a decimal equals the number of ciphers to the right of the

figure 1 in the denominator of its equivalent fraction. This

fact kept in mind will be of much assistance in reading and

writing decimals.

Whatever may be written to the left of a decimal point

is a whole number. The decimal point merely separates

the fraction on the right from the whole number on the

left.

When a whole number and decimal are written together,

the expression is a mixed number. Thus, 8.12 and 17.25

are mixed numbers.
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The relation of decimals and whole numbers to each other

is clearly shown by the following table:

73

CO

d
d
cd

03

6
• H
. ^-

C
w

d
o

• 1-1

03

o
r-i

U-l

O
CO

'73

d
V3

O
03

d
cd
03

GO

d
•i-i

o
03

03
_-;

d
cd
03

03

d
cd
CO

d
cd

CO

d
o—

1

T3 CO T3
+-»

Td ^_ -^ £ -3
l 4-1 d

:

U <-M V cd u u
•- o

03
d ca

"d +̂J
(-1

13
d GO d

d

CO £ d
d
rd

03 -M •1-H "Zj d d H

4-> g
d o d

L
+->

• .—1

d
d ^

o d d

IS ~
rs ^>

987654321.23456789
The figures to the Ay? of the decimal point represent

whole numbers; those to the right are decimals.

In both the decimals and whole numbers, the units place

is made the starting point of notation and numeration.

Both whole numbers and decimals decrease on the scale of

ten to the right, and both increase on the scale of ten to the

left. The first figure to the left of units is tens] and the

first figure to the right of units is tenths. The second figure

to the left of units is hundreds, and the second figure to the

right is hundredths. The third figure to the left is thousands,

and the third to the right is thousandths, and so on ; the

whole numbers on the left and the decimals on the right.

The figures equally distant from units place correspond in

name, the decimals having the ending ths, to distinguish

them from whole numbers. The following is the numeration

of the number in the above table: nine hundred eighty-seven

million, six hundred fifty-four thousand, three hundred

twenty-one and twenty-three million, four hundred fifty-six

thousand, seven hundred eighty-nine hundred-millionths.

The decimals increase to the left, on the scale of ten, the

same as whole numbers; for, if you begin at the 4 in

thousandths place in the above table, the next figure to the

left is hundredths, which is ten tinn tnd the next

tenths, or ten times the hundredths, and so on through both

decimals and whole numbers.
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1 3,">. Annexing, or taking away, a cipher at the right of
a decimal, does not affect its value.

.:> is /v; .50 is T%%, but T\ = yW therefore, .5 =.50.

1 36. Inserting a cipher between a deci7nal and the decimal

point, divides the decimal by 10.

•5 = fV; fV-io = Tfo =.05.

137. Taking away a cipher from the left of a decimal,

multiplies the decimal by 10.

•05 =Tfo; rkXlO = A =.5.

138. In some cases it is convenient to express a mixed
decimal fraction in the form of a common (improper) frac-

tion. To do so it is only necessary to write the entire num-
ber, omitting* the decimal point, as the numerator of the

fraction, and the denominator of the decimal part as the

denominator of the fraction. Thus, 127.483 = ^U^; for,

mlQQ — 19,7 483, — 127000 + 483 — 1 27 483

ADDITION OF DECIMALS.

139. Addition of decimals is similar in all respects to

addition of whole numbers—units are placed under units,

tens under tens, etc. ; this, of course, brings the decimal

points in line, directly under one another. Hence, in pla-

cing- the numbers to be added, it is only necessary to take

care that the decimal points are in line. In adding whole

numbers, the right-hand figures are always in line; but

in adding decimals, the right-hand figures will not be in

line unless each decimal contains the same number of

figures.

w/iole numbers decimals mixed numbers

34 2 .3 4 2 3 4 2.032
4234 .4 2 34 42 34.5

26 .2 6 2 6.6 7 82
3

Ans. stmt

.0 3

1.0 5 54 Ans. su?n

3.0 6

turn 4 6 5 460 6.2 7 02
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1-40. Example.—What is the sum of 342, .86, 118.725, 1.005, 6,

and 100.1?

Solution.— 2 4 2.

.3 6

1 1 8.7 2 5

1.0 5

6.

10 0.1

sum 4 6 8.190 Ans.

1-41. Rale.—Place the numbers to be added so tJiat the

decimal points will be directly under each other. Add as

in whole numbers, and place the decimal point in the sum
directly under the decimal points above.

EXAMPLES FOR PRACTICE.

142. Find the sum of:

(a) .2143, .105, 2.3042, and 1.1417.

-3.5, 31.478, .2101, and .7816.

(c) 21.781, 138.72, 41.8738, .72, and 1.413.

{d) .3724, 104.15, 21.417, and 100.042.

(<?) 200.172, 14.105, 12.1405, .705, and 7.2.

(f) 1,427.16, .244, .32, .032, and 10.0041.

(g) 2,473.1, 41.65, .7243, 104.067, and 21.073.

(//.) 4,107.2, .00375, 21.716, 410.072, and .0345.

Ans.

w 3.7652.

w 805.9647.

M 204.51

(d) 225.H-1 i.

w 334.85

if) 1,487.7601.

Or) 2,640.6148.

{*) 4,589.02625

SUBTRACTION OF DECIMALS

.

143. As in subtraction of whole numbers, units are

placed under units, tens under tens, etc., bringing the

decimal points under each other, as in addition of decimals.

ICPLE.—Subtract .132 from .3063.

Solution.— minuend .30 6 3

subtrahend .132

difference .17 4 3 Ans.

111. !". : llfPLE.—What is the difference between 7.895 and .725?

Solution.— minuend
subtrahend .7 2 S

difference 7.1 7 or 7. 1 7. Ans.
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115. Example.—Subtract .625 from 11.

Solution.— minuend 11.0

subtrahend .6 2 5

differe7ice 1 0.3 7 5 Ans.

146. Rule.—Place the subtrahend under the minuend,

so that the decimal points will be directly under each other.

Subtract as in whole numbers, andplace the decimalpoint in

the remainder directly under the decimalpoints above.

When the figures in the decimal part of the subtrahend

extend beyond those in the minuend, place ciphers in the min-

uend above them and subtract as before.

147
EXAMPLES FOR PRACTICE.

. From:
{a) 407.385 take 235.0004. (a) 172.3846.

m 22.718 take 1.7042. (« 21.0138.

w 1,368.17 take 13.6817. w 1,354.4883

(d) 70.00017 take 7.000017.
Ans.

(d) 63.000153.

M 630.630 take .6304. w 629.9996.

</) 421.73 take 217.162. (/) 204.568.

kg) 1.000014 take .00001. [g) 1.000004.

[h) .783652 take .542314. .(*) .241338.

MULTIPLICATION OF DECIMALS.

148. In multiplication of decimals we do not place the

decimal points directly under each other as in addition and

subtraction. We pay no attention for the time being to the

decimal points. Place the multiplier under the multiplicand,

so that the right-hand figure of the one is under the right-

hand figure of the other, and proceed exactly as in multipli-

cation of whole numbers. After multiplying, count the

number ofdecimalplaces in both multiplicand and multiplier,

and point off the same number in the product.

Example.—Multiply .825 by 13.

Solution.— multiplicand .8 2 5

multiplier 1 3

2475
825

product 1 0.7 2 5 Ans.
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In this example there are 3 decimal places in the multi-

plicand and none in the multiplier; therefore, 3 decimal

in the product.

1 I *>. Example.—What is the product of 426 and the decimal .006 ?

Solution.— multiplicand 4 2 8

multiplier

product 2.13 0or2.ia Ans.

In this example there are 3 decimal places in the mul-

tiplier and none in the multiplicand; therefore, 3 decimal

places are pointed off in the product.

150. It is not necessary to multiply by the ciphers on

the a decimal; they merely determine the number

decimalplaces. Ciphers to the n'^lit of a decimal should

be omitl they only make more figures to deal with,

and do not change the value.

151. Example.—Multiply 1.205 by LIS.

Solution.— multiplic 1.2 5

1.1 5

6025
i a

1205
product 1.3 6 \ns.

In this example there are 3 decimal places in the mul-

tiplicand and 2 in the multiplier; therefore, 3 + 2, or 5,

decimal places must be pointed off in the product.

1 52, Example.—Multiply .232 by .001.

Solution.— multiplicand .2

multiplier .001

product .000 2 32 '

In this example we multiply the multiplicand by the digit

in the multiplier, which
\

duct ; but since

there are 3 decimal places each in the multiplier and multi-

plicand, we must pr . 12 to make 3 + 3,

imal places in :' :et.

1 .">•». Rule.

—

Place the multipli multiplic

disregarding ti:
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as in whole numbers, and in the product point off as many
decimal places as there arc decimal places in both multiplier

and multiplicand, prefixing ciphers if necessary.

EXAMPLES FOR PRACTICE

54. Find the product of:

w .000492X4.1418.
f

(«) .0020377656

w 4,003.2x1-2. w 4,803.84.

w 78.6531 xl-03. w 81.012693.

M .3685 X. 043.
Ans.

(<0 .015477.

W 178,352 X- 01. w 1,783.52.

(/) . 00045 X- 0045. (/) .000002025.

I*) .714 X- 00002. (*) .00001428.

w . 00004 X. 008. w .00000032.

DIVISION OF DECIMALS.

155, In division of decimals we pay no attention to the

decimal point until after the division has been performed.

The number of decimal places in the dividend must eqtial (or

be made to equal by annexing ciphers) the number of decimal

places in the divisor. Divide exactly as in whole numbers.

Subtract the number ofdecimalplaces in the divisor from the

number of decimal places in the dividend, and point off as

many decimal places in the quotient as there are units in the

remainder thus found.

Example.—Divide .625 by 25.

divisor dividend quotient

Solution.— 2 5).625(.025 Ans.

50

125
125

remainder

Tn this example there are no decimal places in the divisor,

and three decimal places in the dividend; therefore, there

minus 0, or 3, decimal places in the quotient. One
cipher has to be prefixed to the 25 to make the three decimal

places.
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156. Example.—Divide 6.«>:3.5 bv

Solution.—
5

i

10

quotient

Ans.

35
35

remainder

In this example we divide by 5, as if the cipher were not

before it. There is one more decimal place in the dividend

than in the divisor; therefore, one decimal place is pointed

off in the quotient.

15 7. Example.—Divide
ient

Solution.—
1

remainder

In this example there are the same number of decimal

places in the dividend as in the divisor; the] :ae quo-

tient has no decimal places, and is a whole number.

158. Example.— :

quotient

Solution.—

:

100

remainder

In this problem two cipht annexed to the div-

idend, to make the number of decimal places equal

the number in the divisor. The quotient is a whole

num
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159. Example.—Divide .0025 by 1.25.

divisor dividend quotient

Solution.— 1.2 5 ) .0 2 5 ( .0 2 Ans.

250
remainder

Explanation.—In this example we are to divide .0025 by

1.25. Consider the dividend as a whole number, i. e., as 25

(disregarding the two ciphers at its left, for the present)

;

also, consider the divisor as a whole number, i. e., as 125.

It is clearly evident that the dividend, 25, will not contain

the divisor, 125; we must, therefore, annex one cipher to

the 25, thus making the dividend 250. 125 is contained

twice in 250, so we place the figure 2 in the quotient. In

pointing off the decimal places in the quotient, it must be

remembered that there were only four decimal places in the

dividend; but one cipher was annexed, thereby making
4 + 1, or 5, decimal places. Since there are five decimal

places in the dividend and two decimal places in the divisor,

we must point off 5 — 2, or 3, decimal places in the quotient.

In order to point off three decimal places, two ciphers must
be prefixed to the figure 2, thereby making .002 the quo-

tient. It is not necessary to consider the ciphers at the left

of a decimal when dividing, except when determining the

position of the decimal point in the quotient.

160. Rule.—I. Place the divisor to the left of the divi-

dend, and proceed as in division of whole numbers; in the

quotient, point off as many decimal places as the number of
decimalplaces in the dividend exceeds those in the divisor, pre-

fixing ciphers to the quotient, if necessary.

II. If in dividing one number by another there be a

remainder, the remainder can be placed over the divisor,

as a fractional part of the quotient, but it is generally

better to annex ciphers to the remainder, and continue

dividing until there are 3 or .If.
decimal places in the quo-

tient, and then if there still be a remainder, terminate the

quotient by the plus sign (+), which shows that it can be

carried further.
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161. Example.—What is the quotient of 199 divided by 15 ?

divi t quotient

Solution.— 15)199(18+^ Ans.

1 5

49
45

remainder 4

Or, 1 5 ) 1 9 9.0 ( 1 3.2 G (5 + Ans.

15

49
45
40
30

1 00
90

100
9_0

remainder 1

13£ = 13.266+
A= .366+

102. It frequently happens, as in the above example,

that the division will never terminate. In such eases, decide

to how many decimal places the division is to be carried,

and carry the work one place further. If the last figure of

the quotient thus obtained is 5 or a greater number, increase

the preceding figure by 1, and write after it the minus sign

(— ), thus indicating that the quotient is not quite as large

as indicated ; if the figure thus obtained is less than 5, write

the plus sign (+) after the quotient, thus indicating that

the number is slightly grea fer than as indicated. In the

last example, had it been desired to obtain the answer cor-

rect to four decimal places, the work would have been car-

ried to five places, obtaining 13.2 id the answer would

have been give:: — . This remark applies to any

Other calculation involving decimals, when it is desired to

omit some of the figures in the decimal. Thus, if it was de-

retain three decimal places in the number .24^ 1".

it would be expr •< +1 if it was desired to retain

live decimal places, it would be expressed ;
>—

.

i the -f- and — signs are frequently omitted; they are

40—5
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seldom used outside of arithmetic, except in exact calcula-

tions, when it is desired to call particular attention to the

fact that the result obtained is not quite exact.

103,
EXAMPLES FOR PRACTICE

Divide:

(«) 101.6688 by 2.36. (a) 43.08.

w 187.12264 by 123.107. (fl 1.52.

w .08 by .008. M 10.

M .0003 by 3.75.
Ans. •

(<0 .00008.

M .0144 by .024. W .6.

(/) .00375 by 1.25. (/) .003.

W .004 by 400. (*) .00001.

w .4 by .008. W 50.

REDUCTION OF DECIMALS.

104.
TO REDUCE A FRACTION TO A DECIMAL.
Example.— £ equals what decimal ?

Solution.- 4)3.0 , nK .

1—=-= or | =.75. Ans.

Example.—What decimal is equivalent to $ ?

Solution.— 8 ) 7.0 ( .8 7 5

64

60
56

40
40

or I = .875. Ans.

1 65. Ttule.—Annex ciphers to the numerator and divide

by the denominator. Point off as many decimal places in the

quotient as there are ciphers annexed.

100,
EXAMPLES FOR PRACTICE.

Reduce the following common fractions to decimals:

Ans.

(a) 15
T2'

9) l>

W H
(d) ft

M A-
if) 1

U)
w TTiW

[W .46875.

w .875.

w .65625.

(<*) .796875.

w .16.

(/) .625.

(*) .05.

Iw .004.
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167. To reduce inches to decimal parts of a Coot :

Example.—What decimal part of a foot is 9 inches ?

Soli - ::ce there are 12 inches in one foot, 1 inch is fa of a

foot, and 9 inches is 9 X xV> or ^ of a foot. This reduced to a decimal

by the above rule shows what decimal part of a foot 9 inchc

5 of a fa

84

6

60

168. Rule.—I. To reduce inclies to a decimal part of

a foot, divide the number of inches by

II. Should the resulting decimal be an unen . and
it is desired to terminate the division at some point, say the

fourth decimal place, carry the division one place further,

and if the fifth figure is 5 or greater increase the fourth

figure by 1, omitting the signs + and —

.

EXAMPI.]> FOB PRACTICE.

1 69. Reduce to the decimal part of a foot:

(*) 3 in. .25 ft

(*) 4* in. M
(') 5 in. Ans. <

id)

(') 11 in. Im .

TO EEKDUCE A DECIMAL TO a FBACTIOK.

1 70. Example.—Reduce .125 to a fraction.

Solution.— .125 = Aft = I = '-• Ans.

Example.—Reduce .875 to a fraction.

Solution.— .878 = tfft = ff = f. Ans.

17 1. Rule.— Under the f. f the decimal, place 1

with as many ciphers at its right as there are decimal p.'

in th 7 1, and reduce the resulting fraction to its le:

terms by dividing both numerator and denominator by the

sunn number.
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EXAMPLES FOR PRACTICE.

172. Reduce the following to common fractions:

(*) I

(*) I

w
id)

w
(/)

w .125.

(fl .025.

w .3125.

M .04.

W .06.

(/) .75.

te) .15625.

(//) .875.

Ans.

It!'

B ()•

as-

173. To express a decimal approximatively as a

fraction having a given denominator

:

174. Example.—Express .5827 in 64ths.

Solution. ,5827X11 =
37.2928

" ~ 64

Hence, .5827 = §£, nearly. Ans.

Example.—Express .3917 in 12ths.

Solution
4 7004

.3917 X if = ^4^,say^.
12

Hence, .3917 = £$, nearly. Ans.

175. Rule.—Reduce 1 to a fraction having the given

denominator. Multiply the given decimal by the fraction so

obtained, and the result will be the fraction required.

17G,
EXAMPLES FOR PRACTICE.

Express:

{a) .625 in 8ths.
f(*)

{b) .3125 in 16ths. w
(c) .15625 in 32ds.

(d) .77 in 64ths.
Ans. -

(d)

(e) .81 in 48ths. w
(/) .923 in 96ths. i(/)

A-
49
¥¥'

If-

If

177. The sign for dollars is $. It is read dollars. $25

is read ,?-7 dollars.

Si nee there are 100 cents in a dollar, 1 cent is 1 one-hun-

dredth of a dollar ; the first two figures of a decimal part of
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a dollar represent Since a mill is
-J {J

of a cent, or

the third figure represents mills.

Thr. dollars and sixteen cents;

125.168 is i dollars sixteen cents and a
mills.

SYMBOL* OF AGGEECrATIOX.
1 7S. The vinculum . parenthesis \ brackets [ ],

and brace | are called symbols of aggregation, an

used to include numbers which are to be considered t

thus. : - -T3, or 13 X shows that 3 is to be taken

from 8 before multiplying- by 13.

13X(8— 3) = 13x5 = 65.

13X8— 3 = 13x5 = 05.

When the vinculum or parenthesis is not used, we have

13x8—3 = 104—3 = 101.

179. In any series of numbers connected by the signs

+ , — , X, and -^, the operations indicated by the signs

must be performed in order from left to right, except that

no addition or subtraction may be performed if a sign of

multiplication or division follows the number on the right

of a sign of addition or subtraction until the indicated

multiplication or division has been performed. In all c

the sign of multiplication takes the precedence, the reason

being that when two or more numbers or expressions

connected by the sign of multiplication the numbers thus

connected are regarded as factors of the product indicated,

and not as separate numbers.

Example.—What is the value of4x24-S + 17?

rio.v—Performing the operations in order from left to right,

I = 00; 96-8 = 88; 88+17 = *

180. Example.—What is the value of the following expression-

4-12+160—28x81 =?
- -

; here we cannot sub-

tract 22 from 8681 .ition follows 22; hence,

multiplying 22 by ^, we get 77, and i : 191. Ans.
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Had the above expression been written 1,296 + 12 + 160

— 22x3^-^-7+ 25, it would have been necessary to have

divided 22 X 3£ by 7 before subtracting, and the final result

would have been 22 X 3£ = 77; 77-4- 7 = 11 ; 2G8 - 11 = 257;

257+ 25 = 282. Ans. In other words, it is necessary to

perform all the indicated multiplication or division included

between the signs + and — , or — and +, before adding oi

subtracting. Also, had the expression been written 1,296

+ 12 + 100 — 24^- + 7 X 3£+ 25, it would have been necessary

to have multiplied
3-J-

by 7 before dividing 24|, since the

sign of multiplication takes the precedence, and the final

result would have been 3|X7 = 24£; 2^-Z2^ = 1; 268

-1 =267; 267 + 25 = 292. Ans.

It likewise follows that if a succession of multiplication

and division signs occur, the indicated operations must not

be performed in order, from left to right—the multiplication

must be performed first. Thus, 24x3 + 4x2 + 9x5 = £.

Ans. In order to obtain the same result that would be

obtained by performing the indicated operations in order,

from left to right, symbols of aggregation must be used.

Thus, by using two vinculums the last expression becomes

24x3 + 4x2 + 9x5 = 20, the same result that would be

obtained by performing the indicated operations in order,

from left to right.

EXAMPLES EOR PRACTICE.

181. Find the values of the following expressions:

(a) (8 + 5-l)-4.
(£) 5X24-32.
(c) 5 X 24 -f- 15.

{d) 144-5X24.
(e) (1,691 - 540 + 559) -S- 8X 57.

(/) 2,080 + 120 - 80 X 4 - 1,670.

{g) (90 + 60 -s- 25) X 5 -29.
(/i) 90 + 60 -h 25X5.

Ans.

(a) 3.

0?) 88.

w 8

(d) 24.

w 10.

if) 210.

(£) 1.

w 1.2.



ARITHMETIC.
(SECT:

PERCENTAGE.
1, Percentaere is the process of calculating by hun

dredtks.

2, The term per cent, is an abbreviation of the L

words per centum, which mean by i A cert

per cent, of a number is the number of hundredths of that

number which is indicated by the number of units in the

percent. Thus, 6 per cent, of 125 is 125 XyJ^ =
percent, of - L32 poun

iVf = ounds.

3, The sign of per cent, is £ and is read

Thv is read

halfper cent., etc.

When expressing the per cent, of a number to use in cal-

culations, it is customary to express it decimally instead of

fractionally. Thus, instead of expressing •

as j-j^, -fw»* and x
4
yV' ** k :o express them as

and

The following table will show how any per cent, can be

expressed either as a decimal or otion:

Per Cent. Decimal. Fraction. Per Cent. Decimal. Fraction.

1*

.05

.10

r!u or ft

r ft

ft* or
i

!

IS§ or 1

HI or 11

150*...

500

n*. 5

.125

141 or 14

xU or ii»

&«* J

« or f

....

10*

50*...

100*

a

t, see pak,- ; age.
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1. The names of the different elements used in percent-

age arc: the base, the rate per cent., the percentage, the

amount , and the difference.

5- The base is the number on which the per cent, is

computed.

6. The rate is the number of hundredths of the base to

be taken.

7. The percentage is the part, or number of Jiun-

dredths, of the base indicated by the rate ; or, the percentage

is the result obtained by multiplying the base by the rate.

Thus, when it is stated that V/o of $25 is $1.75, $25 is the

base, 7$ is the rate, and $1. 75 is the percentage.

8. The amount is the sum of the base and percentage.

9. The difference is the remainder obtained by sub-

tracting the percentage from the base.

Thus, if a man has $180, and he earns 6^ more, he will have

altogether $180 + $180 X .06, or $180 + $10. 80 = $190.80.

Here $180 is the base; 6$, the rate; $1VQ.80, the percentage;

and $190.80, the amount.

Again, if an engine of 125 horsepower uses 16f of it in

overcoming friction and other resistances, the amount left

forobtainingusefulworkisl25-125x.l6 = 125-20 = 105

horsepower. Here 125 is the base; 16$, the rate; 20, the

percentage; and 105, the difference.

10. From the foregoing it is evident that to find the

percentage, the base must be multiplied by the rate. Hence,

the following

Rule.— To find the percentage, multiply the base by the

rate expressed decimally.

Example.—Out of a lot of 300 bushels of apples 76$ were sold. How
many bushels were sold ?

Solution.— 76^, the rate, expressed decimally, is .76; the base is

800; hence, the number of bushels sold, or the percentage, is, by the

above rule,

300 X .76 = 228 bushels. Ans.

pressing the rule as a

Formula, percentage — basey^rate.
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ap.ithmit:: i

1 1. —-
t
-

-

^"
fT . . : :1". r__rr-":er. if 1 - — •. :ri - :>:.:::".'.;. i: "- = 1".

or j^, 100& or ||f = 2xl<D«0 = 2KWL Bat, since the same
=d at by dhridmg It by .06, for It -=-,06

= JO, it follows tt

Kale.— When thefereemtageamd'rate aregmem^ tajSmdthe

thefereemtage by the rat ised ddcimaa..

Fomnnlla, base = jhereemtag: —

1 ~.'±Z~.J^~L 1 Z.T 1>i~ '.
'. '. IT ~ £5 WmA >."•_• 1

—Here is pencemttagc; aawfl W. ff -1»i, as ttUne irate;

1 2 . When the base and percentage are given, to find the

rate, the rate may be fforand,, expressed deomallty, by d

y the percentage .by the base. For. suppose that i I

desired to nnd what per cent. 12 is c

:

'. $ of »> is

200X-G1 = . - Gently as many per

cent, as the number of times that 2 is contained imlt or
- . = 6*_ Brat the same r-

ihe percentage, by 200, the base* since 12 -=-200

= = !..-..

Rule.

—

When the fereemtage amd base art r# JEmd
the rateT divide thefereemtage by the base,, amd the resmlt "anil

:v :':: ".::: :::: -..-.v.;".;":/:- ':..:../<

Formula, rate = fereemtage -=- base.

Z i:ft-:ii.-;.:-:;'::.:i;i:':-f::'.i :' i::'.-^ i- : f. -V~._-:,- ".":_.:

;•=: .-.:: ::' :.'i-= : :_. - -.- .<.- :•: :i.:-'-: -_. >..i
"

S- : i vt — "..-.••

-" ; -"-"1 -
- -. = .-..- -:..= = - A.=

-"

Soun —Hen 533 h —•= :il^ izi B isfkc

= .'.: = -! ;

Pixwr.— 8SSx.«2} = 8L
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EXAMPLES FOR PRACTICE.

13. What per cent, of:

{a) 360 is 90 ?
f

(«) 25%.

(b) 900 is 360 ? w Wc
(c) 125 is 25 ? M 20%.

(d) 150 is 750?

(e) 280 is 112 ?
AnS -

(^) 500^.

W 401

(/) 400 is 200? (/) 50$.

(g) 47 is 94 ? (*) 200$

(/i) 500 is 250 ?
. W 50$.

14. The amount may be found, when the base and

rate are given, by multiplying- the base by 1 plus the rate,

expressed decimally. For, suppose that it is desired to find

the amount when 200 is the base and 6f is the rate. The
percentage is 200X-0G = 12, and, according to definition,

Art. 8, the amount is 200+ 12 = 212. But, the same result

may be obtained by multiplying 200 by 1 + .06, or 1.06,

since 200X1.0G = 212. Hence,

Rule.— When the base and rate are given, to find the

amount, multiply the base - by 1 plus the rate expressed

dec intally.

Formula, amount = baseX(l-\-rate).

Example.—If a man earned $725 in a year, and the next year 10$

more, how much did he earn the second year ?

Solution.—Here 725 is the base and 10$ is the rate, and the amount
is required. Hence, applying the rule,

725X1-10 = $797.50. Ans.

15. When the base and rate are given, the difference

may be found by multiplying the base by 1 minus the rate

expressed decimally. For, suppose that it is desired to find

the difference when the base is 200 and the rate is 6$. The
percentage is 200X.0G = 12; and, according to definition,

Art. 9, the difference = 200-12 = 188. But, the same
result may be obtained by multiplying 200 by 1 — .06, or .94,

since 200 X. 04 = 188. Hence,

Rul e.— When the base and rate are given, to find the differ-

ence, multiply the base by 1 minus the rate expressed decimally.

Formula, difference = base X (I —rate).
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Example.—Bought 300 bushels of apples and sold all

them. How many bnshels were sold ?

Solution.—Here 300 is the ba- . he rate, and it is desired to

find the difference. Hence, applying the rule.

S0DX(1— •** =288bashelf Ans.

16. When the amount and rate are given, the base may
be found by dividing the amount by 1 plus the rau

suppose that it is known that 212 equals some number
increased by 6< of itself. Then, it is evident that 21*2 equals

of the number (base) that it is desired to find. Conse-

quently, if 212 = 106£ 1 = | = 2, and 10" = .

= 200 = the base. But the same result may be obtained

by dividing 212 by 1+ .06, or 1.06, sin.

Hence,

Rule.— Wlien the amount and rate are given, to find the

base, divide the amount by 1 plus the rate expressed decimally.

rmula, base = amounts- (1+ rate).

Example.—The theoretical discharge of a certain pnmp when run-

ning at a piston speed of 100 feet per minute is 278.910 gallons per day
of 10 hours. Owing to leakage and other defects, this value i

greater than the actual discharge. What is the actual dischar

Solution.—Here 278,910 equals the actual discharge (base) increased

* of itself. Consequently, 278,910 is the amount, and 255 is the

rate. Applying rule,

actual discharge = 278,910 ; = . 128 gallons. Ans.

1 7 . When the difference and rate are given, the base

may be found by dividing the difference by 1 minus the rate.

F r, suppose that 168 equals some number less 6£ of itself.

Then, 188 evidently equals 100 — = 4^ of some number.

equent

= 2x1 = But the same result may b r itaineC

dividing :ce,

Bole.

—

> find the

base nee by 1 minus

decimally.

Formula, base =
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Example.—Bought a certain number of bushels of apples and sold

• t them. If there were 72 bushels left unsold, how many bushels

did I buy ?

Solution.—Here 72 is the difference and 16% is the rate. Applying
rule

' 72 -*- (1 - .76) = 300 bushels. Ans.

Example.—The theoretical number of foot-pounds of work per min-

ute required to operate a boiler feed-pump is 127,344. If 30% of the

total number actually required be allowed for friction, leakage, etc.,

how many foot-pounds are actually required to work the pump ?

Solution.—Here the number actually required is the base; hence,

127,344 is the difference, and 30$ is the rate. Applying the rule,

127,344 -- (1 - .30) = 181,920 foot-pounds. Ans.

18, Example.—A certain chimney gives a draft of 2.76 inches of

water. By increasing the height 20 feet, the draft was increased to 3

inches of water. What was the gain per cent. ?

Solution.—Here it is evident that 3 inches is the amount, and that

2.76 inches is the base. Consequently, 3 — 2.76 — .24 inch is the per-

centage, and it is required to find the rate. Hence, applying the rule

given in Art. 12,

gain per cent. = .24 --2. 76 = .087 = 8.7& Ans.

10. Example.—A certain chimney gave a draft of 3 inches of

water. After an economizer had been put in, the draft was reduced to

1.2 inches of water. What was the loss per cent. ?

Solution.—Here it is evident that 1.2 inches is the difference (since

it equals 3 inches diminished by a certain per cent, loss of itself), and
3 inches is the base. Consequently, 3 — 1.2 = 1.8 inches is the percent-

age. Hence, applying the rule given in Art. 12,

loss per cent. =1.8 + 8 = .60=: 60$. Ans.

20. To find the gain or loss per cent. :

Rule.—Find the difference between the initial and thefinal

value; divide this difference by the initial value.

Example.— If a man buys a house for $1,860, and some time after-

wards builds a barn for 25$ of the cost of the house, does he gain or

lose, and how much per cent., if he sells both house and barn for

12,100?

Solution.—The cost of the barn was $1,860 X -25 = $465; conse-

quently, the initial value, or total cost, was $1,860 + $465 = $2,325.

Since he sold them for $2,100 he lost $2,325 - $2,100 = $225. Hence,

applying rule,

225 -- 2,325 = .0968 = 9.68$ loss. Ans.
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Ans.

M $112.(1

(*) 5.010.

W 18.

M U6tf.

W 940.8.

(/)

uo
w 40£

EXAMPLES FOR PRACTICE.
21. Solve the following :

(*) What is :
i»00?

(d) What is \% of 627?

\c) What is ;]:)> * of 54 ?

(</) 101 is 68f* of what number ?

(e) 784 is 88# of what number ?

(/) What £ of 960 is 160 ?

(£•) What % of §3,606 is §450f ?

(//) W! . $80 is 112?

1. A steam plant consumed an average of 3,640 pounds of coal per

day. The engineer made certain alterations which resulted in a saving

pounds per day. What was the per cent, of coal saved ?

Ans. 7:<-', nearly.

2. If the speed of an engine running at 126 revolutions per minute

should be increased 6|£, how many revolutions per minute would it

then make? Ans. 134.19 rev.

3. The list price of a lot of silk goods is $1,400, of some laces $1,1 50,

and of some calico $340. If 25% discount was allowed on the silk

on the laces, and 12±% on the calico, what was the actual cost of the

purchase? Ans. $2,244.50.

4. If I loan a man §1,100, and this is 1S-J£ of the amount that I have

on interest, how much money have I on interest ? Ans. $5,945.95.

5. A test showed that an engine developed 190.4 horsepower, lb%

of which was consumed in friction. How much power was available

for use? Ans. 161.84 II. P.

& By adding a condenser to a steam engine, the power was inc

aid the consumption of coal per horsepower per hour was decreased

If the engine could originally develop 50 horsepower, and required

-unds of coal per horsepower per hour, what would be the total

weightof coal used in an hour, with the condenser, assuming the engine

to run full power? Ans. 159.6 pounds.

DEXOMIXATE NUMBERS.
22. A denominate number is a concrete number, and

may be either simple or compound; as, 8 quarts; 5 feet; 1<»

inches, etc.

23. A simple denominate Dumber consists of units

of but one denomination ; as, 16 cents; lo hours; 5 dollars,

etc.
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24. A compound denominate number consists of

units of two or more denominations of a similar kind ; as, 3

yards, 2 feet, 1 inch ; 34 square feet, 57 square inches.

25. In whole numbers and in decimals the law of

increase and decrease is on the scale of 10, but in com-
pound or denominate numbers the scale varies.

26. A measure is a standard unit, established by law

or custom, by which quantity of any kind is measured. The
standard unit of dry measure is the Winchester bushel ; of

weight, the pound ; of liquid measure, the gallon, etc.

2*7. Measures are of six kinds:

1. Extension. 4. Time.

2. Weight. 5. Angles.

3. Capacity. 6. Money or value.

MEASURES OF EXTENSION.

28. Measures of extension are used in measuring

lengths, distances, surfaces, and solids.

LINEAR MEASURE.
TABLE.

Abbreviation.

12 inches (in.) = 1 foot. . ft.

3 feet ... =1 yard . yd.

5. 5 yards . . = 1 rod . . rd.

40 rods . . . = 1 furlong fur.

8 furlongs . — 1 mile . mi.

in. ft. yd. rd. fur. mi.

36= 3 =1
198 = 161 =5.5 = 1

7,920 = 660 =220 = 40 = 1

63.360 = 5,280 = 1,760 = 320 = 8 = 1

SURVEYOR'S EI1STEAR MEASURE.
TABLE.

7.92 inches = 1 link li.

25 links = 1 rod rd.

= 1 chain .... ch.
4 rods )

100 links
\

80 chains = 1 mile mi.

mi. ch. rd. li. in.

1 = 80 - = 320 = 8,000 = 63,360

29. The linear unit, generally used by surveyors, is

Ou liter's chain, which is equal to 4 rods, or 66 feet.
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30. An engineer's chain, used by civil engine

100 feet long, and consists of 100 links. In computations,

the links are written as so many hundredths of a chain.

SQUARE MEASURE.
TABLE.

144 square inches (sq. in.) . . . = 1 square foot

9 square feet = 1 square yard

30£ square yards = 1 square rod

160 square rods = 1 acre . .

640 acres = 1 square mile

sq. mi. A. sq. rd. sq. yd. sq. ft.

1 = 640 = 102,400 = 3,097,600

sq

sq. ft.

sq. yd
sq. rd.

. A.

sq. mi.

27,878,400 = 4,014,489,600

SURVEYOR'S SQUARE MEASURE.
TABLE.

625 square links (sq. li.) . . . . = 1 square rod .

16 square rods = 1 square chain

10 square chains = 1 acre . . .

640 acres — 1 square mile .

36 square miles (6 mi. square) . . = 1 township . .

sq. mi. A. sq. ch. sq. rd. sq. li.

1 = 640 = 6,400 = 102,400 = 64,000,000

sq. rd.

sq. ch.

. A.

sq. mi.

. Tp.

CUBIC MEASURE.
TABLE.

1,728 cubic inches (cu. in.) . . . = 1 cubic foot

27 cubic feet = 1 cubic yard
128 cubic feet = 1 cord '

. .

24£ cubic feet = 1 perch . .

cu. yd. cu. ft. cu. in.

1 = 27 = 46,056

cu. ft.

cu. yd.

. cd.

. P.

MEASURES OF WEIGHT.
AVOIRDUPOIS WEIGHT.

TA:

16 ounces (oz.) = 1 pound . . . ,

100 pounds = 1 hundredweight

0001b as 1 ton . . .

T, cwt. lb.

1 = 20 =* 2,000 = 32,000

lb.

cwt.

T.
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31. The ounce is divided into halves, quarters, etc.

Avoirdupois weight is used for weighing coarse and heavy

articles. One avoirdupois pound contains 7,000 grains.

LONG TON TABLE.

16 ounces . . . . = 1 pound lb.

112 pounds = 1 hundredweight . . . cwt.

30 cwt, or 2,340 lb = 1 ton' . . T.

IVl. In all the calculations throughout this and the fol-

lowing sections, 2,000 pounds will be considered 1 ton,

unless the long ton (2,240 pounds) is especially mentioned.

TROY WEIGHT.
TABLE.

24 grains (gr.) = 1 pennyweight .... pwt.

20 pennyweights = 1 ounce oz.

12 ounces = 1 pound lb.

lb. oz. pwt. gr.

1 = 12 = 240 = 5,760

33. Troy weight is used in weighing gold and silver

ware, jewels, etc. It is used by jewelers.

MEASURES OF CAPACITY.
LIQUID MEASURE.

TABLE.

4 gills (gi.) = 1 pint pt

2 pints = 1 quart qt.

4 quarts = 1 gallon gal.

31$ gallons = 1 barrel bbl.

2 barrels, or 63 gallons . . . . = 1 hogshead hhd.

hhd. bbl. gal. qt. pt. gi.

1 = 2 = 63 = 252 = 504 = 2,016

DRY MEASURE.
TABLE.

2 pints (pt.) = 1 quart . ...... qt.

8 quarts = 1 peck pk.

4 pocks . . . s= 1 bushel .... . bu.

bu. pk. qt pt.

1 = 4 = 32 = 64
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MEASURE OF TIME,
TABLE.

60 seconds (sec.)

CO minutes . .

24 hours . . .

7 days. . . .

365 days )

12 months
J

366 days . . .

100 years . . .

= 1

= 1

= 1

= 1

= 1

minute

hour

day
week

min.

. . hr.

. . da.

. . \vk.

n year . . . . yr.

= 1 leap year.

= 1 century.

Note.—It is customary to consider one month as 30 days.

MEASURE OF ANGLES OR ARCS.
TABLE.

60 seconds (") = 1 minute '.

60 minutes = 1 degree °.

90 degrees = 1 right angle or quadrant |_.

360 degrees = 1 circle cir.

1 cir. = 360° = 21,600' = 1,296,000"

MEASURE OF MONEY.
UNITED STATES MONEY.

TABLE.

10 mills (m.)

10 cents . .

10 dimes
10 dollars .

E. d.

= 1 cent ct.

= 1 dime d.

= 1 dollar t
= 1 eagle E.

ct. m.
1 = 10 = 100 = 1,000 = 10,000

MISCELLANllOL s TABL.E.
12 things are 1 dozen.

D are 1 gp

re 1 great gross.

2 things are 1 pair.

20 things are 1 score.

1 league is 8 miles.

1 fathom is (\ feet

1 meter is nearly 39.37 inches.

1 hand is 4 ind

1 palm is 3 inches.

1 span is 9 inches.

24 sheets are 1 quire.

ire 1 ream.

1 bushel contains 2,150.4 cubic in

1 U. S. standard gallon (also called a wine gallon) contains 281 cubic in.

1 U. S rd gallon i rands, nearly.

1 cubic fo< tandard gallons, nearly.

1 British imperial gallon weighs 1<» pounds.

It will 1 i at advantage to the student to carefully

memorize all the above tabl<

40-0
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REDUCTION OF DENOMINATE NUMBERS.

34. Reduction of denominate numbers is the process of

changing" their denomination without changing their value.

They may be changed from a higher to a lower denomina-

tion, or from a lower to a higher—either is reduction. As

2 hours = 120 minutes.

32 ounces = 2 pounds.

35. Principle.—Denominate numbers are changed to

lower denominations by multiplying, and to higher denom-

inations by dividing.

To reduce denominate numbers to lower denom-
inations :

36. Example.—Reduce 5 yd. 2 ft. 7 in. to inches.

Solution.— yd. ft. in.

5 2 7

_3
15 ft.

__2ft.

17 ft.

11
34

17

2 04in.

7 in.

2 11 inches. Ans.

Explanation.—Since there are 3 feet in 1 yard, in 5 yards

there are 5x3 or 15 feet, and 15 feet plus 2 feet = 17 feet.

There are 12 inches in a foot; therefore, 12x17 = 204

inches, and 204 inches plus 7 inches = 211 inches = num-
ber of inches in 5 yards 2 feet and 7 inches.

37. Example.—Reduce 6 hours to seconds

Solution.— 6 hours.

60

3 6 minutes.

6_0

2 1 C seconds. Ans.

'
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Explanation.—As there are 60 minutes in 1 hour, in

hours there are 6x60, or 360, minutes; as there arc no min-

utes to add, we multiply 300 minutes by 00, to get the

number of seconds.

38. In order to avoid mistakes, if any denomination be

omitted, represent it by a cipher. Thus, before reduei:

rods G inches to inches, insert a cipher for yards and a cipher

for feet, as

rd. yd. ft. in.

3 6

39, IUile.—Multiply the number representing the high-

est denomination by the number of units in the next I

required to make one of the higher denomination, and to the

iuct add the number ofgiven units of that lower denomi-

nation. Proceed in this manner until the number is reduced

to the required denomination.

EXAMPLES FOR PRACTICE.C Reduce:

(*) 4 rd. 2 yd. 2 ft. to ft. [(<*) 74 ft.

it) 4 bu. 3 pk. 2 qt. to qt. w 154 qt

M 13 rd. 5 yd. 2 ft. to ft. w 5 ft

V) 5 mi. 100 rd. 10 ft. to ft.
Ans. •

[<*)

W 8 lb. 4 oz. 6 pwt to {e) 48,144 fer.

(/> 52 hhd. 24 gal. 1 pt. to pt if) 101 pt.

te) 5 cir. 16° 20' to minutes. ig)

(*) 14 bu. to qt. w US qt.

To reduce lower to higher denominations i

41. Example.—Reduce 211 inches to higher denominations.

.
— 12) 2 1 1 in.

.

ANATION.—Tht L2 inches in 1 foot; then

211 divided by 12 : are

3 feet in 1 yard; th 17 feet divi irds
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and 2 feet over. The last quotient and the two remainders

constitute the answer, 5 yards 2 feet 7 inches.

42. Example.—Reduce 15,735 grains Troy weight to higher

denominations.

Solution.— 24)15735 gr. (655 pwt
144
133
1 20

135
1 20

15gr.

2 0)655 pwt. ( 3 2 oz.

60

55
40

1 5 pwt.

1 2 ) 3 2 oz. ( 2 lb.

24

8oz.

Explanation.—There are 24 grains in 1 pennyweight, and

in 15,735 grains there are as many pennyweights as 24 is con-

tained in 15,735, or 655 pennyweights and 15 grains remain-

ing. There are 20 pennyweights in 1 ounce, and in 655

pennyweights there are 32 ounces and 15 pennyweights

remaining. There are 12 ounces in 1 pound, and in 32

ounces there are 2 pounds and 8 ounces remaining. The
last quotient and the three remainders constitute the answer.

2 pounds 8 ounces 15 pennyweights 15 grains.

The above problem is worked out by long division, because

the numbers are too large to solve easily by short division.

The student may use either method.

43. Rule.—Divide the number representing the denomi

nation given by the number of units of this denomination

required to make one unit of the next higher denomi?tation.

The remainder will be of the same denomination, but the

quotient will be of the next higher. Divide this quotient by

the number of units of its denomination required to make
one unit of the next higher. Continue until the highest
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denomination is readied, or until there is not enough of a

denomination left to make one of the next higher. The last

quotient and the remainders constitute the required result.

EXAMPLES FOR PRACTICE.

44. Reduce to units of higher denominations:

(a) 7,460 sq. in.; (b) 7,580 sq. yd.; (c) 148,700 cu. in.; (d) 7,896

cu. ft. toed.; (e) 17,661"; (/) 1,120 cu. ft. to cd.
; {g) 8,000 gi; (A)

36,450 lb.

(a) 5 sq. yd. 6 sq. ft. 116 sq. in.

(b) 1 A. 90 sq. rd. 17 sq. yd. 4 sq. ft. 72 sq. in.

(c) 3 cu. yd. 5 cu. ft. 152 cu. in.

(d) 61 cd. 88 cu. ft.

(*) 4° 54' ll".

(/) 8 cd. 96 cu. ft.

(g) 3 hhd. 61 gal.

(/*) 18 T. 4 cwt 50 lb.

Ans.

ADDITION OF DE^OMIXATE NUMBERS.
45. Example.—Find the sum of 3 cwt. 46 lb. 12 oz. ; 8 cwt. 12 lb.

13 oz. ; 12 cwt. 50 lb. 13 oz. ; 27 lb. 4 oz.

Solution.— T. cwt. lb. oz.

3 46 12

8 12 13

12 50 13

27 4

1 4 37 10 Ans.

Explanation.—Begin to add at the rigtit-hand column:

4+ 13+ 13+ 12 = 42 ounces; as 16 ounces make 1 pound,

42 ounces -j- 16 = 2 and a remainder of 10 ounces, or 2

pounds and 10 ounces. Place 10 ounces under ounce column
and add 2 pounds to the next or pound column. Then,

2+ 27+ 50+ 12+46 = 139 pounds; as LOO pounds make
a hundredweight, 137-5-100 — 1 hundredweight and a

remainder of 31 pounds. Place the 37 under the pounds
column, and add 1 hundredweight to the next or hundred-

weight column. Next, L+ 12+ 8+ 3 = 24 hundredweight.
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20 hundredweight make a ton; therefore 24-i-20 = 1 ton

and 4 hundredweight remaining". Hence, the sum is 1 ton

4 hundredweight 37 pounds 10 ounces. Ans.

46. Example.—What is the sum of 2 rd. 3 yd. 2 ft. 5 in. ; 6 rd. 1

ft. 10 in. ; 17 rd. 11 in. ; 4 yd. 1 ft.?

Solution.— rd. yd. ft. in.

2 3 2 5

6 1 10

17 11

4 10
26 3£ 2

or 26 3 1 8 Ans.

Explanation.—The sum of the numbers in the first

column = 26 inches, or 2 feet and 2 inches remaining. The
sum of the numbers in the next column plus 2 feet = 6

feet, or 2 yards and feet remaining. The sum of the next

column plus 2 yards = 9 yards, or 9 -f- 5J = 1 rod and 3-J

yards remaining. The sum of the next column plus 1 rod

= 26 rods. To avoid fractions in the sum, the
-J
yard is

reduced to 1 foot and 6 inches, which added to 26 rods

3 yards feet and 2 inches = 26 rods 3 yards 1 foot 8

inches. Ans.

47. Example.—What is the sum of 47 ft. and 3 rd. 2 yd. 2 ft.

10 in.?

Solution.—When 47 ft. is reduced it equals 2 rd. 4 yd. 2 ft. which

can be added to 3 rd. 2 yd. 2 ft. 10 in. Thus,

rd. yd. ft. in.

3 2 2 10

2 4 2

6 1J- 1 10

or 6 2 4 Ans.

48. Rule.—Place the numbers so that like denominations

are under each other. Begin at the right-hand column, and
add. Divide the sum by the number of units of this denomi-

nation required to make one unit of the next higher. Place

the remainder under the column added, and carry the

quotient to the next column. Continue in this manner until

the highest denomination given is reached.
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EXAMPUES FOB PB U TICK.

49. What is the sum of-.

(a) 25 lb. 7 oz. 15 pwt 2:5 gr. ; 17 lb. 16 pwt

;

18 lb. 10 gr. ; 10 lb. 2 oz. 11 pwt 16 gr.?

(/>) 9 mi. 13 nl. 4 yd. 2 It. ; 10 id. 5 yd. 1 It. 5 in. ; 10 mi.

14 rd. 1 yd. i) in.?

(c) 8 cwt 46 lb. 12 oz. ; 12 cwt 94 lb. ; 2± cwt 21§ lb.?

{d) 10 yr. 8 mo. 5 \vk. 3 da. ; 42 yr. G mo. 7 da. ; 7 yr. 5 mo.
I

4 da. ; 17 yr. 17 da.?

(6') 17 T. 11 cwt. 49 lb. 14 oz. ; 1G T. 47 lb. 13 oz. ; 20 T. 13 cwt. 14

lb. 6 oz. ; 11 T. 4 cwt. 16 lb. 12 oz.?

(/) 14 sq. yd. 8 sq. ft. 19 sq. in. ; 105 sq. yd. 16 sq. ft. 240 sq. in.

;

42 sq. yd. 28 sq. it. 105 sq. in.?

15 lb. 4 oz. 12 pwt.;

rd. '.\ in.
;

[
(*) 86 lb. 3 oz. 16 pwt i

(fl 25 mi. 47 rd. 1 ft. 5 in.

Ans. • w 18 cwt. 2 lb. 14 oz.

id) 78 yr. 1 mo. 3 wk. 8 da.

M 65 T. 9 cwt. 28 lb. 13 oz.

t(/) 167 sq. yd. 136 sq. in.

SUBTRACTION OF DENOMINATE NUMBERS.
50. Example.—From 21 rd. 2 yd. 2 ft. G4 in. take 9 rd. 4

10J in.

Solution.— rd. yd. ft. in.

21 2 2 6*

9 4 10*

yd.

11 1 8i Ans.

Explanation.—Since 10} inches cannot be taken from (H

inches, we must borrow 1 foot or 12 inches from the 2 feet

in the next column and add it to the I [-12 = 1

inches — lo [-• inches = S|- inches. Then, from the 1

remaining foot = 1 foot. 4 yards cannot be taken from 2

yards; therefore, we borrow 1 rod, or a.l yards, from 21

rods and add it to 2. 2 + 5.1 = -4 = 3j yards.

Is from 20 rods — 1 1 rods. Hence, the remainder is 1 L

rods :}\ yards 1 foot 8J inches. Ans.

void fractions as much as possible, we reduce the .1

yard to inches, obtaining 18 inches; this added to s| in<

.'-I indies, which equals 2 feet \!
|
inches. Then, 2

feet + 1 foot = o feet — 1 yard, an ard = 4
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yards. Hence, the above answer becomes 11 rods 4 yards

feet 2\ inches.

."> 1 . Example.—What is the difference between 3 rd. 2 yd. 2 ft.

10 in, and 47 it. ?

Solution.— 47 ft. = 2 rd. 4 yd. 2 ft.

rd. yd. ft. in.

3 2 2 10

2 4 2

3£ "To

or 3 2 4 Ans.

To find (approximately) the interval of time between.
two dates

:

52. Example.—How many years, months, days,and hours between
4 o'clock p. m. of June 16, 1868, and 10 o'clock a. m., September 29, 1891?

Solution.— yr. mo. da. hr.

1891 8 28 10

1868 5 15 16

23 3 12 18 Ans.

Explanation.—Counting 24 hours in 1 day, 4 o'clock p. m.

is the 16th hour from the beginning of the day, or midnight.

On September 29, 8 months and 28 days have elapsed, and

on June 16, 5 months and 15 days. After placing the earlier

date under the later date, subtract as in the previous prob-

lems. Count 30 days as 1 month.

53. Rule.

—

Place the smaller quantity under the larger

quantity, with like denominations under each other. Begin-

ning at the right, subtract successively the number in the

subtrahend in each denomination from the one above, and
place the differences underneath. If the number in tJie

minuend of any denomination is less than the number under

it in the subtrahend, one must be borroivedfrom the minuend

of the next higher denomination, reduced, and added to it.

EXAMPLES FOR PRACTICE.
54. From:
(a) 125 lb. 8 oz. 14 pwt. 18 gr. take 96 lb. 9 oz. 10 pwt. 4 gr.

{b) 126 hhd. 27 gal. take 104 hhd. 14 gal. 1 qt. 1 pt.

(c) 05 T. 14 cwt. 64 lb. 10 oz. take 16 T. 11 cwt. 14 oz.

(d) 148 sq. yd. 16 sq. ft. 142 sq. in. take 132 sq. yd. 136 sq. in.
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(r) 100 bit. take it. 1 pt

(/) 14 mi. 34 rd. 10 yd. 13 ft 11 in. take 3 mi. 27 rd. 11 yd. 4 ft. 10 in.

(a) 28 1b. 11 oz. 4 pwt 1 \

22 hhd. 12 lpt.

(0 Hi i . 8 cwl

(d) lfl ,. in.

(e) 71 bu. 1 pk. 2 qt. 1 pt.

(/) 11 mi. 7 rd. 3 yd. 9 ft. 1 in.

MriyripjLicATiox of denominate numbers.
55. Example.—Multiply 7 lb. 3 oz. 13 pwt. 13 gr. by 12.

Solution.— lb. oz. pwt. gr.

7 5 13 13
.

12

89 8 3 12 .

Explanation.— 15 grains x 13 = 180 grains. IS 1

= 7 pennyweights and 12 grains remaining. Place the 12

in the grain column and carry the 7 pennyweights to the

next. Now, 13x13 + 7 = 103 pennyweight-; 1 = 8

ounces and 3 pennyweights remaining. The:

= 08 ounces; 68-5-12 = 5 pounds and 8 ounces remaining.

Then, 7x12-1-3 = 89 pounds. The entire product is

pounds 8 ounces 3 pennyweights 12 grains.

.">(>. Role.

—

Multiply tlic number represent:

denomination by the multiplier and reduce each product to

the next higher denomination, writing the remainders under

each denomination, and carry the quotient to the next, as in

Addition of Denominate Numbers.

,">7. In multiplication and division of denominate num-
bers, it is sometimes easier to reduce the number to the

lowest denomination given multiplying or divic:

especially if the multiplier or divisor is a decimal. T'

in the example of Art. 55* had the multiplier been 1.2, the

Lest way to multiply would have been to reduce the num-
ber to grains; then, multiply by 1.2, and reduce the product

to higher denominator pwt
15 gr. = 4-: 11

L2pwt€ I = 516,564gr-

8 oz. 3 pwt. Either method m aed.
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EXAMPLES FOR PRACTICE.

58. Multiply:

(a) 15 cwt. 90 lb. by 5; (d) 12 yr. 10 mo. 4 \vk. 3 da. by 14; (c) 11 mi.

145 rd. by 20; (,/) 12 gal. 4 pt. by 9; (e) 8 cd. 76 cu. ft. by 15; (/)
4 hhd. 3 gal. 1 qt. 1 pt. by 12.

(a) 79 cwt. 50 lb.

(b) 180 yr. 11 mo. 2 wk.

(c) 229 mi. 20 rd.

(d) 112 gal. 2 qt.

{e) 128 cd. 116 cu. ft.

(/) 48 hhd. 40 gal. 2 qt.

Ans.

DIVISION OF DENOMINATE NUMBERS.
59. Example.—Divide 48 lb. 11 oz. 6 pwt. by 8.

Solution.— lb. oz. pwt. gr.

8 )48 11 6

6 lb. 1 oz. 8 pwt. 6 gr, Ans.

Explanation.—After placing the quantities as above,

proceed as follows: 8 is contained in 48 six times without a

remainder. 8 is contained in 11 ounces once, with 3 ounces

remaining. 3x20 = 60; 60 + 6 = 66 pennyweights; 66

pennyweights 4- 8 = 8 pennyweights and 2 remaining,

2x24 grains = 48 grains; 48 grains -f- 8 = 6 grains.

Therefore, the entire quotient is 6 pounds 1 ounce 8 pen-

nyweights 6 grains. Ans.

Example —A silversmith melted up 2 lb. 8oz. 10 pwt. of silver, which

he made into 6 spoons; what was the weight of each spoon ?

Solution.— lb. oz. pwt.

6 )2 8 10

5 oz. 8 pwt. 8 gr. Ans.

Explanation.—Since we cannot divide 2 pounds by 6, we
reduce it to ounces. 2 pounds = 24 ounces, and 24 ounces

+ 8 ounces = 32 ounces; 32 ounces s-6 = 5 ounces and 2

ounces over. 2 ounces = 40 pennyweights ; 40 pennyweight's

+ 10 pennyweights = 50 pennyweights, and 50 penny-

weights -f- 6 = 8 pennyweights and 2 pennyweights over. 2

pennyweights = 48 grains, and 48 grains -4- 6 = 8 grains.

Hence, each spoon contains 5 ounces 8 pennyweights 8

grains. Ans.
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GO. Example.—Divide 820 rd. 4 yd. 2 ft by 112.

rd. yd. ft. rd. yd. ft. in.

Solution:— 112)820 4 2( 71 2 5. l ,

784
rd. rem.

5.5

180
180
1 9 8.0 yd.

4

112)202 yd. ( 1 yd.

1 1 2

9 yd. rem.

3

2 7 ft.

2 ft.

112)2? 2 ft. ( 2 ft.

2 24

4 8 ft. rem.

1 2

~9G

48

1 1 2 )57 Gin. ( 5.1 4 2 8+in. or 5.143 in.

560
160
1 1 2

448

2 2 4

960
896
04

Explanation.—The first quotient is 7 rods wit

remaining'. •" irds-f-4yards =
yards; 202 yards -Ml 2 = 1 yard and 00 yards remaining.

t-s-112

— 2 feet, and 48 feet reman inches;

inches -:- 112 = 5.143 inches, nearly. Ans.

The preceding example is solved by long division, because
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the numbers are too large to deal with mentally. Instead

of expressing- the last result as a decimal, it might have

been expressed as a common fraction. Thus, 576-^-112

= b^\ = 5i inches. The chief advantage of using a-com-

mon fraction is that if the quotient be multiplied by the

divisor, the result will always be the same as the original

dividend.

61. Rule.—Find how many times the divisor is contained

in tlie first or highest denomination of the dividend. Reduce

the remainder {if any) to the next lower deno7nination, and
add to it the number in the given dividend expressing that

denomination. Divide this new dividend by the divisor.

The quotient will be the next denomination in the quotient

required. Continue in this manner until the loivest denomi-

nation is reached. The successive quotients will constitute

the entire quotient.

EXAMPLES FOR PRACTICE.
62. Divide:

(a) 376 mi. 276 rd. by 22; (b) 1,137 bu. 3 pk. 4 qt. 1 pt. by 10;

(c) 84 cwt. 48 lb. 49 oz. by 16; (d) 78 sq. yd. 18 sq. ft. 41 sq. in. by 18;

(e) 148 mi. 64 rd. 24 yd. by 12; (/) 100 T. 16 cwt. 18 lb. 11 oz. by 15;

{g) 36 lb. 18 oz. 18 pwt. 14 gr. by 8; {/i) 112 mi. 48 rd. by 100.

'
(a) . 17 mi. 41ft rd.

(b) 113 bu. 3 pk. 1 qt. \ pt.

(c) 5 cwt. 28 lb. 3ft oz.

(d) 4 sq. yd. 4 sq. ft. 2ft sq. in.

(e) ' 12 mi. 112 rd. 2 yd.

(/) 6 T. 14 cwt. 41 lb. 3*| oz.

(g) 4 lb. 8 oz. 7 pwt. 7| gr.

(h) 1 mi. 38|| rd.

Ans.



ARITHMETIC
(SECTION 5)

INVOLUTION
63. If a product consists of equal factors, it is called a

power of one of those equal factors, and one of the equal

factors is called a root of the product. The power and the

root are named according to the number of equal factors in

the product. Thus, 3x3, or 9, is the seamd power, or

-quare, of 3; 3x3x3, or 27, is the third ;

of 3; 3 X 3 X 3 X 3, or 81, is the fourth i 3. Also,

3 is the second root, or square root, M the Third

root, or cube root, of 27; 3 is the fourth root of E

6-4. For the sake of brevil

3 X 3 is written 3*, and read three square,

or three expone

3 X 3 X 3 is written 3
1

, and read three cube,

or . me7it three;

3x3x3x3 is written 3\ and read three fourth,

or three exponent four;

and so on.

A number above and to the right of another num-
ber, to show how often the latter number is used as a factor,

is called an exponent. :he number " is the

exponent, and shows that 3 is to be used as a factor twelve

times; so thai i contraction for

3x3x3x3x3x3x3x3x3x3x3x3
For notice of cofyrtzkl. see page tmmua. _ - page

II



24 ARITHMETIC §2

In an expression like 3
s

, the exponent B shows how often

3 is used as a factor. Hence, if the exponent of a number
is unity, the number is used once as a factor; thus, 3

1 = 3,

4
1 = 4, 5

l = 5.

65. If the side of a square contains 5 inches, the area of

the square contains 5 X 5, or 5
2

, square inches. If the edge

of a cube contains 5 inches, the volume of the cube contains

5x5x5, or 5
3

, cubic inches. It is for this reason that

5
a and 5

s
are called the square and cube of 5, respectively.

66. To find any power of a number:

Example 1.—What is the third power, or cube, of 35?

Solution.— 35 X 35 X 35

or 3 5

35

175
105

1225
35

6125
3675

cube = 42875 Ans.

Example 2.—What is tint fourth power of 15?

Solution.— 15 X 15 X 15 X 15

or 15
15

7i
15

2*25

15

1125
225

3375
15

16 8*76

3375

fourth power = 50625 Ans.
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Example 3.— 1.2 3 = what?

Solution.— 1.2X1.2X1.2

or 1.2

1.44

1.2

Ans.

288
144

cube = 1.7 2 8 Ans.

Example 4.—What is the third power, or cube, of f ?

c /3\
3 3

s
3 3 3 3X3X3 27

Solution.- (-) = - = - x 3 X g
= ^-^ = m

67. Rule.—I. To raise a whole number or a decimal to any

flower, use it as a {actor as many times as there are units i?i the

exponent.

II. To raise a fraction to any power, raise both the mimer-

ator and denominator to the power indicated by the expo?ie?it.

EXAMPLES FOR PRACTICE

Raise the following to the powers indicated:

(a) 85'

(*) («)"

(c) 6.5
s

(d) 14*

(') (f)
8

if) (I)
3

U) (*)"

w 1.4
s

Ans.

(a)

0>)

(c)

id)

ie)

if)

ig)

7,225

TT»

42.25

38,416
.27
64
1 25

-«-

5.37824
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EVOLUTION

DEFINITIONS AND GENERAL REMARKS
68. Evolution is the reverse of involution. It is the

process of finding the root of a number that is considered

as a power.

69. The square root of a number is that number which,

when used twice as a factor, produces the number.

Thus, 2 is the square root of 4, since 2x2 (or 2
2

) = 4.

70. The cube root of a number is that number which,

when used three times as a factor, produces the number.

Thus, 3 is the cube root of 27, since 3 X 3 X 3 (or 3
3

) = 27.

71. The fourth root of a number is that number which,

when used four times as a factor, produces the number.

Thus, 9 is the fourth root of 6,561, since 9x9x9x9
(or 9

4
) = 6,561.

72. The fifth root of a number is that number which,

when used five times as a factor, produces the number.

Thus, 7 is the fifth root of 16,807, since 7x7x7x7x7
(or T) = 16,807.

73. The process of finding squares and cubes and

square roots and cube roots are very frequently employed

in connection with the solution of problems pertaining to

mensuration and engineering. The process of raising a

number to some power, the exponent of the number being

integral (integral is the adjective for integer; i. e., an inte-

gral number is one that does not contain a fraction or deci-

mal) is very simple; but the reverse process, that of finding

the roots, is very long and laborious, for which reason tables

are generally employed. The tables so used are of two

kinds—those giving the roots directly and logarithms. While
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the roots of numbers can be found without the aid of a table,

it is not customary to do this except in the case of square

root, which is comparatively easy. At the same time it is

well to know some general method of finding the roots of

numbers, as it might be necessary to find a root when a

table was not at hand. For purposes of this Course, a knowl-

edge of how to use a table is all that is necessary.

74. Some idea of the importance of the processes of

involution and evolution may be obtained from the following:

In finding the area of a square or a circle, it is necessary

to square the length of a certain line; conversely, in finding

the side of a square or the diameter of a circle that will have

a given area it is necessary to find the square root. In find-

ing the volume of a cube or a sphere it is necessary to cube

the length of a certain line; conversely, in finding the length

of one of the edges of a cube or the diameter of a sphere

that will have a given volume, it is necessary to find the

cube root. There are many other cases where it is required

to extract square root and cube root, but enough has been

stated so far to show the importance of the processes.

75. Cube root is not required as often as square root,

and fourth and fifth roots are required but seldom, the fifth

root being required oftener than the fourth root. Roots

higher than the fifth are practically never required. As
examples, it maybe stated that the fourth root is required in

finding the diameter of a revolving shaft that is to transmit

a given power. The fifth root is required in finding the diam-

eter of a pipe that will discharge a given amount of a fluid

in a given time; in certain problems pertaining to mine

ventilation, etc., etc.

7(J. Having shown the necessity of some means of find-

ing the roots of numbers, the manner of using the table

given in this connection and following the Examination

Questions will now be explained. But before studying the

explanations, certain definitions and properties of numbers
must be carefully considered.

40-7
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77. The radical sign V. when placed before a number,

indicates that some root of that number is to be found. The
vinculum is almost always used in connection with the rad-

ical sign, as shown in Art. 78.

78. The index of the root is a small figure placed over

and to the left of the radical sign, to show what root is to be

found.

Thus, a/100 denotes the square root of 100,

^125 denotes the cube root of 125,

a/256 denotes the fourth root of 256,

^243 denotes the fifth root of 243, and so on.

79. When the square root isto be extracted, the index

is generally omitted. Thus, VlOO indicates the square root

of 100. Also, V225 indicates the square root of 225.

80. In any number, the figures beginning with the first

digit* at the left and ending with the last digit at the right,

are called the significant figures of the number. Thus,

the number 405,800 has the four significant figures 4, 0, 5, 8;

and the number .000090067 has the five significant figures

9, 0, 0, 6, and 7.

81. The part of a number consisting of its significant

figures is called the significant part of the number.

Thus, in the number 28,070, the significant part is 2807; in

the number .00812, the significant part is 812; and in the

number 170.3, the significant part is 1703.

82. In speaking of the significant figures or of the sig-

nificant part of a number, we consider the figures, in their

proper order, from the first digit at the left to the last digit

at the right, but we pay no attention to the .position of the

decimal point. Hence, all ?i2imbers that differ only in the

position of the decimal point have the same significant part.

For example, .002103, 21.03, 21,030, and 210,300 have the

same significant figures, 2, 1, 0, and 3, and the same signifi-

cant part 2103.

*A cipher is not a digit.
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The integral part of a number is the part to the left of

the decimal point or to the left of the fraction when the

number consists of a whole number and a fraction.

83. The student will find the following: principles of

value, both in connection with the extraction of roots and in

other arithmetical calculations:

a. In general, if any two numbers are multiplied together, no

matter how many significant figures they contain, the first five

significant figures of the product will be the same as the first

five significant figures of the product obtained by multiplying

the same two numbers when limited to five significant figures.

For example, the product of 4,562,357 and 6,421,849 is

29,298,767,738,093; limiting the numbers to five significant

figures, the product of 45,624 and 64,218 is 2,929,882,032; and

the value of both these products to five significant figures is

29,299. In other words, if only five significant figures are

required in the product, it is not necessary to use more than

five significant figures in the multiplier and multiplicand, the

remaining figures, if any, being replaced by ciphers, and the

fifth figures being increased by 1 if the sixth figure is 5 or a

larger digit. In some cases, however, the fifth figure may be

one unit too large or one unit too small; hence, if it is neces-

sary that the fifth figure be absolutely exact, it is better to limit

the multiplier and multiplicand to six figures instead of five.

For example, 4,562,347x6,421,849 - 29,298,703,519,603,

or 29,299,000,000,000 to five significant figures; 4,562,300 X
6,421,800 = 29,298,178,140,000 = 29,298,000,000,000 to five

significant figures, the fifth figure being 1 less than it

should be; but 4,562,350 X 6,421,850 = 29,298,727,347,1

= 29,299,000,000,000 to five significant figures.

b. If the divisor and dividend are limited to six significant

figures, the quotient will always be correct to five (usually

to six) significant figures, regardless of how many significant

figures there may have been in the dividend and divisor.

. For example, 6,421,849 4- 4,662,357 : L.407572+ - 1.4

to five significant figures; also, 642 156,236= 1.407571+
= 1.4076 to live significant figures.
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c. If the number whose root is to be extracted be limited

to six significant figures, the root will be correct to five

(usually to six) significant figures.

84. These principles may all be summed up in the follow-

ing general statement: In any series of arithmetical operations—
addition, subtraction, multiplication, division, involution, and

evolution—if it be desired to have the final result limited to a

certain number of significant figures, it is unnecessary to use

more significant figures in any of the numbers operated on than

the desired ?iumber in the result plus 1. For example, if only

four significant figures are desired in the final result, all the

numbers used in the various operations may be limited to

4 + 1 = 5 significant figures, the fifth figure being increased

by 1 in all cases if the sixth figure is 5 or a greater digit.

From the foregoing, it follows that a table that will give

five significant figures of the root correctly will be sufficiently

extensive for all practical purposes. Such a table is here

given, following the Examination Questions, and its use will

now be explained, beginning with square root and then con-

tinuing with cube, fourth, and fifth roots.

85. The smallest number that can be written with one

figure is 1, and the largest is 9. Their corresponding squares

are 1 and 81, respectively. The smallest number that can

be written with two figures is 10, and the largest is 99.

Their corresponding squares are 100 and 9,801, respectively.

Arrange the following numbers and their squares thus:

r = l 9
2 = 8i

10* = 100 99
a = 9,801

100
a = 10,000 999

2 = 998,001

1,000* = 1,000,000 9,999
2 - 99,980,001

It is seen that the square of a number containing one

figure is written with one or two figures; the square of a

number containing two figures is written with three or four

figures. Or, the square of a number is always written with

twice as many figures as the given number, or twice as

many less one.
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86, In order to find the square root of a number, the

first step is to point off the number into periods, or groups,

of two figures each, beginning at the right if the number is

integral, and at the decimal point if the number is decimal.

The number of periods will be equal to the number of figures

in the root if the number is a perfect squ.

If the last period on the right of a decimal number con-

tains but one figure, annex a cipher to complete the period.

Thus, the square root of 83,740,801 must contain four

figures, since, pointing off the periods, we g Mil, or

four periods; consequenily, there must be four figures in the

root. In like manner, the square root ot :mst contain

three figures, since there are (5'06'25) three periods. The
extreme left-hand period may contain either one or two

figures, according to the size of the number squared.

87. The square of any number wholly decimal always

contains twice as many figures as the number squared. For

example, .l
2 = .01, .13' = .0169, .751* = .564001, etc.

The square of a number partly decimal contains twice as

many decimal places as there are decimal places in the

number. For example, 12.35
s = 152.5225.

PS. It will also be noticed that the square of a decimal

is always less than the decimal. Hence, the square root of

a number wholly decimal is greater than the number itself.

If it be required to find the square root of a decimal, and

the decimal has not an even number of figures in it, annex

a cipher. The best way to point off a decimal is to begin at

the decimal point, and, going toward the right, point off the

decimal into periods of two figures each. Then, if the last

period contains but one figure, annex a cipher to complete

the period.

If the decimal point of a number is moved one or more

places to the right (or left), the decimal point in the square

will be moved twice as many places to the right (or left),

thus: 3.567* = 1

356.7* = 12'72'34'.89

.3567' = ,12/72/34/89
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It will be observed that these squares differ only in the

position of the decimal point, and when divided into periods,

the corresponding group in each square contains the same
figures.

Later it will be shown that numbers containing like

periods have like figures in their roots.

89. There are comparatively few numbers that can be

separated into exactly equal factors; these numbers are called

perfect powers, and the factors are called ratioiial factors.

Numbers that cannot be separated into exactly equal factors

are called imperfect powers, and the factors are called

irratioiial factors. In the numbers from 1 to 1,000, inclusive,

there are only 48 perfect powers, not counting 1, and of

these only 30 are perfect squares and 9 perfect cubes.

These perfect powers are as follows: perfect squares, 4, 9,

16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, 256, 289,

324, 361, 400, 441, 484, 529, 576, 625, 676, 729, 784, 841, 900,

961; perfect cubes, 8, 27, 64, 125, 216, 343, 512, 729, 1000;

perfect fourth powers, 16, 81, 256, 625; perfect fifth powers,

32, 243; perfect sixth powers, 64, 729; perfect seventh

power, 128. Of these numbers it will be noticed, that two

of the perfect cubes, 64 and 729, the four perfect fourth

powers, and the two perfect sixth powers are duplicated

among the squares and cubes; hence, there are only 40 dif-

ferent numbers between 1 and 1000 that are perfect powers.

90. The root of any number that cannot be divided into

as many equal factors as there are units in the index of the

root contains an interminable decimal. For example, the

number 20 lies between 16 ( = 4
2
) and 25 ( = 5

2

); hence,

the square root of 20, or V20, is greater than 4 and less

than 5, and is therefore equal to 4 plus an interminable

decimal. In other words, no matter to how many figures

the square root of 20 may be calculated, the root will never

be found exactly.

91. Although the root of an imperfect power cannot be

found exactly, as close an approximation may be obtained

as is desired. In practice, five significant figures are all that
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are likely to be required, and four are generally sufficient.

In the following: examples, all roots will be calculated to

five figures, unless the given number is a perfect power

whose root contains less than five figures.

SQUARE ROOT

92. The first step in finding the square root is to point

off the number into periods of two figures each as previously

described. The second step is to move the decimal point

until it falls between the first (left-hand) period containing

a digit and the next period to the right; in other words, the

first step is to make the first period the integral part of

the number, if not already so. Call the result the altered

number.
The second step is to search the table in the columns

headed ?r and find two consecutive numbers, one less and

the other greater than the altered number. Opposite the

smaller of the two numbers in the column headed n, will be

found the first three figures of the square root. All the

numbers in the columns headed n are printed in heavy-face

type, and it will be noticed that there are two such columns

on each page.

The third step is to find two more figures of the root and

the fourth step is to locate the decimal point in the root;

these two steps can be best illustrated by examples.

Example 1.—What is the square root of 31,410?

SolutiDN.— Pointing off into periods, the result is 3'14'16. Moving
the decimal point so that the first period becomes the integral part of

the number, the altered number is 3.141(1. Searching the table in the

columns headed n\ 3.1410 is found to lie bet

on page 1. The number in the column headed ;/ oppos

is 1.77. The first three figures of the root are therefore 177. Find the

difference between the two numbers between which the given DUO
falls g the first difference), and the difference between

the smaller number and the given Dumber (call this the second
difference); divide I e ond difference by the first difference,

carrying the quotient to three decimal places and increasing the

second figure by 1 if the third is 5 or a greater digit. The two figure!
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of the quotient thus determined will be the fourth arid fifth figures of

the root. In the present example, dropping decimal points in the

remainders, 3.1684 - 3.1329 = 355, the first difference; 3.1416 - 3.1329

= 87, the second difference; 87 4- 355 = .245+, or .25. Hence, the

first five figures of the root are 17,725. The decimal point is located

in all cases by reference to the original number, after pointing off

into periods.

There will be as many figures in the root preceding the decimal point

as there are periods preceding the decimal point in the given number;
if the number is entirely decimal, the root is entirely decimal, and there

will be as many ciphers following the decimal point in the root as there

are complete cipher periods following the decimal point in the given

number.

Applying this principle, there are three periods preceding the deci-

mal point in the given number; hence, there are three figures prece-

ding the decimal point in the root, and V.31,416 = 177.25. Ans.

The operations may be arranged thus:

1.7 8
2 = 3.1 6 8 4 altered number = 3.1416

1.7 7
2 = 3.13 29 1.7 7

2 = 3.13 2 9

first difference = 3 5 5 second difference — 8 7

3 5 5 ) 8 7.0 ( .2 4 5, or .2 5

710
1600
1420
1800
1775

First five significant figures of the root (the fifth figure being cor-

rected) are 17725.

Locating decimal point, a/31,416 = 177.25. Ans.

Note.-Had the given number been 314.16, 3.1416, .031416, .00031416, etc. the signifi-

cant figures of the root would have been the same as? in the preceding case, since tht

altered number would have been 3.1416 in each instance; the decimal point would
have been differently located, however. Thus, pointing off into periods, the give*
n imbers are respectively 3M4M6, 3'.14'16, .03'14'lfi, and .00'03T4'16, and the corre
s ponding square roots are 17.725, 1.7725, .17725, and .017725.

Read very carefully Art* 96o

Example 2.—What is the square root of .0031416?

Solution.— Pointing off into periods, the result is .00'31'41'60

moving the decimal point, the altered number is 0031.4160 or 31.4160

Referring to the table in the columns headed n 2
, 31.4160 is found ta

lie between 31.3600, opposite 5.60 and 31.4721, opposite 5.61, on page 5.

The first three figures of the root are therefore 560. The first difference

is 31.4721 - 31.3600 = 1121; the second difference is 31.4160 - 31.3600

= 560; 560 -J- 1121 = .499+, or .50. Therefore, the first five figures
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of the root are 56050. Since there is one complete cipher period

immediately following the decimal point in the given number, i

is one cipher following the decimal point in the root, and V.0031416

= .066050, or .05605. Ans.

Example 3.—What is the square root of 7,500?

Solution.—Pointing off into periods, the result is 75'00. Moving
the decimal point, the altered number is 75.00 or 75. Referring to the

table, in the columns headed ;/
2

, 75 is found to lie between 74.9956 and
75.1(589, on page 8. The first difference is 75.1689 - 74.9956 = 1733;

the second difference is 75 - 74.9956 = 44; 44 -f- 1733 = .025-)-, or .03.

The first three figures of the square root are 866, and the first five

are 86603; there are two figures in the integral part of the root; hence,

a/7,500 = 86.603. Ans.

Example 4.—What is the square root of 49,074,561,800?

Solution.—Pointing off into periods, the result is 4'90 /74'56/ 18'00.

Moving the decimal point, the altered number is 4.90745618. Refer-

ring to the table in the columns headed « 2
, the altered number is found

to lie between 4.8841 and 4.9284, on page 2. It is not necessary or

advisable to retain more figures in the altered number than there are in

the two numbers of the table between which it falls, in this case five

figures; hence, throw off all figures after the fifth, increasing the fifth

figure by 1 if the sixth is 5 or a greater digit. Doing so the altered

number becomes 4.9075. The first difference is 4.9284 - 4.8841 = 443;

the second difference is 4.9075 - 4.8841 - 234; 234 -- 413 = .528+, or

The number opposite 4.8841 in the column beaded ;/ is 2.21; hence,

the first five figures of the root are 22153. Since there are six periods

on the left of the decimal point in the given number, there are six

figures in the integral part of the root; as only five figures were deter-

mined, write a cipher for the sixth figure, obtaining 221,530. There-

fore, to five significant figures, V49,074, 561", 800 = 221,530. Ans.

EXAMPL1ES FOR 1*RACT][CE

Find the square root of:

(a) 5. (a) 2 2361

{d) .006. (6) .0707 11

(c) 149,2
Ans.'

(d) 792.06. {d) 28.144

(e) 88.527. (e) 9.4089

(/) 1,000. (/) 31.623
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CUBE ROOT

93. An examination of the table will show that the

columns headed n contain all the numbers between 1.00 and

9.99, inclusive, that is, all numbers that can be expressed by

three figures, disregarding the decimal point. The columns

headed ?i* contain the squares of all the numbers in the

columns headed ?i. The columns headed n 3

, n*> and n* con-

tain, respectively, the first six figures of the cubes and the

fourth and fifth powers of the numbers in the columns

headed 7i. The preceding explanation for square root will

suffice for the cube, fourth, and fifth roots, the only differ-

ence being in the first step—that of pointing off into periods.

For cube root each period (except the first) must contain

three figures. The process is the same; that is, begin at the

decimal point and point off to the left and to the right

periods of three figures each. If the right-hand period is

not complete, annex ciphers until it contains three figures.

Then proceed exactly as before, using the columns headed n\

and locate the decimal point by means of the principle given

in the explanation to example 1, Art. 92.

Example 1.—The cube root of .0000082417 is what?

Solution.—Pointing off into periods of three figures each, the result

is .uOO'006'241'700. Moving the decimal point until it immediately

follows the first period that contains a digit the altered number is

6.241700 or 6.24170, using but six figures, to correspond with the six

figures of the table. Referring to the table, and looking in the

columns headed n 3
t
the altered number is found to lie between 6.22950

and 6.33163, on page 1. The first difference is 6.33163 - 6.22950

= 10213; the second difference is 6.24170 - 6.22950 = 1220; 1220

-=- 10213 = .119+, or .12. The number opposite 6.22950 in the column

headed n is 1.84; hence, the first five significant figures of the cube

root are 18412. Since there is one complete cipher period following

the decimal point, there will be one cipher following the decimal point

in the root; therefore, €000006241 7 = .018412. Ans.

Read very carefully Art, '96

Example 2.—The cube root of 50,932,676 is what?

Solution.—Pointing off into periods of three figures each, the

result is 50'932'676. Moving the decimal point, the altered number is
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50.932676. Reducing to six figures and increasing the sixth figure

by 1, since the seventh figure is 7, the altered number becomes 60.9827.

Referring to the table in the columns headed w 3
, 60.9327 is found to lie

between 50.6530 and 51.0648, on page 3, the first three figures of the

root being 370. The first difference is 51.0648 - 50.6530 = 4118; the

second difference is 50.9327 - 50.6530 = 2797; 2797 -=- 4118 = .6794-,

or .68; hence, the first five figures of the root are 37068. Since the

integral part of the given number contains three periods there are three

figures in the integral part of the root; therefore, "^50,932,676 = 370.68.

Ans.
Example 3.—What is the cube root of .834?

Solution.—There is but one period. Moving the decimal point,

the altered number is 834, which falls between 833.238 and 835.897 in

the columns headed n 3 on page 9 of the table. The first three figures

of the root are 941. The first difference is 835.897 - 833.238 = B659;

the second difference is 834- 833.238 = 762; 762 -r- 2659 = .2864-,

or .29; hence, the first five figures of the root are 94129. Since the

given number is wholly decimal, the root is wholly decimal; and since

there is no complete cipher period between the decimal point and the

first digit of the given number, there are no ciphers between the deci-

mal point and the first digit of the root. Therefore, ^.834 = .94129.

Ans.

EXAMPLES FOR PRACTICE

ind the cube root of:

(a) 78,347.809639. \(a) 42.79

(*) 2. (*) 1.2599

(c) 4,180,769,192.462.
Ans.« w 1,611.0

id) .696. (d) .88621

W .375. M .72112

(/) 513,229.783302144. (0 80.064

FOURTH AND FIFTH ROOTS

94. The processes for fourth and fifth roots are exactly

the same as for square and cube roots, except that for fourth

root the given number is pointed off into periods of four

figures each and the columns headed ?i
4
are used, while for

fifth root the given number is pointed off into periods of five

figures each and the columns headed n" are used.

Example 1.—What is the fourth root of 3,680.72?

Solution.—Pointing off into periods of tour figures each, the result

is 3690'. 7200. In the present case there is no need of moving the
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decimal point since it already follows the first period containing a

digit; and since six figures only are required, throw off the two ciphers

on the right and look in the table under the headings ?i* and find

between what two numbers 3,690.72 falls. Referring to page 7, the

given number falls between 3,682.56 and 3,701.51. The first difference

is3.701.51 - 3,682.56 = 1895; the second difference is 3,690.72 - 3,682.56

= 816; 816 -J- 1895 = .430+, or .43. The number in the column
headed n and opposite 3,682.56 is 7.79; hence, the first five figures of

the root are 77943. Since there is but one integral period in the

given number, there is but one integral place in the root; therefore,

<!3,690.72 = 7.7943. Ans.

Read very carefully Art- 96.

Example 2.—What is the fifth root of .7854?

Solution.—Pointing off into periods of five figures each, the result

is .78540; moving the decimal point, the altered number is 78540.

Referring to the table and looking in the columns headed 7i
6

, 78540 is

found to lie between 78196.0 and 78607.6 on page 9. The first differ-

ence is 78607.6 - 78196.0 = 4116; the second difference is 78540.0

- 78196.0 = 3440; 3440-4116 = .835+, or .84-. The number in

the column headed n and opposite 78196.0 is 9.52; hence, the first five

significant figures of the root are 95284. Since the given number is a
decimal, the root is a decimal; therefore, a/.7854 = .95284. Ans.

Example 3.—What is the fifth root of 497.23?

Solution.—Pointing off into periods of five figures each, the result

is 497.23000. As only six figures are required, drop the last two,

obtaining 497.230. Referring to the table in the columns headed w 5
,

497.230 is found to lie between 495.884 and 503.092 on page 3. The
first difference is 503.092 - 495.884 = 7208; the second difference is

497.230 - 495.884 = 1346; 1346 ^ 7208 = .186+, or .19-. The num-
ber in the column headed n and opposite 495.884 is 3.46; hence, the

first five significant figures of the root are 34619. Since there is but

one integral period, >/497\23 = 3.4619. Ans.

95. The following is a general rule for using the table

to find the square root, cube root, fourth root, or fifth root

of any number.

Rule.—I. Beginning at the decimal point, and going to the

right and to the left, point off the given number whose root is to

be found into periods having as many figures in each period as

there are units in the index (see Art. 78) of the root.

II. // the decimal point does not immediately follow the

right-hand figure of the first period containing a digit, move it
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from its Position until it does follow the right-hand figure of the

first period containing a digit. Call ike result the i

number. // there are more than six figures in the ai:

number', drop all after the sixth figure, increasing the <

figure by 1 if the seventh figure is 5 or a greater number, fn

the case of square root, retain only five figures, when the left-

hand period contains but one significant f(gi>

III. - fey to the table ofpowers that follows the Examina-

Hon 0:.ss::r-:s, mud lookingin the columns ;:*:: ingot the head *'«"

and an exponent of the same value as the index of the roof, find

between what two numbers in these columns the altered number

falls. Subtract the smaller of these two numbers from the

larger, and catl the result the first d

I

Subtract the

smaller of the two numbers from the altered number, and call

:':; >;.:..:
:

'..' second difference. ZV: :'.:V :"..- /: v.- :
.:" .:::':':'-

ence by the first difference, anJ find the quotient to three figures,

which reduce to two figures, increasing the second figure by one if

the third figure is 5 or a greater number. The two figures thus

found are the fourth and fifth figures of the root. The first

three figures will be found in the column headed "»", opposi:

/".-.:.\V »• .-/ ;";• ::-/ '.:. :.
:

:'S :': ;". :.::': .v;':.' .. •; :.
'...'; ;'; ^;:. ;

number falls.

iv. Locale the decimal point by means of the principle that

there will be as many figures in the root preceding the decimal

pjint as there are periods preceding the decimalpoint in theg

number,- if the number is entirely decimal, the root is entirely

decimal, and if there are any com/ r periods immed:.:

following the decimal point, there will be as many ciphers fc.

ing the decimal point in the root as there are complete cipher

periods following the decimalpoint in the given nu»:

>. The st- ^uld st

thoroughly, particularly the i uld

be carefully considered

ture nc: : in the oth. The student should

do the actual work on :f Paper perform

operation in the ore. :n the solution; he

advisable to work the Examples tor P> student
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who follows these instructions zvill have no difficulty in using

the table.

The student will notice that the reason for the second step,

moving the decimal point, is to get the decimal point in the

same relative position that it occupies in the corresponding

numbers of the table.

ROOTS OF FRACTIONS

97. If the given number is in the form of a fraction, and

it is required to find some root of it, the simplest and most

exact method is to reduce the fraction to a decimal and

extract the required root of the decimal. If, however, the

numerator and denominator of the fraction are perfect

powers, extract the required root of each separately, and

write the root of the numerator for a new numerator, and

the root of the denominator for a new denominator.

Example 1.—What is the square root of ^?

[9 >T9 3 .

Solution.— \/— = -== = 5 . Ans.

Example 2.—What is the square root of f ?

Solution.— Vf = V~625 = .79057, since f = .625. Ans.

Example 3.—What is the cube root of y^?
,."27" >T27~ 3 ASolution.— \/t^=- = -77= = ^. Ans.
125 ^25 5

'

Example 4.—What is the cube root of \1

Solution.—Since \ = .25, 1$ = >T25 = .62996. Ans.

98. Rule.

—

Extract the required root of the numerator and

denominator separately; or, reduce the fraction to a decimal,

and extract the root of the decimal.

EXAMPLES FOR PRACTICE

(a) VA= ? (a) f

(b)

M Ans.<
(b) i

{c) .41602

(d) ^tM= ? id) 1.6355
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91). On page 10 of the table are given the square, cube,

and fourth, and fifth powers of the first nine digits. By aid

of this little table, the page on which the first three figures

of the required root are to be found is instantly located.

Thus, after moving the decimal point (if necessary) in the

given number find, in the column in which n has an exponent

equal to the index of the root sought, between what two

numbers the altered number falls; the number in the left-

hand column opposite the smaller of these two numbers is

the page of the table sought.

For example, on what pages will the first three figures of

the (a) square, (b) cube, (c) fourth, and (d) fifth routs

of .00432176 be found?

Pointing off and moving the decimal point the altered

numbers, reduced to six figures, become for each case,

(a) 43.2176; (b) 4.32176; (c) 43.2176; (d) 432.176. Refer-

ring to page 10 of the table, in the column headed ;/*,

43.2176 falls between 36 and 49; hence, the first three

figures of the square root will be found on page 6. 4.32176

falls between 1 and 8 in the column headed ;*
3

; hence, the

first three figures of the cube root will be found on page 1.

43.2176 falls between 16 and 81 in the column headed n';

hence, the first three figures of the fourth root will be found

on page 2. 432.176 falls between 243 and 1,024 in the

column headed n%
\ hence, the first three figures of the fifth

root will be found on page

1 00. In the following articles will be described how more
than five figures of the root can be found, and exact methods

for extracting any root, the index being an integer, to any

number of figures. The student may omit everything .

this point to the Examination Questions, if he so desires.

101. If a root has been found to five significant fi^

and it is desired to obtain more figures, perhaps the easiest

• is to proceed as follow be number indicated

by the root to the power indicated by an exponent equal to

the index of the root; if the result so obtained is less than

the given number, add 1 to the right-ban of the root
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and raise the new number to the same power; but if the result

so obtained is greater than the given number, subtract 1 from

the right-hand figure of the root and raise the new number
to same power. The result of these operations is to obtain

powers of two consecutive numbers having five significant

figures each, one of the powers being a little greater and the

other a little less than the given number. Then proceeding

exactly as previously described, divide the second difference

by the first difference and obtain four more figures of the root.

Consider example 1, Art. 92. The square root of 31,416

to five significant figures is 177.25. 177.25
2 = 31,417.5625,

which is a little greater than 31,416; hence, subtracting 1

from 177.25, 177.24
3 = 31,414.0176, which is a little less than

31,416. The first difference is 31,417.5625-31,414.0176

= 3.5449. The second difference is 31,416 - 31,414.0176

= 1.9824; 1.9824 -- 3.5449 = .55922, or .5592 to four figures.

Therefore, V31,416 = 177.245592 to nine significant figures.

Suppose it has been found that the cube root of 37,267

is 33.402 to five significant figures, and it is desired to

obtain more figures. Proceed exactly as before. 33.402
3

= 37,266.397760808, which is a little less than 37,267;

hence, adding 1 to 33.402, 33.403
3 = 37,269.744941827.

The first difference is 37,269.744941827 - 37,266.397760808

= 3.347181019; the second difference is 37,267 - 37,266.397-

760808 = .602239192; .602239192 -h 3.347181019 = .17992+ ,

or .1799 to four figures. Therefore, ^267 = 33.4021799

to nine significant figures.

102. As before stated, it is customary to use some kind

of a table instead of extracting the roots directly, still the

square root is so frequently required that it is well to learn

how to extract square root directly. There are several good
methods, and none are much harder than long division. The
method given here is the simplest and easiest to remember
and apply of any. For cube root and higher roots, all exact

methods are long and laborious. The method given in the

pages that follow is a general one, applicable to any root, the

index of which is an integer, and is very easy to remember
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SQUAIIi: BOOT—EXACT METHOD
103. The method is best explained by giving several

examples with full explanations of each step. In order to

make the work clearer to the student and easier to follow,

the figures in the root and the successive numbers resulting

from their use are printed in light and heavy-face type

alternately.

Example 1.—Find the square root of 31,505,769.
root

Solution.— 3 1'5 0'5 7 '6 9 ( 5 6 1 3 Ans.

(a) 5 {b) 25

_j> (c) 6 5

(d) 10 6_3 6

* (e) ~f4 57
106 112 1

6 33669
1120 3 3 669

1

1121
1

11220
3

11223
Explanation.—First point off into periods of two figures

each. Now, find the largest single number whose square is

less than or equal to 31, the first period. This is evidently 5,

since 6
2 = 36, which is greater than 31. Write it to the

right, as in long division, and also to the left, as shown at (a).

This is the first figure of the root. Now, multiply the 5

at (a) by the 5 in the root, and write the result under the

first period, as shown at (b). Subtract and obtain 6 as a

remainder.

Add the root already found to the 5 at (a)
t
getting 10, and

annex a cipher to this 10, thus making it 100, as shown at {</),

which call the tlrsl trial divisor. Bring down the next

period, 50, and annex it to the remainder 6, as shown at (r),

which call the first dividend. Divide the first dividend {c)

by the first trial divisor (</) and obtain (J, which is probably

40—8
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the next figure of the root. Write 6 in the root, as shown, and

also add it to 100, the trial divisor, making it 106. This is

called the first complete divisor.

Multiply the first complete divisor, 106, by 6, the second

figure in the root, and subtract the result from the first divi-

dend {c)\ the remainder is 14. Add the second figure of the

root to the complete divisor, 106, and annex a cipher, thus

getting 1120, which call the second trial divisor. Annex
the next period, to the remainder in the second column

making it 1457, as shown at (e), which call the second
dividend. Dividing 1457 by 1120, we get 1 as the next

figure of the root. Adding this last figure of the root

to 1120, the result is 1121, the second complete divisor.

Multiplying the second complete divisor by the third figure

of the root and subtracting from the second dividend, 1457,

the remainder is 336.

Now, adding the last figure of the root to 1121 and annex-

ing a cipher as before, the result is 11220, the third trial

divisor. Annexing the next and last period, 69, to the

remainder in the second column the result is 33669, the

third dividend. Dividing 33669 by 11220, the result

is 3, the fourth figure of the root. Adding the fourth

figure of the root to 11220, the result is 11223, the third

complete divisor. Multiplying the third complete divisor

by the fourth figure of the root, the result is 33669. Sub-

tracting the product from the third dividend, there is no

remainder; hence, V31,505,769 = 5,613.

Read very carefully that part of Art. 96 which is

printed in Italics.

Example 2.—What is the square root of .000576?

root

Solution .
— .0 O'O 57 6 ( .0 2 4 Ans,

2 4

2 176
40 176
4
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Explanation.—Beginning at the decimal point and

pointing off the number into periods of two figures each,

it is seen that the first period is composed of ciphers; hence,

the first figure of the root must be a cipher. The remaining

portion of the solution should be perfectly clear from what

has preceded.

104. If the number is not a perfect power, the root will

consist of an interminable number of decimal places. The
result may be carried to any required number of decimal

places by annexing periods of two ciphers each to the

number.

Example 1.—What is the square root of 3? Find the result to five

decimal places.

root

Solution.— 3.0 O'O O'O O'O O'O ( 1.7 3 2 5+ Ans.

1 1

1 200
20 189

_J_ 1100
27 1029

_I 7 100
340 6924

* 1 7 60000
343 1732025

3 27975
3460

2

3462
2

3 4 6 4

5

346405

Explanation.—Annex five periods of two ciphers each

to the right of the decimal point. The first figure of the

root is found to be 1. To get the second figure, \\t find

that, on dividing 2U0 by 20, it is 10. This is evidently too

large.
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Trying 9, we add 9 to 20 and multiply 29 by 9; the result

is 261, a result which is considerably larger than 200; hence,

9 is too large. In the same way, it is found that 8 is also

too large. Trying 7, 7 times 27 is 189, a result smaller than

200; therefore, 7 is the second figure of the root. The next

two figures, 3 and 2, are easily found. The fifth figure in

the root is a cipher, since the trial divisor, 34640, is greater

than the new dividend, 17600. In a case of this kind we
annex another cipher to 34640, thereby making it 346400,

and bring down the next period, making the 17600, 1760000.

Dividing the fourth dividend, 1760000, by the fourth trial

divisor, 346400, the result is 5.0+ . Hence, the next figure

of the root is 5, and, as we now have five decimal places,

we stop.

The square root of 3 is, then, 1.73205+.

If the second figure of the quotient last obtained, 5.0+ ,

had been 5 or a greater digit, the figure in the fifth decimal

place would have been increased by 1.

Example 2.—What is the square root of .3 to five decimal places?

root

Solution.— .3 WO (K0 COCO (.5 4 7 7 2+ Ans.

5 25

_J? ~~500

100 416

8400
7609

79100
76629
24 7 100
2 19084

280 16

1094 7

7

1095lo
2

109542
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Explanation.—In the above example we annex a cipher

to .3, making the first period .30, since every period of a

decimal, as was mentioned before, must have two figures in

it. The remainder of the work should be perfectly clear.

105. If it is required to find the square root of a mixed

number, begin at the decimal point and point off the periods

both to the right and to the left. The manner of finding the

root will then be exactly the same as in the previous cases.

Example.—What is the square root of 25S.2449?
root

Solution.— 2'5 8.2 4'4 9 (1 6.0 7 Ans.

1 1

1 15 8

20 156

_!_

~
22449

26 22 449
6

iToo
7

3207

Explanation.—In the above example, since 320 is greater

than 224, we place a cipher for the third figure of the root

and annex a cipher to 320, making it 3200. Then, bringing

down the next period, 49, 7 is found to be the fourth figure

of the root. Since there is no remainder, the square root of

258.2449 is 16.07.

106. Proof.—To prove square root, square the result

obtained. If the number is an exact power, the square of

the root will equal it; if it is not an exact power, the square

of the root will very nearly equal it.

107. Rale.— I. Begin at units place and separa-

number into periods of / *g from left

to rig/it with thi ' Part y
if th

1 1 . Find the greatest number u hose square is contained in the

first, or left-hand, period. Write this number as the first f<\

in the root; also, write it at the left of : I number.
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Multiply this number at the left by the first figure of the root,

and subtract the result from the first period,

III. Add the first figure of the root to the number in the

first column on the left and annex a cipher to the result; this is

the first trial divisor. Annex the second period to the remainder

in the second column; this is the first dividend. Divide the

dividend by the trial divisor for the second figure in the root

and add this figure to the trial divisor to form the complete

divisor. Multiply the complete divisor by the second figure i?i

the root and subtract this result from the dividend. (If this

result is larger than the dividend, a smaller nu?nber must be

tried for the second figure of the root.) Add the second figure of

the root to the complete divisor. Annex a cipher for a new trial

divisor; a?id bring down the third period and annex it to the

last remainder for the second dividend.

IV. Continue in this manner to the last period', after which

,

if any additional places in the root a?re required, bring down
cipher periods and continue the operatioii.

V. If at any time the trial divisor is larger than the

dividend, place a cipher in the root, annex a cipher to the trial

divisor, and bring down another period.

VI. // the root contai?is an interminable decimal and it is

desired to terminate the operation at some point, say, the fourth

decimal place, carry the operation one place farther, and if the

fifth figure is 5 or greater, increase the fourth figure by 1 and

omit the sign -f

.

108. Short Method.—If the number whose root is to be

extracted is not an exact square, the root will be an inter-

minable decimal. It is then usual to extract the root to a

certain number of significant figures. In such cases the

work may be greatly shortened as follows: Determine to

how many significant figures the work is to be carried, say

seven, for example; divide this number by 2 and take the next

higher number. In the above case, we have 7 -j- 2 = 3i;

hence, we take 4, the next higher number. Now extract the

root in the usual manner until four significant figures have
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been obtained. Then form the trial divisor in the usual

manner, but omitting to annex the cipher; divide the last

remainder by the trial divisor, as in long division, obtaining

as many figures of the quotient as there are remaining

figures of the root, in this case 7 — 4 = 3. The quotient so

obtained is the remaining figures of the root.

Consider example 2, Art. 104. Here there are five

figures in the root. We therefore extract the root to three

figures in the usual manner, obtaining .547 for the first

three root figures. The next trial divisor is 1094 (with the

cipher omitted) and the last remainder is 791. Then.

-r- 1094 = .723, and the next two figures of the root are

the whole root being .54772+ . Always carry the division

one place farther than desired, and if the last figure is 5 or

a greater digit, increase the preceding figure by 1. This

method should not be used unless the root is to contain five

or more figures.

Note.— If the last figure of the root found in the regular manner
is a cipher, carry the process one place farther before dividing as
described above.

EXAMPLES FOR PRACTICE

Find the square root of:

(a) 186,624.

(6) 2,050,624.

M 29,855,296.

id) .01169&4.

(e) >69.

if) 994,009.

Or) _ 75 to four decimal places.

W 5 to three decimal places

M .3025.

(/) .571-

(*)

Ans.

{a) 432

(c)

Id) .10815-

ie)

997

Or) 1.5411

.88388+
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CUBE ROOT—EXACT METHOD

109. The process of extracting cube root is very similar

to that just described for square root, the work being arranged

in three columns instead of two. An example will best

illustrate the method.

Example.—What is the cube root of 375,741,853,696?

Solution.—
(1) (2) (3) root

375'741'853/696(7216 Ans.

343

~32741
30248
2493853

7

7

14

_7
210

2

49
98

14700
424

15124
428

212
2

1555200
2161

214
2

1557361
2162

2160
1

155952300
129816

2161 156082116

1557361
936492696
936492696

2162
1

21630
6

21636

Explanation.—Write the work in three columns as

follows: On the right place the number whose cube root

is to be extracted, and point it off into periods of three

figures each. Call this column (3). Find the largest num-
ber whose cube is less than or equal to the first period, in

this case 7. Write the 7 on the right, as shown, for the

first figure of the root, and also on the extreme left at the
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bead of column (1). Multiply the 7 in column (1) by

the first figure of the root 7, and write the product 49 at

the head of column (2). Multiply the number in column

by the first figure of the root 7, and write the product 343

under the figures in the first period. Subtract, obtain ir. g I

for the remainder. Add the first figure of the root to the

number in column (1), obtaining 14. Multiply the last

number in column (1) by the first figure of the root, add the

~r: iu:: :: ine ::z :tr :- ;:/:r.i - ^nl :z:i.r. 147. Aii
the first figure of the root to the last number in column (1),

and obtain 21. Annex one cipher to the number in col-

umn (1), and obtain 210. Also, annex two ciphers to the

number in column (2), and obtain 14,700 for the first trial

divisor. Bring down the next period, annexing it to the

remainder in column (3), and obtain
~

itz.i. L:t:l-.-£ Lit irs: ii~r.it- i :t -±± ±:--. :r:^l i:vis:r,

'-:-: _::i.z ~ '" = 1 — z.z.1 Trri:e 'it - i. \':.t it: r. i i zi:t

of the root. Add the 2 to the number in column (1), and

obtain 212, which, multiplied by the second figure of the root,

mi diti :: izt :riil i:r:s:r. r:ve= 1" :_^ :it f.:: nm-lt-.e

i.v;-;r. 7:.: A~: rt = u".: z;'.:.:'..r: :v :"-± senrA ::;:: ::

±r :::: nf ri':;:i.:tl :r:~ ii; irs: iiviitLi ^:vts i

remainder of 2,493. Adding the second figure of the root to

the number in column (1), we get 214; this, multiplied by
the second figure of the root and added to the trial

A . j :he second figure of the root to the

number in column (1) gives I Annexing one cipher to

the number in column ( 1 ) gives 2,160. Annexing two ciphers

to the number in column (2) gives 1

divisor. Annexing the third period to the remainder in

column (3), we obtain 2.493,853 for the second

dend. Dividing the second dividend by the second

^^ and wr the
300

third figure of the root. The remainder of the work is con-

tinued in the same manner and should be perfectly clear

tr-.m v. -_: r._= ;:-___-_.
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110. In extracting the cube root of a decimal, proceed as

above, taking care that each period contains three figures.

Begin the pointing off at the decimal point, going toward the

right. If the last period does not contain three figures, annex

ciphers until it does.

Example 1.—What is the cube root of .009129329?

root

Solution.— .0 9'1 2 9'3 2 9 (.2 9 Ans.

2 4 8

? _^ 1129329
4 120000 1129329
2 5481

600 125481
9

609

Explanation.—Beginning at the decimal point, and point-

ing off as shown, the largest number whose cube is less than

9 is seen to be 2; hence, 2 is the first figure of the root.

When finding the second figure, it is seen that the first trial

divisor 1,200 is greater than the dividend; hence, write a

cipher for the second figure of the root; bring down the next

period to form the second dividend; annex two ciphers to the

trial divisor to form the second trial divisor; also, annex one

cipher to the 60 in column (1). Dividing the second dividend

1129329
by the second trial divisor, we get =9+ , and write

1^UUUu

9 as the third figure of the root. Complete the work as

before.
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Example 2.--What is the

Solution.—
4 16
4 32

8 4800
4 244

120 5044
2 2 48

root

7 8*3 4 7.8 9'6 3 9 (42.79
64

H3 4 7

10088

4 2 5 9809
3766483
493326639

122 529200 4933 26639
2 8869 '

124 538069
2 89 18

12 60 54698700
7 115 371

1267 54814071
7

12 74
7

128 10
9

12 8 19

Explanation.—Since we have a mixed number, begin at

the decimal point and point off periods of three figures each,

in both directions. The first period contains but two figures,

and the largest number whose cube is less than 78 is 4; con-

sequently, 4 is the first figure of the root. The remainder of

the work should be perfectly clear. When dividing the second

dividend by the second trial divisor for the third figure of the

root, the quotient was 8+ ; but, on trying it, it was found

that 8 was too large, the complete divisor being considerably

larger than the trial divisor. Therefore, 7 was used instead

of 8.
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. Example 3.—What is the cube root of 5 to five decimal places?

root

Solution.— 5.0 O'O O'O O'O O'O 0(1.7 9 9 7 5+
1 1 1

\ ? 4000
2 300 39 13
1 259

8 7000000
30 559 78443829
7 ^_°1 8556171000

37 8670000 7889992299
7 45981 6661 78701

44 8715981 614014317973
7 4 6062 5 2 164383027
00 876204300
9 46 15 11

5109 876665811
9 461592

5118 87712740300
9 35 90839

270 87716331139
9

5 1279
9

5 1288
9

5 12970
7

5 12 977

Root correct to five decimal places is 1.70998- . Ans.

Explanation.—In the preceding example we annex five

periods of ciphers, of three ciphers each, to the 5 for the

decimal part of the root, placing the decimal point between

the 5 and the first cipher. In practice it is not necessary

to write these cipher periods after the given number; when
one cipher is added to the number in column (1) and two to

the number in column (2), three ciphers would be added to

the number in column (3). Since the quotient obtained by
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dividing the fourth dividend by the fourth trial divis'

666178701000 -- 300 = 7.5+ the root correct to five

decimal places is 1.70998—.

Example 4.—What is the cube root of .5 to four decimal pin

root

Solution.— .5000000000'. "9 7-
49 34

000
14 14700 150039

197 1 6961000
210 1667 1

9 2052

9 1S7230O 132174*955
9 7119 994047

2 2 8 79419
9

23 7

3

23 r3

3

23 76

3

790
7

18 8 6 "4700
106579

18 8-8212 79

23797

Explanation.— In the above example we annex two

ciphers to the .5 to complete the first period, and three

periods of three ciphers each. The largest number whose
cube is less than 500 is 7; this v. as the first figure of

the root. The remainder of the work should be perfe

plain from the explanations of the preceding examples.

Since the quotient obtained by dividing the third divid

by the third trial divisor

the root is coir\ nd to the fourth decimal place.
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Example 5.—What is the cube root of .05 to four decimal places?

Q r0Qt

bOLUTiON.—
Q 5 , / / o o ( .3 6 8 4+

3 9
2J_

3 lj* 23000
6 2 700 19 6 5 6

3 5 76 334 4000
9 3 2 7 6 3 180032
_6 6 1 2 1 6 3 9 6~8

96 388S00 162685504
6 8704 1282496

10 2 397504
6 8 768

1080 40627200
8 44 176

T6~88 4067 13 76
8

1096
8

11040
4

11044

111. Proof.—To prove cube root, cube the result

obtained. If the given number is an exact power, the

cube of the root will equal it; if not an exact power,

the cube of the root will very nearly equal it.

112. Rule.—I. Arrange the work i?i three columns, placing

the number whose cube root is to be extracted in the third or

right-hand column. Begin at units place, and separate the

number into periods of three figures each, proceeding f?rom the

decimal point toward the right with the decimal part, if there

is a?iy.

II. Find the greatest number whose cube is not greater than

the number expressed by the first period that contains a digit.

Write this number as the first figure of the root; also, write it

at the head of the first column. Multiply the number in the

first column by the first figure in the root, and write the result

in the second column. Multiply the number in the second

column by the first figure of the root, and subtract the product
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from the first fiet Idd the first figure of the root to the

number in the first column. Multiply the last number in the

first column by the first : the root, and add the pre

to the number in
rumn. Add the first figure of the

to the number in the first column. Annex one cipher to the

last number in the first column, two ciphers to the last nu

in the second column , and annex the second period to the

remainder in the third column. The last numbers in the second

and third columns Of iivcly, the first trial divisor and

the first d

III. Divide the first dividend by the first trial divisor to

find the second figure of the root. Add the second figure of the

root to the number in the first column, multiply the sum by the

second figure of the root, and add the result to the first trial

divisor to form the first complete divisor. Multiply the first .

plete divisor by the second figur: of the root, and subtract the

result from the first dividend in the third column. Add the

:d figure of the root to the number in the first column;

multiply the sum by the second figure of the root, and add the

product to the complete divisor. Add the second figure of the

root to the number in the first column. Annex one cipher to

the number in the first column, and two ciphers to the last num-

ber in the second column to form the second trial divisor. An
the third period to the remainder in the third column for the

id.

IV. // there are more periods to be brought down, proceed as

before. If there is a remainder after the root of the last pel

has been found, annex cipher periods, and proceed as before. The

figures of the root thus obtained n ill be decimals,

V. // the root contains an interminable decimal, and it is

desired to terminate the operation at some point, say the fifth

nificant figure, carry the operation one place farther, and if the

sixth figure is 5 or greater, increase the fifth figure by 1 and

omit the sign -f.

113. The method of Art. 1<> s cm be applied to cube

root (or any other root) t Thus, in

example 3, An. 1 10, there . ^ures in the root



EXAMPLES FOR PRACTICE

Fin<3 the cube root of

ia)
27
TTZ>

{b) 2 to five decimal places.

(c)

(d)

4,180,769,192.462 to five decimal places.
87 Ans.
126-

(e) f.

(/) 513,229.783302144 to three decimal places.
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Extracting the root in the usual manner to 6 -~ 2 = 3, say

4 figures, we get for the first four figures 1,709. The last

remainder is 8,556,171, and the next trial divisor, with the

ciphers omitted, is 8,762,043. Hence, the next two figures

of the root are 8,556,171 -r 8,762,043 = .976, say .98. There-

fore, the root is 1.70998.

(a) I
(6) 1.25992+

(c) 1,610.96238

(d) .8862+

(*) .7211+

(/) 80.064

FOURTH, FIFTH, AND OTHER ROOTS

114. If the student has carefully studied the foregoing

rules for square and cube root and thoroughly understands

their application, he should be able to extend the process to

other roots. For instance, consider the last example in

Art. 110, -\T05 = ? The first step is to point off into periods

of three figures each. Note: First, the number three corre-

sponds in value to the index figure
3
; second, the work is

arranged in three columns, the number of columns corre-

sponding in value to the index; third, the number of

operations (additions) in the first column for each figure of

the root is three (which number again corresponds to the

index), in the second column one less than in the first (or

two), and in the third column one less than in the second (or

one, subtraction); fourth, one cipher is added to the number
in the first column, two ciphers to the number in the second

column, three ciphers (or a period of three figures) to the

number in the third column, the number of operations in

all cases corresponding to the number of the column, count-

ing from the right, and the number of ciphers added corre-

sponding to the number of the column, counting from the
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left. Bearing these facts in mind, it is unnecessary to

remember a rule for each root, and by sub- for

three, in the preceding sentence etc. the fo;:

fifth, etc. roots are readily found.

Example.—What is the fourth root of .(ft, th = \

Solution —
4

i
*> _o000 25196*1

— 75383 1203 1 90000
1- 00 331383 8359006
— l 1 69 83909 367 2 893440000
160 10769 415292 00 3373494112250
_? " " -^ 299399327 7 4 4

1 «? 1 1 9 S 7

1 12 67 _

I" 4 1325400 OOt
1 10 7 5 7:0^2

l»l 1329164 4 2 16*6764032
"

" 68 1 7 1 7 S 1 3 7 6

1*80 133 _ | | * i 4 5 4 8

3

1 3 3 I
"'400

15 1104

18S4 1338 2 1504
2 1 5 1 1 6 %

1886 133972672
15 1232

188S0 134123904

1 % b $ 8

8

1 8 $96
I

BWW27744OOO0 2903993277440

18904
8

1S91 2

!•—

^45408000 4J27^54S40S
-



52^ ARITHMETIC §2

Explanation.—Since the index is 4 the number must be

pointed off into periods of four figures each and the work
must be arranged in four columns. Since the given number
is a decimal and contains but two figures it is necessary to

annex two ciphers to complete the first period, which must

contain four figures.

The first figure of the root is 4, for 4* = 256 and 5
4 = 625,

which is greater than 500. Write the first figure of the root

at the head of the first column; multiply it by itself and write

the product (16) at the head of the second column; multiply

this last number by the first figure of the root and write the

product (64) at the head of the third column; multiply the

last number by the first figure of the root and write the prod-

uct (256) under the first period in the fourth column. Sub-

tracting 256 from 500 the remainder is 244.

Add the first figure of the root to the number in the first

column, multiply the sum (8) by the first figure of the root,

and add the product to the number in the second column

obtaining 48 for the sum. Multiply this last number by the

first figure of the root and add the product to the number in

the third column, obtaining 256 for the sum.

Repeat the operations just described for the first and second

columns and repeat again for the first column. Now annex

one cipher to the number in the first column, two ciphers to

the number in the second column, three ciphers to the num-
ber in the third column, and four ciphers to the number in the

fourth column. The first dividend is 2440000 and the first trial

divisor is 256000. The quotient obtained by dividing the first

dividend by the first trial divisor is 9+ , but on trying 9 for

the second figure of the root, it was found to be too large;

8 was also found to be too large, and it was necessary to

use 7

The student will readily follow the remainder of the work.

It may be remarked that the most difficult part of the oper-

ation is to determine the second figure of the root, but when
it has once been determined, the first figure of the quotient

obtained by dividing any dividend by its corresponding trial

divisor will always be the next figure of the root.
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Having obtained four figures of the root three more can

be determined by applying the principle of Arts. 108
and 113. If five figures only had been required the last two

could have been obtained by dividing the third dividend by

the third trial divisor. Thus, omitting unnecessary ciphers.

3672893440 = 8 73+ Hence, the fourth and fifth figures
420616192

are 87.

115. It is usually easier (and there is less liability of

making mistakes) to extract the square root and then extract

the square root of the result than to extract the fourth root

direct. Thus, VV.05 = V.22360679 = .4728708.

As previously stated, the fourth root is very seldom

required; the fifth root, however, is required with some
frequency in certain calculations (see Art. 75). The
process is here illustrated by two examples.
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Explanation.—Since the index is 5 the given number is

pointed off into periods of five figures each and the work

is arranged in five columns. The first figure of the root

is 3, since 3
s = 243 and 4' = 1,024. The work should be

evident from what has preceded. Note that the first dividend

contains the first trial divisor 16+ times; hence, 9 was tried

for the second figure of the root. Note further that the

second dividend 69617107188 will not contain the second

trial divisor 115672050000; hence, another cipher was

annexed to the number in the first column, two more to the

number in the second column, three more to the number in

the third column, four more to the number in the fourth

column, and the next period was annexed to the number in

the fifth column. As will be seen, the given number is a

perfect fifth power.
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Example 2.

—

>^00009 = ?

Solution.—
1 1

1 2

2 3
1 3

3 6
1 4

4 1000
1 275

50 1275

5 300

1

3

4
6

10000
6375

16375
7875

24250
9500

.00009(.1551

1 1

t 800000
50000 659375

J*!875 14062500000
131875 13528596875

!?!??? 53390312500000
2531250000 28897294032751
174469375 24493018467249

2705719375
180283750

55
5

1575
325

33750000
1143875

28860031250000
37262782751

60
5

1900
350

225000
3775

34893875
1162875

36056750
1182000

28897294032751
37286823254

65
5

28934580856005

70
5

228775
3800

37238750000
24032751

750
5

232575
3825

37262782751
24040503

755
5

236400
3850

37286823254
24048256

760
5

24025000
7751

37310871510

765
5

24032751
7752

770
5

24040503
7753

7750
1

7751

24048256
7754

24056010

24

2!

Hence,

4930184672490

3934580856005
8.464+.

1

7752
1

7753
1

\'.00009 = .1551846+. Ans.

7754

7755 Explanation.—The quotient obtained by dividing

the first dividend by the first trial divisor is 16; hence, 9 was
triea for the second figure of the root and was found to be

too large; 8, 7, and 6 were successively tried and all found

to be too large, and 5 was found to be the second figure of

the root. The remainder of the work should be evident.
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(SECTION I

rSTPvODUC TIOX.

116. The subject of ratio and proportion is one of the

st useful of all the subjects that are taught in i
_ :ic.

The student will find frequent use for the principle>

of in the following pages, and is requested to study them

with great care.

The student should careful! :initions, con-

stantly referring to them from time to time as he p:

i the subject; he should note particularly those

relating to inverse ratio and inverse proportion. The idc

inverse proportion is a difficult one for the student to

grasp, but a careful Art 149 and of the examples
i 50 and 151 will make :er clear to him.

Although some of the examples included between Arts.

130 and 153, inclusive, no lved by other methods

of proportion, all the examp* e led bet v.

bove ar md those of similar nature included in

the Examination Qu< must be solved by applying the

jiples of proportion; no other method of solution will

be accepted. The student should study very careful]

128, 1 29, 1 13, ud 144; ti important, and

they d.

1 propo:- d in ordinary

lerable

difficult} :hod here l bile

new. pr

believe, than ar n.

.
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RATIO.
117. Suppose that it is desired to compare two num-

bers, say 20 and 4. If we wish to know how many times

larger 20 is than 4, we divide 20 by 4 and obtain 5 for the

quotient; thus, 20-^4 = 5. Hence, we say that 20 is 5

times as large as 4, i. e., 20 contains 5 times as many units

as 4. Again, suppose we desire to know what part of 20 is

4. We then divide 4 by 20 and obtain i
; thus, 4 ^ 20 =

J,

or .2. Hence, 4 is i- or .2 of 20. This operation of com-
paring two numbers is termed finding the ratio of the two
numbers. Ratio, then, is a comparison. It is evident that

the two numbers to be compared must be expressed in the

same unit; in other words, the two numbers must both be

abstract numbers or concrete numbers of the same kind.

For example, it would be absurd to compare 20 horses with

4 birds, or 20 horses with 4. Hence, ratio may be defined

as a comparison between two numbers of the same kind.

118. A ratio may be expressed in three ways; thus, if

it is desired to compare 20 and 4, and express this compari-

20
son as a ratio, it may be done as follows : 20 -~ 4, 20 : 4, or—

.

All three are read the ratio of 20 to 4. The ratio of 4 to 20

4
would be expressed thus: 4-r-20, 4:20, or — . The first

method of expressing a ratio, although correct; is seldom or

never used; the second form is the one oftenest met with,

while the third is rapidly growing in favor, and is likely to

supersede the second. The third form, called the fractional

form, is preferred by modern mathematicians, and possesses

great advantages to students of algebra and of higher mathe-

matical subjects. The second form seems to be better

adapted to arithmetical subjects, and is the one we shall

ordinarily adopt. There is still another way of expressing

a ratio, though seldom or never used in the case of a simple

ratio like that given above. Instead of the colon, a straight

vertical line is used; thus, 20
|
4.



g I RJTHMETl

1 1 ! >. The terms of a ratio are the two numbers to be

compared ; thus, in the above ratio, 20 and 4 are the terms,

a both terms are considered together they are called a
hen considered separately, the first terr

called the :t . and the second term, the

quent. :a the ratio and 4 form a couplet,

and 20 is the antecedent, and 4, the consequent.

120< A ratio may be rse. The direct

ratio of 20 to 4 while t v ratio of 20 to

'•. The direct ratio of 4 tc ind the inverse

rat: i ratio is sometimes called a
reciprocal ratio. The reciprocal of a number is 1 divided

by the number. Thus, the reciprocal of 1 of f is

1-^-^ = f; ie., the reciprocal of a fraction is the frac-

tion inverted. Hence, the i ratio of may be

expressed as 4 : 20 c r Both have equal values; for,

= ii - - — — - = --.

" "
.. :

121 . The terr ratio. When we say that

rr.e other two numbers, we mean
. the ratio between the fi

:

numbers is the same as

the ratio between the other two numbers.

1 J ; . The val o the result obtained by per-

forming the n indicated. Thus, t: the

rati the quotient obtained by dividing the

antecedent by the conseque:

dional form, for

example, the ratio of 20 tc i see, from

the - or

enumt -lue

4-4
"" 1"
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124. It is also evident, from the laws of fractions, that

multiplying the antecedent or dividing the consequent mul-

tiplies the ratio, and dividing the antecedent or multiplying

the consequent divides the ratio.

125. When a ratio is expressed in words, as the ratio of

20 to 4, the first number named is always regarded as the

antecedent and the second as the consequent, without regard

to whether the ratio itself is direct or inverse. When not

otherwise specified, all ratios are understood to be direct.

To express an inverse ratio the simplest way of doing it is

to express it as if it were a direct ratio, with the first num-
ber named as the antecedent, and then transpose the ante-

cedent to the place occupied by the consequent and the

consequent to the place occupied by the antecedent; or if

expressed in the fractional form, invert the fraction. Thus,

to express the inverse ratio of 20 to 4, first write it 20 : 4,

and then, transposing the terms, as 4 : 20 ; or as — , and

4
then inverting, as — . Or, the reciprocals of the numbers

may be taken, as explained above. To invert a ratio is to

transpose its terms.

EXAMPLES FOR PRACTICE.
126. What is the value of the ratio of:

(a) 98 : 49 ?

ip) $45 : §9 ?

w R1 • 2 ?

(<0 3.5:4.5?

M The inverse ratio of 76 to 19?

if) The inverse ratio of 49 to 98 ?

(e) The inverse ratio of 18 to 24 ?

W The inverse ratio of 9 to 15 ?

(0 The ratio of 10 to 3, multiplied by 3 ?

U) The ratio of 35 to 49, multiplied by 7 ?

{*) The ratio of 18 to 64, divided by 9 ?

(/) The ratio of 14 to 28, divided by 5 ?

Ans.

(a) 2.

(*) 5.

w 12*.

(J) • 77J

to h
(/) 2.

U) 1*.

w If.

(0 10.

U) 5.

[k) i
32-

(/) tV

127. Instead of expressing the value of a ratio by a

single number as above, it is customary to express it by
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means of another ratio in which the

suppose tha: ; red to find the ratio of th

pieces of iron, one v.

>ounds. The ratio of the fa

then 45 : 30, an inconvenient expression. I :ac-

tional form, we hav Dividing both term- the

consequent, we obtain -^ or H : 1. This is the same result

as obtained above, for 1 -V-j-1 = l-\. ai

128. ratio maybe squared, cubed, or raised to any

power, or any root of it may be taken. Thus, if the ratio

of two numbers is and it is desired to cube this

ratio, the cube may be expressed as

correct is readily seen; for, expressing the ratio in the frac-

*_ • /
:

"

\

tional form, it becomes —-, and the cube is I I =

= 105*: 63*. Also, if it is desired to extract the cube root

of the rati- J
3
, it may be done by simply dividing

the exponents by 3, obtainir.
[

This may be pr«

in the same way as in the case of cubing the ratio. Thus,

129. Sine !, it follows that

:3
3
(this expression is read, the ratio of 105 cubed

3 cubed equals the ratio of 5 cubed to 3 cubed), and,

hence, that the antecedent and consequent may both be

multiplied or both divided by the same numb
indicated powers or ro< the

value of the ratio. Th -m-

the operations indicated by

and 1- = 324 H
= 16 and 3" = 9; he:: me

as before. Al (J ( )

= t! = Af :».
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The statement may be proved for roots in the same

manner. Thus #243
: #l8 3 = V43

: ^31 For, the #243

= 24 and flS 3 = 18; and, 24:18 = 1J or 1J ; 1. Also,

#4? = 4 and #1? = 3; 4:3 = 1£ or 1£:1.

If the numbers composing the antecedent and consequent

have different exponents, or if different roots of those num-
bers are indicated, the operations above described cannot be

performed. This is evident; for, consider the ratio of

42
; 8

3
. When expressed in the fractional form it becomes

4 2 74x2 M\3
-3, which cannot be expressed either as (-

J
or as 1-1

, and,

hence, cannot be reduced as described above.

PROPORTION.
130. Proportion is an equality of ratios, the equality

being indicated by the double colon (::) or by the sign of

equality (=). Thus, to write in the form of a proportion the

two equal ratios, 8 : 4 and 6 * 3, which both have the same
value, 2, we may employ one of the three following forms:

8:4 :: 6:3 (1)

8:4 = 6:3 (2)

8 - 6
(3)4-3 {S)

13 1„ The first form is the one most extensively used, by

reason of its having been exclusively employed in all the

older works on mathematics. The second and third forms

are being adopted by all modern writers on mathematical

subjects, and, in time, will probably entirely supersede the

first form. In this subject we shall adopt the second form,

unless some statement can be made clearer by using- the

third form.

132. A proportion may be read in two ways. The old

way to read the above proportion was

—

8 is to ^ as G is to 3;

the new way is

—

the ratio of 8 to J^ equals the ratio of 6 to 3.

The student may read it either way, but we recommend the

latter.
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133. Each ratio of a proportion is termed a couplet.

In the above proportion, 8 : 4 is a couplet, and so is o' :
'>.

134. The numbers forming the proportion are called

terms ; and the}' are numbered consecutively from left to

right, thus: first second third fourth

8:4 = 0:3
Hence, in any proportion, the ratio of the first term to

die second term equals the ratio of the third term to the

fourth term.

135. The first and fourth terms of a proportion are

called the extremes, and the second and third terms, the

means. Thus, in the foregoing- proportion, 8 and 3 are the

extremes and 4 and G are the means.

136. A direct proportion is one in which both coup-

lets are direct ratios.

13 7. An Inverse proportion is one which requires one

of the couplets to be expressed as an inverse ratio. Thus,

8 is to 4 inversely as 3 is to must be written 8:4 = 6:3;

i. c, the second ratio (couplet) must be inverted.

It* 8. Proportion forms one of the most useful sections

of arithmetic. In our grandfathers' arithmetics, it was called

"The rule of three."

1 31). Rule I.—/// any proportion, the product of the

extremes equals the product of the means.

Thus, in the proportion,

17:51 = 14 :

17x42 = 51x14, since both products equal 714.

140. Rule H.— The product of the extremes divided by

cither mean gives the other mean.

kple.—What is the third tor: roportion IT : 51 =
Solution.—Applying rule 1

1

- 714, and 714 •+• 51 - It. Ans.

111. Rule III.— The product of the means divided by

either extreme gives the other extra- .

i the first term of the pr :51 — 11: 42 ?

Solution.—Applying rule III, 51X14 = Til, and 711-:- 12 = IT

Ans.
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142. When stating a proportion in which one of the

terms is unknown, represent the missing term by a letter,

as x. Thus, the last example would be written,

x:bl = 14:42

and for the value of x we have x = ——— =17.
42

143. If the same operations (addition and subtraction

excepted) be performed upon all the terms of a proportion,

the proportion is not thereby destroyed. In other words, if

all the terms of a proportion be (1) multiplied or (2) divided

by the same number; (3) if all the terms be raised to the

same power; (4) if the same root of all the terms be taken,

or (5) if both couplets be inverted, the proportion still holds.

We will prove these statements by a numerical example, and

the student can satisfy himself by other similar ones. The
fractional form will be used, as it is better suited to the pur-

pose. Consider the proportion 8:4 = 6:3. Expressing it in
o a

the third form, it becomes - = -. What we are to prove is

that if any of the five operations enumerated above be

performed upon all the terms of the proportion, the first

fraction will still equal the second fraction.

8x7
1. Multiplying all the terms by any number, say 7, j—

-

6X7 56 42 AT 56 ... .- j 42 . .,=
3><7

; °r 28
=

21*
W

28
evldent1^ ecluals 21 '

Smce the

value of cither ratio is 2, and the same is true of the original

proportion.
q . 7

2. Dividing all the terms by any number, say 7, , \_.„

a -i- 7 8 6 8 4. fi 3
= !rf

;or
f
=
f

But ?-| = 3
>
and ^| - « -Iso, the

same as in the original proportion.

3. Raising all the terms to the same power, say the cube,

-y = -y. This is evidently true, since -j = (t) 1^ %* = 8,

and
J
= (|)= 2 3 = 8 also.
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4. Extracting the same root of all the terms, say the cube

\ 8 I

root, -t= = —rr=. It lent that this is likewise true,
\ I

since = i r = v2. and —= = 4/ - = f2 also.

Pi T 4
>

to

5. Inverting both couplets, - = -, which is true, since

both equal J.

144. If both terms of either couplet be multiplied or

both divided by the same number, the proportion

destroyed. This should be evident from the pr

article, and also from Art. 123. Henc^ proport:

equal factors may be canceled from the terms of a couplet,

before applying rule II or III. Thus, the proportion
4.">

: 9 = xi 7.1, we may divide both terms of the first coup-

let by (that is, cancel 9 from both terms), obtaining 5 : 1

= *:7.1, whence x = 7.1x5-*- 1 = Art 1290

14.">. The principle of all calculations in proportion is

this : Three of the terms are always given^ and the remain-

ing one is to be found.

14G. Example.— If 4 men can earn $25 in one week, how much
can 12 men earn in the same time ?

HON.—The required term must bear the

given term of the same kind, as one

the other remaining term. We can then form a proport

the required term may be found.

first question the student must ask himself in ev

by proportion

" What is it I want to find i

In thi liars. We hav arning

ind we want to know h<

evident that the amount 12

amount 4 me::

>rtion, the

I by

the other

The amour.: 12

amount 12 = ~
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Since it matters not which place x, or the required term, occupies,

the problem could be stated in any of the following forms, the value of

x being the same in each:

(<7) $23 : the amount 12 men earn = 4 men : 12 men; or the amount
|25 v 12

12 men earn = ——;

, or $75, since either mean equals the product

of the extremes divided by the other mean.

(b) 4 men : 12 men — $25 : the amount that 12 men earn ; or the

$25 X 12
amount that 12 men earn = ——r , or $75, since either extreme

equals the product of the means divided by the other extreme.

(6") 12 men : 4 men = the amount 12 men earn : $25; or the amount
$25 X 12

that 12 men earn = —i • or 5*75, since either mean equals the

product of the extremes divided by the other mean.

147. If the proportion is an inverse one, first form it as

though it were a direct proportion, and -then invert one of

the couplets.

EXAMPLES FOR PRACTICE.

8. Find the value of x in each of the follow ing:

(«) $lG:$64::,r:$4.
r

(a) x = $1.

W x : 85 :: 10 : 17. w x = 50.

M 24:^:: 15: 40. (') x = 64.

{d) 18 : 94 :: 2 : x. Ans. V) x = 10J.

W $75 : $100 = x : 100. w x = 75.

(/) 15 pwt. : x = 21 : 10. (/) x — 7i pwt.

(j?) x : 75 yd. = $15 : $5. lu) _t = 225 yd.

1. If 75 pounds of lead cost $2.10, what would 125 pounds cost at

the same rate ? Ans. $3.50.

2. If A does a piece of work in 4 days and B does it in 7 days, how
long will it take A to do what B does in 63 days ? Ans. 36 days.

3. The circumferences of any two circles are to each other as their

diameters. If the circumference of a circle 7 inches in diameter is 22

inches, what will be the circumference of a circle 31 inches in diameter ?

Ans. 97£ inches.

INVERSE PROI»OirnO]N\

149. In Art. 137, an inverse proportion was defined as

one which required one of the couplets to be expressed as an

inverse ratio. Sometimes the word inverse occurs in the

statement of the example; in such cases, the proportion can
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be written directly, merely inverting one of the couplets.

But it frequently happens that only by carefully studying

the conditions of the example, can it be ascertained whether

the proportion is direct or inverse. When in doubt, the

student can always satisfy himself as to whether the propor-

tion is direct or inverse by first ascertaining what is required,

and stating the proportion as a direct proportion. Then, in

order that the proportion may be true, if the first term is

smaller than the second term, the third term must be smaller

than the fourth; or if the first term is larger than the second

term, the third term must be larger than the fourth term.

Keeping this in mind, the student can always tell whether

the required term will be larger or smaller than the other

term of the couplet to which the required term belongs.

Having determined this, the student then refers to the

example, and ascertains from its conditions whether the

required term is to be larger or smaller than the other term

of the same kind. If the two determinations agree, the pro-

portion is direct, otherwise it is inverse, and one of the

couplets must be inverted.

1 50. Example.—If A's rate of doing work is to B's as 5 : 7, and A
does a piece of work in 42 days, in what time will B do it ?

Solution.—The required term is the number of days it will take B
to do the work. Hence, stating as a direct proportion,

5 : 7 = 42 : r.

Now, since 7 is greater than 5, X will be greater than A'2. But, refer-

ring to the statement of the example, it is easy to see that B works

faster than A; hence it will take B a less number of days to do the

work than A. Therefore, the proportion is an inverse one, and should

be stated
. = jr: 12

5 X 42
from which x = —-— = 80 days. Ans.

Had the example been stated thus: The time that A requires to do

e of worl time that B requir 5:7; A ran do it in 42

days, in what time can B do it? it is evident that it would take B a

r time to do the work than it would A; hence, I would be greater

7 X42
than 42, and the proportion would be direct, the value ol a being —-

—

.vs.

in
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EXAMPLES FOR PRACTICE.

151, Solve the following:

1. If a pump which discharges 4 gal. of water per min. can fill a tank
in 20 hr. , hew long will it take a pump discharging 12 gal. per min. to

fill it ? Ans. 6| hr.

2. If a puirp discharges 90 gal. of water in 20 hr., in what time will

it discharge 144 gal. ? Ans. 32 hr.

3. The weight of any gas (the volume and pressure remaining the

same) varies inversely as the absolute temperature. If a certain

quantity of some gas weighs 2.927 lb. when the absolute temperature
is 525 , what will the same volume of gas weigh when the absolute

temperature is 600°, the pressure remaining the same ? Ans. 2.561+ lb.

4. If 50 cu. ft. of air weigh 4.2 pounds when the absolute tempera-

ture is 562°, what will be the absolute temperature when the same
volume weighs 5.8 pounds, the pressure being the same in both cases ?

Ans. 407°, very nearly.

POWERS XNT> ROOTS IN PROPORTION.
152. It was stated in Art. 128 that a ratio could be

raised to any power or any root of it might be taken. A
proportion is frequently stated in such a manner that one of

the couplets must be raised to some power or some root of

it must be taken. In all such cases, both terms of the

couplet so affected must be raised to the same power or the

same root of both terms must be taken.

A 53. Example.—Knowing that the weight of a sphere varies as

the cube of its diameter, what is the weight of a sphere 6 inches in

diameter if a sphere 8 inches in diameterof the same material weighs

180 pounds ?

Solution.—This is evidently a direct proportion. Hence, we write
3

: 83 = x : 180.

Dividing both terms of the first couplet by 23 (see Art. 129)

33
: 43 = x : 180, or 27 : 64 = x : 180;

27X180 „C1K - .

whence, x = —

r

= 75] jj-
pounds. Ans.

Example.—A sphere 8 inches in diameter weighs 180 pounds; what
is the diameter of another sphere of the same material which weighs

75$ f pounds ?

Solution.—Since the weights of any two spheres are to each other

as the cubes of their diameters, wre have the proportion

180 : 754-g = 83
: x\
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The required term, .r, must be cubed, because the other term of the

couplet is cubed (see Art. 152). But, y :1 = 512; hence,

180:75};} = 512:.

i

3
, or .v

3 = ^'l*'^ =216;

whence, x =
f'
~10 = inches. Ans.

154. Since taking the same root of all the terms of a

proportion does not change its value (Art. 143), the above

example might have bee:: solved by extracting the cube root

of all the numbers, thus obtaining 1/180 : ^75ff = S:.v;

8X^7i
whence, x = *-*m-fl%-vz^180
= 8 X f = 6 inches. The process, however, is longer and is

not so direct, and the first method is to be preferred.

155. If two cylinders have equal volumes, but different

diameters, the diameters are to each other inversely as the

square roots of their lengths. Hence, if it is desired to find

the diameter of a cylinder that is to be 15 inches long, and

which shall have the same volume as one that is 9 inches

in diameter and 12 inches long, we write the proportion

9 : x = 4/15 : |/12.

Since neither 12 nor 15 are perfect squares, we square all

the terms (Arts. 154 and 143) and obtain

81 : x2 = 15 : 12; whence, x 1 = * = 04.8,
15

and x = VQl.S = 8.05 inches = diameter of 15-inch

cylinder.

EX kMPIiES FOB PRACTICE.

1 ;>(>. Solve the following example

1. The intensity of light varies inversely as the square of the dis-

tance from the source of light If a gas jet illuminates an obj<

feet away with a certain distinctness, how much brighter will the

object be at a dista; eet ? ~i times as bright

2. In the last example, suppose that the object had been l<» feet

from the gas jet; how bright would it have been, compared with its

brightness at 80 feet from the gas jet ? An ight

:'.. When comparing one light with another, the intensities of their

illuminating powers vary as thi of their distances from the
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source. If a man can just distinguish the time indicated by his watch,

50 feet from a certain light, at what distance could he distinguish the

time from a light 3 times as powerful ? Ans. 86.6+ feet.

4. The quantity of air flowing through a mine varies directly as the

square root of the pressure. If 60,000 cubic feet of air flow per min-

ute when the pressure is 2.8 pounds per square foot, how much will

flow when the pressure is 3.6 pounds per square foot ?

Ans. 68,034 cu. ft. per min., nearly.

5. In the last example, suppose that 70,000 cubic feet per minute

had been required; what would be the pressure necessary for this

quantity ? Ans. 3.81+ lb. per sq. ft.

CAUSES AND EFFECTS.

157. Many examples in proportion may be more easily

solved by using the principle of cause and effect. That

which may be regarded as producing a change or alteration

in something, or as accomplishing something, may be called

a cause, and the change or alteration, or thing accomplished,

as the effect.

158. Like causes produce like effects. Hence, when two

causes of the same kind produce two effects of the same

kind, the ratio of the causes equals the ratio of the effects;

in other words the first cause is to the second cause as the

first effect is to the second effect. Thus, in the question

—

if 3 men can lift 1,400 pounds, how many pounds can 7

men lift?—we call 3 men and 7 men the causes (since they

accomplish something, viz., the lifting of the weight), the

number of pounds lifted, viz., 1,400 pounds and x pounds,

are the effects. If we call 3 men the first cause, 1,400 pounds

is the first effect ; 7 men is the second cause, and x pounds

is the second effect. Hence, we may write

1st cause 2d cause 1st effect 2d effect3:7= 1,400 : x
- 7X1,400 . _ aa2 ,whence x = ^ = 3,266| pounds.

o

A 51). The principle of cause and effect is extremely

useful in the solution of examples in compound proportion,

as we shall now show.
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COMPOUND PROPORTION.
J (JO. All the cases of proportion so far considered have

been cases of simple proportion ; i. e., each term has been

composed of but one number. There are many cases, how-

ever, in which two or all the terms have more than one

number in them; all such cases belong to compound pro-

portion. In all examples in compound proportion, both

causes or both effects or all four consist of more than two

numbers. We will illustrate this by an

Example.— If 40 men earn $1,280 in 16 days, how much will 36 men
earn in 31 days?

Solution.—Since 40 men earn something, 40 men is a cause, and
since they take 16 days in which to earn something, 16 days is also a

cause. For the same reason 36 men and 31 days are also causes. The
effects, that which is earned, are 1,280 dollars and x dollars. Then, 40

men and 16 days make up the first cause, and 36 men and 31 days

make up the second cause. §1,280 is the first effect, and $.r is the second

effect. Hence, we write

1st cause 2d cause 1st effect 2d effect

40 36
*

16 * 31 - 1 '"bU
'

x

Now, instead of using the colon to express the ratio, we shall use the

vertical line (see Art. 118), and the above becomes

8|S-*"»|*
In the last expression, the product of all the numbers include^

between the vertical lines must equal the product of all the numbers
without them ; i. e., 36 X 31 X 1,280 = 40 X 16 X * .

2

to, m *X£X&mWa. An,

101. The above might have been solved by canceling

factors of the numbers in the original proportion. For, if

any number within the lines has a factor common to any

number without the lines, that factor may be canceled from

both numbers. Thus,

2

[0 31 - I

16 is contained in 1,280, 80 times. Cancel 16 and 1,280, and

WTlte 80 above L,280. 40is contained in.su, 2 times. Cancel

X.
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40 and 80, and write 2 above 80. Now, since there are no more
numbers that can be canceled, x = 36x31x2 = $2,232, the

same result as was obtained in the preceding article.

162. Rule.— Write all the numbers forming the first

cause in a vertical column, and draw a vertical line ; on the

other side of this line write in a vertical column all the

numbers forming the second cause. Write the sign of
equality to the right of the second column, and on the right

of this form a third column of the numbers composing the

first effect, drazving a vertical line to the right ; on the other

side of this line, write for a fourth column, the numbers

composing the seco?id effect. There must be as many num-
bers in the second cause as in the first cause, and in the

second effect as in the first effect ; hence, if any term is

wanting, ivrite x in its place. Multiply together all the

numbers within the vertical lines, and also all those without

the lines (canceling previously, if possible), and divide the

product of those numbers which do not contain x by the

product of the others in which x occurs, and the result will

be the value of x.

163, Example.—If 40 men can dig a ditch 720 feet long, 5 feet

wide, and 4 feet deep in a certain time, how long a ditch 6 feet deep
and 3 feet wide could 24 men dig in the same time ?

Solution.—Here 40 men and 24 men are the causes, and the two
ditches are the effects. Hence,

3

w 24 =

1%m
$ whence, x = 24 X 5 X 4 = 480 feet. Ans.

164. Example.—The volume of a cylinder varies directly as its

length and directly as the square of its diameter. If the volume of a cylin-

der 10 inches in diameter and 20 inches long is 1,570.8 cubic inches, whatis

the volume of another cylinder 16 inches in diameter and 24 inches long ?

Solution.—In this example, either the dimensions or the volumes
may be considered the causes; say we take the dimensions for the

causes. Then, squaring the diameters,

10*

20

whence, x —

W
24

= 1,570.8
100

x, or £0

256

?£ = 1,570.8

6

x\

250X0X1,670.8
5X100

= 4,825.4970 cubic inches. Ans.
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165. EXAMPLE.—If a block of granite 8 ft. long, 5 ft. wide, and

:> ft thick weighs 7,200 11)., what will be the weight of a block of

granite 12 ft long, 8 ft wide, and 5 ft thick ?

Solution.—Taking the weights as the effects, we have

\

n
$ = 7, -Jim) x

t
or x = 4 X 7,200 = 28,800 pounds. Ans.

!(>(>. Example.—If 12 compositors in ?>0 days of 10 hours each

set up 25 sheets of 16 pages each, 32 lines to the page, m how many-

days 8 hours long can 18 compositors set up, in the same typ<

sheets of 12 pages each, 40 lines to the page ?

Solution.—Here compositors, days, and hours compose the causes,

and sheets, pages, and lines the effects. Hence,

3

n
n
10

= tf

2

Z£, or x
i

3 X 10 X 2 = GO days. Ans.

107. In examples stated like that in Art. 164, should

an inverse proportion occur, write the various numbers as

in the preceding examples, and then transpose from one

side of the vertical line to the other side those numbers
which arc said to vary inversely.

Example.—The centrifugal force of a revolving body varies directly

as its weight, as the square of its velocity, and inversely as the radius

of the circle described by the center of the body. If the centrifugal

force of a body weighing 15 pounds is 1ST pounds when the body
revolves in a circle having a radius of 12 inches, with a velocity of 30

feet per second, what will be the centrifugal force of the same body
when the radius is increased to 18 inches and the speed is increased to

24 feet per second ?

Solution.—Calling the centrifugal force the effect, we have

1.-)

12

W = is?
is

Transposing 12 and 18 (since the radii ar< to vary inversely) and squar-

IP

i:>

2

= 187

12

x. or x = 12 X'-'

= 179.52 pounds. Ans.
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EXAMPLES FOR PRACTICE.

168# Solve the following by compound proportion:

1. If 12 men dig a trench 40 rods long in 24 days of 10 hours each,

how many rods can 16 men dig in 18 days of 9 hours each ?

Ans. 36 rods.

2. If a piece of iron 7 feet long, 4 inches wide, and 6 inches thick

weighs 600 pounds, how much will a piece of iron weigh that is 16 feet

long, 8 inches wide, and 4 inches thick ? Ans. 1,828$ lb.

3. If 24 men can build a wall 72 rods long, 6 feet wide, and 5 feet

high in 60 days of 10 hours each, how many days will it take 32 men
to build a wall 96 rods long, 4 feet wide, and 8 feet high, working
8 hours a day ? Ans. 80 days.

4. The horsepower of an engine varies as the mean effective pres-

sure, as the piston speed, and as the square of the diameter of the

cylinder. If an engine having a cylinder 14 inches in diameter

develops 112 horsepower when the mean effective pressure is 48 pounds

per square inch and the piston speed is 500 feet per minute, what horse-

power will another engine develop if the cylinder is 16 inches in

diameter, piston speed is 600 feet per minute, and mean effective pres-

sure is 56 pounds per square inch ? Ans. 204.8 horsepower.

5. Referring to the example in Art. 164, what will be the volume

of a cylinder 20 inches in diameter and 24 inches long ?

Ans. 7,539.84 cubic inches.

6. Knowing that the product of 3 X 5 X ? X 9 is 945, what is the

product of 6 X 15 X 14 X 36 ? Ans. 45,360.



ELEMENTS OF ALGEBRA
(PART 1)

FUNDAMENTAL OPERATIONS

USE OF LETTERS

1. In arithmetic, numbers are represented by the figures

1, 2, 3, 4, etc. There is no reason, however, why numbers

may not be represented by other symbols, such as letters, if

rules are provided for their use.

In algebra, numbers are represented by both figures and

letters. It will be seen later that the use of letters often

simplifies the solution of examples and shortens calculations.

The principal advantage of letters is that they are general

in their meaning. Thus, unlike figures, the letter a does

not stand for the number 1, the letter b for 2, c for 3, etc.,

but any letter may be taken to represent any number, it

being only necessary that a letter shall always stand for the

same number in tJie same example.

2. To illustrate this difference between letters and

figures, consider an example, as follows: If a farmer

exchanges 20 bushels of oats, worth 40 cents per bushel,

for 8 bushels of wheat, what is the price of the wheat per

bushel? Working this example by arithmetic, it is neces-

sary to find first the value of the cats, which is 20 X 40 cents

= 800 cents, and then divide this result by 8 to find the

§3
For notice of copyright, see page immediately following the title page.
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price per bushel of the wheat, obtaining 800 cents -J- 8

= 100 cents. Any other similar example would be worked

in the same manner. If, however, letters are used instead

of figures, the final expression will be a formula (which,

when expressed in words, becomes a rule), which can be

applied to any example of this kind by substituting for the

letters the numerical values assigned to them in the partic-

ular example under consideration. Thus,

Let a = number of bushels of oats;

b = price per bushel of oats;

c = number of bushels of wheat;

d = price per bushel of wheat.

The price of the oats is then a X b; dividing this product

by c, the price of the wheat per bushel is , which is
c

denoted by d. Therefore, d equals , or
C

,__ a X b

This last expression is called an equation in algebra, but

when used to solve examples like the foregoing, it is called

a formula. As given here, this formula is perfectly general;

a may represent any number of bushels of oats; b, any price

of oats per bushel; c, any number of bushels of wheat;

and d, the resulting price per bushel of wheat. Expressing

the formula in words,

The price paidper bushel of zvheat is equal to the number

of bushels of oats multiplied by the price of oats per bushel,

and the product divided by the number of bushels of zvheat

received in exchange.

The words in Italics constitute a general rule and apply

to any similar exchange of any two commodities, by merely

changing the words oats and wheat to whatever else is bar-

tered, and bushels to whatever other units of measure are

used.
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3. Standing by itself the equation d — —— has practi-

cally no meaning, except as indicating thai certain opera-

tions are to be performed. When meanings arc given to

the letters, the equation becomes intelligible at once, and

when numerical values are assigned to the quantities repre-

sented by the letters a, b, and c
t
the value of d can be

determined. For example, if a and c represent the number
of bushels of oats and wheat, respectively, involved in any

exchange and b and d their respective prices per bushel,

then from the equation (formula) it is seen at once that the

price of the wheat is to be found by multiplying the number
of bushels of oats by the price per bushel and dividing the

product by the number of bushels of wheat exchanged. In

other words, it is known just what operations are required

to find the price per bushel of the wheat. If, further, the

number of bushels of oats involved in the transaction is 20

and of wheat is 8, and the price of the oats is 40 cents per

bushel, then these values are substituted for the quantities

the letters represent, thus,

, 20X40d = = 100 cents
o

4. The foregoing is a very simple example; it has been

introduced merely to give some idea of what algebra is used

for and a reason for studying it. The conditions involved

in any particular problem require that the quantities

involved be subjected to various operations, arrangements,

and combinations, in order that the final expression may be

reduced to as simple a form as possible. The operations

are practically the same as in arithmetic, only more general;

viz., addition, subtraction, multiplication, division, involu-

tion, evolution, and factoring. The operation of factoring

is a particularly important one in algebra, as will be pointed

out Later.

Many practical problems can be solved by algebra that are

incapable of solution by arithmetic, and many others are

readily solved that can be solved only with great difficulty

by arithmetic.
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5. An equation is a statement of equality between two
expressions. Thus, x -\- y = 8 is an equation, and means
that the sum of the numbers represented by x and y is

equal to 8. Examples are solved in algebra by the aid of

equations, in which numbers are represented both by letters

and by figures. The following simple example will give an

idea of the method of solution:

Example.—If an iron rail 30 feet long is cut in two so that one part

is four times as long as the other, how long is the shorter part ?

Solution.—Any letter may represent any number, therefore:

Let x — length of shorter part

Then, 4 X x (written 4x) = length of longer part

But the sum of the two parts must equal the total length, 30 ft.

Hence, x + 4r = 30

Adding x and 4x, 5x = 30

Whence, dividing by 5, x = 6 ft. Ans.

6. The student has probably noticed the similarity

between an equation and a formula. All formulas are

equations, and the same rules apply to both. An equation

is not called a formula, however, unless it is a statement of

a general rule.

7. Algebra treats of the equation and its use. Since

the use of equations involves the use of letters, it will be

necessary, before considering equations, to take up addition,

subtraction, multiplication, etc. of expressions in which

letters are used.

NOTATION

8. The term quantity is used to designate any number
that is to be subjected to mathematical processes. A
quantity is strictly a concrete number ; as, 6 books, 5 pounds,

10 yards. Symbols used to represent numbers, and expres-

sions containing two or more such symbols, as ax, 10bd,

(e -f 12), etc., are often called quantities, the term being a

convenient one to use.
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9. The sigrns +, — , X , -f- are the same in algebra as in

arithmetic. The sign of multiplication X is usually omitted,

however, multiplication being indicated by simply writing

the quantities together. Thus, abe means a X b X <";
!

means 2 x x X y. Evidently, the sign x cannot be omitted

between two figures, as addition instead of multiplication

would then be indicated. Thus, 24 means 20 + 4 instead

of 2 X 4.

10. A coefficient is a figure or letter prefixed to a

quantity; it shows how many times the latter is to be taken.

Thus, in the expression 4a, 4 is the coefficient of a and indi-

cates that a is to be taken 4 times; that is, \a is equal to

a -{- a -j- a + a. When several quantities are multiplied

together, any of them may be regarded as the coefficient of

the others. Thus, in baxy, 6 is the coefficient of axy; 6a, of

xy\ 6tfjr, of j'; etc. In general, however, when a coefficient

is spoken of, the numerical coefficient only is meant, as the

6 above. When no numerical coefficient is written, it is

understood to be 1. Thus, cd is the same as led.

11. The factors of a quantity are the quantities that,

when multiplied together, will produce it. Thus, 2, 3, and 3

are the factors of 18, since 2x3x3 = IS; 2, a, and b are

the factors of -lab, since 2 X a X b = lab.

1 ?• An exponent is a small figure placed at the right

and a little above a quantity; it shows how many times the

latter is to be taken as a factor. Thus, 4
3 = 4x4x4

= <;4, the exponent 3 showing that the number 4 is to be

I 3 times as a factor; likewise, a* — aaaaa. Any quan-

tity written without an exponent is understood to have the

exponent 1; thus, b
x = b.

13. Thedii i a coefficient and an exponent

should be clearly understood. A coefficient multiplies the

quantity which it pri LOWS that the quantity i

be added to itself. Thus, 'la = 3 X a, or a + a -f a. An
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exponent indicates that a quantity is to be multiplied by

itself. Thus, a % = a X a X a. A more complete definition

of an exponent will be given later.

14. A power is the result obtained by taking a quantity

two or more times as a factor. For example, 16 is the

fourth power of 2, because 2 multiplied by itself until it has

been taken four times as a factor produces 16; a? is the

third power of a
y
because a X a X a = a3

.

15. A root of a quantity is one of its equal factors.

Thus, 2 is a root of 4, of 8, and of 16, since 2x2 = 4,

2x2x2 = 8, and 2x2x2x2 = 16, 2 being one of the

equal factors in each case. In like manner, a is a root of

# 3
,
# 3

, a
b

, etc. The symbol that denotes that the second, or

square, root is to be extracted is \/ \ it is called the radical

sign, and the quantity under the sign is called the radical.

For other roots, the same symbol is used but with a figure,

called the index of the root, written above it to indicate the

root. Thus, \/a, fta, \/a, etc. signify the square root, cube

root, fourth root, etc. of a. The vinculum is generally

used in combination with the radical sign to indicate how
much of the expression is governed by the sign. Thus, in

an expression like \/a -f b.'it is understood that the square

root of a only is wanted. If, however, it were desired to

write the square root of the sum of a and b, the expression

would be written \/a + b, the vinculum extending as

far as necessary to indicate how much of the expression

was governed by the radical sign. Occasionally, the parem

thesis is used instead of the vinculum, but seldom in

American textbooks; thus, instead of ^a + b, it would be

written \/(a + b).

16. The use of the parenthesis, bracket, brace, and

vinculum was explained in Arithmetic. These symbols are

called symbols of aggregation, meaning that the quanti-

ties enclosed within them are aggregated, or collected, into

one quantity.
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17. The terras of an algebraic expression arc those

parts that are connected by the signs + and — . 'Jims,

.r\ — 'ley, and j- arc terms of the expression x\ — -l.iy ~\- y
2

.

When a term contains both figures and letters, the part

sisting of letters is called the literal part of the term; thus,

xy is the literal part of the term *lxy.

IS. Like terms are those that differ only in their

numerical coefficients; all others are unlike terms. Thus,

%ab% and Bab* are like terms; cab and 5ab 2 are unlike terms,

because one contains b and the other b
2
.

19. A monomial is an expression consisting of only

one term ; as, ±abc, 3x7
, %ax*

%
etc.

20. A binomial is an expression consisting of two

terms; as, a + b, '2a + ob
t
etc.

81« A trinomial is an expression consisting of three

terms; as, a 2 + 2ab + b
2

,
(a -\- x) 2 — 2(a -f- x)y + J'

9
, etc.,

the expression (a + x) being treated as one quantity.

22. A polynomial is an expression consisting of more
than two terms The name is usually applied only to an

expression consisting of four or more terms.

23. The polynomial a + a 2
b -f %a% — 3a*b — a* is said to

be arranged according to the increasing or ascending powers
of a, because the exponents of a increase from left to right,

the exponent of the first a being 1 understood. (Art. 12.)

The polynomial a'b
3 + ab 2 + ia*b -f- 1 is arranged according

he decreasing or descending facers of b, the exponents of

b decreasing in order from left to right.

2 1. The arrangement of the terms of a polynomial

- not affect its value. Tims, x 2

-f 2.rr + y
2 has the same

value as 2xy -f j • + x'\ just as 2 -f- -f- -i has the same
value asG T 4

-J-
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READING ALGEBRAIC EXPRESSIONS

25. Quantities like a, x, b
2

, etc. are read "#," "x"
"b square," etc. In reading monomials in which multi-

plication is indicated, the word " times " is not used. Thus,

abc is read " abc "
; Vad 2

b
3
is read iirtad square b cube."

26. The polynomial a + a 2
b + 2^ 3 — 3a*b — a h

is read
'* a, plus a square b, plus 2tf cube, minus 3a fourth b, minus

a fifth." Considerable care is required when reading expres-

sions containing polynomials. Thus, if A(a — b) were read
" 4tf minus £," the binomial 4=a — b would be understood.

It should be read ''4 times a — b," or "4 times the paren-

thesis a minus b" in which case it will be understood that

4 multiplies the whole quantity a — b, since the word " times "

is not used with monomials. Again, m(in* -j- %tnn + n 2

)

and m(m 2
-\- %mn) + n 2 should each be so read that there

can be no doubt as to whether the n 2
is to be multiplied

by Di or not.

Let the distinction to be made in reading the following be

observed

:

y/jipandy^
x — y

In the first case, the whole quantity m + n is divided by

x — y, and it would be clear to say, " the square root of the

fraction m + n over x — j/
2 ." In the second case, where the

// only is divided by x — y
2

, it may be read, "the square

root of the quantity m plus the fraction ;/ over x— y*."

The word "quantity" shows that the square root of the

whole expression is taken, and the word "fraction" after

"plus " shows that only the n is divided by x — y
2

.

21. When a polynomial is affected by an exponent, it

should be clearly indicated. Thus,

(3a - d 2

)
(3a - d) 2 (3a - d 2

)

2

should be read, " 3a — d square, times the square of 3a — d,

times the square of 3/2 — ^square."
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\?S. Sometimes expressions like A\ />'", c\ d" , Cv a%i
etc.

appear in formulas or elsewhere in algebraic problems when

it is desirable to have the same letter represent different

quantities that are similar, or correspond to one another.

The marks ', ", '", „ .,, etc. serve to distinguish the letters.

The expressions are also used to designate similar or corre-

sponding lines in geometrical figures. A', />", C" etc. are

read " a major prime, b major second, c major third" etc. ;

a', b", c"\ etc. are read "a minor prime', b minor second,

c minor third" ete. ; a
x%

/>.,, C
% \ dAi

etc. are read "a minor

sub-one, b major sub-tico, c major sub-three, d minor sub-

four,'" etc.

The words major and minor are used only when capitals

and small letters are used in the same problem. Otherwise

they are dropped, and a', b„ for example, are read " a prime,

b sub-tzvo."

POSITIVE AND 10]GATIVE QUANTITIES

29. One of the chief differences between arithmetic

and algebra is the use in the latter of the negative quan-

tity. In arithmetic all quantities are positive, but in

algebra negative quantities are used with the same fre-

quency as positive quantities.

Positive and negative are terms applied to quantities of

opposite character ; as, money earned and money owed, water

running into a tank and water running out, a distance up

am and a distance down stream, the height of a tow el-

and the depth of a well, the pull on a lifting rope and the

weight of the load, etc.

30. Positive quantities are preceded by the sign plus, as

+ --H', + ab, etc., and negative quantities by the sign minus,

. K, — ab, etc Thus, if money earned 50, a like

amount owed is — 150. It" the quantity of water running
into a tank is denoted by + a

t
the same quantity running

out should be denoted by —a.

40—11
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31. It really does not matter which quantity is taken as

positive and which as negative, so long as the two are

opposite in character; but it is customary to call something

gained positive and something lost negative. Thus, money
earned is usually regarded as positive, money owed as neg-

ative; distance up, positive, distance down, negative.

32. The signs + and — may be used in two entirely

different senses; heretofore, they have been used exclusively

as symbols of operation; thus, + placed between two quan-

tities indicates that they are to be added, etc. In the dis-

tinction between positive and negative quantities, however,

the positive quantity is denoted by the sign + and the

negative quantity by the sign — . Hence, under different

circumstances, these signs may denote addition and sub-

traction, or they may denote positive and negative quantities.

Suppose we write the expression $500 — $200 = $300; this

may mean either $500 — (+$200) = $300, or $500 +(— $200)

= $300. In the first case, $200 is positive and is subtracted

from $500 ; in the second case, $200 is negative and is added

to $500. The result of the operation, $300 is the same in

either case, as will be shown later. For convenience, there-

fore, it is always assumed that any algebraic expression

consisting of two or more terms invariably represents the

addition of those terms. Thus, an expression like a 2 — 2ab

-f- b
2

is always understood to mean + a1 + (— %ab) + ( + b*).

This fact should be kept in mind, as it will be of assistance

later.

33. It is usual to consider that quantities increase in a

positive direction and decrease in a negative direction. For

example, when the mercury in a thermometer goes up

(rises), the temperature increases, but when the mercury

falls, the temperature decreases. This distinction is made,

however, only in the manner here indicated ; it has nothing

to do with the actual numerical value of the quantities.

But when, for any purpose, the distinction is made, any

positive quantity, no matter how small, is greater than any
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negative quantity ; also, of any two negative quantities, tJie

smaller is the greater. This point is illustrated very nicely

by reference to Fig. 1. From va-

rious points on the circle draw per-

pendiculars to the diameter „ / B.

Call any perpendicular above A B
positive and any below negative.

If the point selected corresponds

with A or />, the length of the

perpendicular is zero. Now if we

consider that the chief object is to

reach the highest point possible

above A B without going beyond

the circle, it is evident that any perpendicular above A B,

as a a', b b\ or e e\ is greater than any perpendicular

below A B, as ee\ d d\ or //' ; it is also evident that //'
is greater than c e' or dd\ since the point f is nearer the

highest point of the circle than c or d. Furthermore, the

figure shows that zero is greater than any negative quantity.

fig. i

34. When writing algebraic expressions, if a positive

term stands alone, or if the first term of an expression is

positive, the plus sign is omitted, it being understood that

the term is positive. Thus, 3a means the same as -f 3a, and

a — b the same as + a — b. The minus sign must never be

omitted.

EXAMPLES 1 <>K PB V( TICE

Express the following algebraically:

1. Three x square j* square, minus two cd into a plus b.

Ans. W vy> -2cd{a + b)

•J. The quantity m square plus two mn plus ;/ square in parenthesis,
times a square b cube c fourth. Ans. (m* f- 2mn

'6. A< plus the square root of D, times the parenthesis A' plus }'.

Ans. A + VJ\X+ Y)

I. A 9 plus the square root of D times the parenthesis X plus )'.

Ans. A + f£KJC+ Y)
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5. Ten x plus y, minus 7 times the quantity x minus the frac-

tion/ over 4 in parenthesis, plus the fraction x square minusy square
over two cd. A „. _,/ y\ x'1 — y2

When a = 6, b = 5, and c = 4, find the numerical values of

6. a* + 2#£ + bK Ans. 62 + 2 X 6 x 5 +- 5 2 = 121

7. 2a2 + Uc - 5. Ans. 72 + 60-5 = 127

8. 2ac* - a\a + b). Ans. 11,892

9. abc* + ab'2c - a*bc. Ans. 360

When x = 8 and_y = 6, what do the following equal:

10. {x + y){x - y) - ^/^±J-1 Ans. (8 + 6)(8-
6)-f/

8 +

6

* = 26

11. |/(jf + y) (;r2 + j/) - (* -7) (#'x+y) ? Ans. 39.5

12. x^
+
xyix^)

} An, 1,572.57

ADDITION

ADDITION OF MONOMIALS

35. The operations of addition, subtraction, multiplica-

tion, and division performed with algebraic expressions are

each based on the same operations performed with mono-

mials; hence, if the latter are clearly understood no trouble

will be experienced with the former.

36. There are four cases in connection with addition of

two monomials: when both are positive, when the first is

positive and the second is negative, when the first is nega-

tive and the second is positive, and when both are negative.

Let the monomials be the numbers 11 and 6; then the four

cases are represented as follows:

(+11) + (+6) = 11 + 6.= +17 (1)

(+11) + (-6) = 11-6 = + 5 (2)

(-11) + (+6) = -11 + 6 = - 5 (3)

(-11) + (-6) = -11-6 = -17 (4)

The second form of the above equations follows from the

assumption made in Art. 32.



ELEMENTS OF ALGEBRA 13

.'57. interpret these results, and, also, those which are

obtained from the operations of subtraction, multiplication,

and division, suppose that a man has a plot of ground

represented in nd that the distance around it is

3 feet each. Suppose, further, that the man is

to walk around the plot and that if his face is turned to

k ahead in the direction of the arrows marked A, the

action is positive: while if b is turned to walk ahead

in the direction of the arrows marked i>, the action is nega-

tive. Again, he may walk forwards or backwards; if he

rds call the action po- ;d if he walks

all the action negati

Having; made onsider the four cas

in order.

Referring to the man wa. — 11: the

in parentk indicates that he is to

i in the the arrows marked A, and
- that he

indicated by the second

term, that :ce,
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Case (2),

(+11) + (-6) = +5

He walks from O to + 11, as before; the minus sign in

parenthesis indicates that he is to walk in the direction of

the arrows marked B, and the plus sign between the terms

indicates that he is to walk forwards 6 steps. He therefore

stops at + 5. Hence, (+ 11) + (- 6) = 11-6 = + 5.

Case (3),

(-11) + (+6) = -5

He walks from to — 11 ; the plus sign in parenthesis

indicates that he is to walk in the direction of the arrows

marked A, and the plus sign between the terms indicates

that he is to walk forwards 6 steps. He therefore stops at

- 5. Hence, (- 11) + (+ 6) = -11+6 = - 5.

Case (4),

(-11) + (-6) = -17

He walks from O to — 11; the minus sign in parenthesis

indicates that he is to walk in the direction of the arrows

marked B, and the plus sign between the terms indicates

that he is to walk forwards 6 steps. He therefore stops at

- 17. Hence, (- 11) + (- 6) = - 11 - 6 = - 17.

38. An inspection of the results obtained in four cases

just given shows that when the two numbers have like

signs, the sum is found by adding, as in arithmetic, and pre-

fixing the common sign; and that when the two numbers

have unlike signs, the sum is found by subtracting, as in

arithmetic, and prefixing to the result the sign of the greater

number.

39. To add two like quantities, as 11a and 6a, whatever

the signs may be, simply add the numerical coefficients as

above directed and prefix the result to the letters forming

the monomial. For example, the sum of — 11a and 6a is

- 5a, of — 11a and — 6a is — 11a, etc. ; also, of — llab
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and Gab is — 5a&, of llab and Gad is 17a£, etc. That this is

so will be readily seen by referring again to Fig. 2. The
distance around the plot ePs > and each step is 3

long (see Art. 37); the distance in feet for 11 steps is

cet and for 6 steps 18 feet. Instead of writing 33 feet

and 18 feet, the number of feet in a step may be represented

by a, in which case t becomes 11a and 18 feet, 6a.

If, therefore, 11a and 6a are added, the result must be equal

to the sum of 33 feet and 18 feet. I above,

11a + 6a = substituting for a its value, 3 feet,

17a = 17 X 3 feet = 51 feet. Also, 33 feet + 18 feet

= 51 feet. A little reasoning will show that the law holds

good whatever the signs of the two quantities.

Again, in 1 foot there are 12 inches; hence 33 feet

= 396 inches, and 18 feet = 216 inches. Letting a

represent the number of feet in a step and b the

number of inches in a foot, a X b, or ab, represents

the number of inches in a step. Therefore, llab -]- Gab

= Ylab = IT X 3 X 12 inches = 612 inches = 396 inches

+ *216 inches.

40. Only quantities having the same letters affected

with the same exponents can be added, i. e., combined into

a single term. For example, 7 and — 9, — ab and -

and — 2a*£, etc. can be added; but 7
2 and — 9, — a*b

and Sab, -la^b and — 2ab%

, etc. cannot be added. The only

in which 7
2 and — 9 can be added, is to change the

form of 7
2
so as to get rid of the exponent; this is done by

raising 7 to the power indicated, obtaining number
having the exponent 1, the same as the exponent of — 9.

When this is done, V + (— 9) = 7" — 9 = 49 - 9 = 40.

When the unlike terms contain letters, however, it is very

seldom possible to change the form so as to make them

alike, and it then becomes i indicate the addi-

tion. Thus, the sum of — a 2
b and Sab is written either

which arrangement

of terms is desired: >f 4a*£ and — %al

written either 4<j7> — 'lab
1 or — But when no
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particular arrangement of terms is desired, a positive term
is always written first.

Suppose it were required to add the following monomials,

cfb, — 4=a*b, — 2a*b, and Zcfb. The sum of the first two is

cvb — ±a~b = — 3a*b, since when no numerical coefficient is

written, it is always understood to be 1. Adding to this

result the third monomial, the sum is — 3a*b — 2a 2
b

= — 5a 2
b. Adding to this result the fourth monomial, the

sum is — hcfb + '3a*b = — fta^b, the sum of all the monomials.

The addition may be performed more rapidly and con-

veniently by adding all the positive and all the negative

monomials separately, and then adding the two sums.

Thus, a*b + da 2
b = ±a'b\ - 4a*b - 2a*b = - 6a*b; - 6a*b

+ ±a*b = - 2a*b.

41. From these illustrations, the following important

principle is derived. If all the terms to be added are posi-

tive, the sum is positive; if all are negative, the sum is

negative. If one term is positive and the other is negative,

the sum has the sign of the numerically greater. If there

are several terms to be added, part of which are positive

and part negative, the sum is positive or negative according

as the sum of the positive terms is numerically greater or

less than the sum of the negative terms.

To add like quantities having the same sign:

Rule I.—Add the coefficients, give the sum the common
sign, and annex the common literal part.

To add like quantities having different signs:

Rule II.

—

Add the positive and the negative coefficients sep-

arately, andfrom the greater sum subtract the lesser. Give

the rcmai)ider the sign of the greater sum, and annex the

common literal part.

Example 1.—Find the sum of — 2abxy, — abxy,— Sabxy, and — (iabxy.

Solution.—The sum of the coefficients is 12 (remember that the

coefficient of— abxy is 1), and the common sign is—. The common
literal part, abxy, annexed to these gives as the result — YZabxy.

(Rule I )
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Example 8.—Add xy\ — 2xy\ 8.n-\ and - 4

Solution.—The sum of the coefficients of the positive terms

and of the negative terms, 6. Their difference is 3, and the sign of the

greater sum is +. The common literal part, xy*, annexed to these

gives as the result 'S.vj -'. (Rule II.)

BXAMF&ES FOB PRACTICE

Find the sum of the following:

1. - »><?-, 2a9, - 5 r* 4tf* - 3<*-, and a*. Ans. - 7 :

& 2a*&, —trb, Ua'-b, -' . and — 9a-b. Ans.

3. 2x» 3.n\ - - 5 yt
and - 7 Ans. .. - :

N TE—C -rabine like terms and connect with respective signs.

4. a*bct
— 2ab*ct %4tbc*t

— 4a'-bc, and oab*c.

Ans. Sab-c - 3rt8^r + Sabc*

ADDITION OF POLYNOMIAL-;

t'i. Addition of polynomials is merely an extension of

addition of monomials.

Rule.— Write the expressions underneath one another,

with like terms in the same vertical column. Add i

column separately, and connect the sums by their proper signs.

Example 1.—Find the sum of 5<?- -+- 6ae — 3 - 4b*

, and Axy — 5£* + 8

—Writing like terms in the same vertical column, we
have

. .; _ _

-: ::.rr

— a* + 8ac-5b* + 4xy

sum ' vy Ans.

Example "2.—Find the sum of a-x — ax* — .r8 , ax — .r8 — a 1
,
— h

2<r

- 2ax*, and I + 8*jt*.

:;.

—

- - .r 8

— .r 8 — a* 4- ax
- .

- 4- 3<z*

sum - ~ ax
= a 88 ..-..

I 84.
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EXAMPLES EOR PRACTICE

Find the sum of the following:

1. ax + 2bx + 4by — 3ay, 2ax + bx + 2ay — by, and 4ax -f- 33y.

Ans. lax + 3bx + 6<£>/ - ay

2. # — x -f- 4/ — 82" -f- w, z -+- 3a — 2x —y — w, and „r + j/ + z.

Ans. 4a — 2x + 4y — z

3. 2tf - 3£ + 4d, 2b — 3d -{-4c, 2d- 3c + 4a, and 2c - 3a + 4b.

Ans. 3a + 3b + 3c + 3d

4. 6x — 3y + 1m, 2n — x +y, 2y — 4x — §m, and m + n —y.
Ans. x —y -+- 3m + 3n

SUBTRACTION

SUBTRACTION OF MONOMIALS

43. As in addition, there are four cases, as follows,

using the same numbers as in Art. 36.

(+11) -(+6) = 11-6 = + 5 (1)

(+11) -(-6) = n + 6 = +17 (2)

(-11) -(+6) =-. -11-6 = -17 (3)

(_!!)_(_ 6 ) = -11 + 6 = - 5 (4)

To interpret these results, refer again to Fig. 2. As
before, the sign of the first term, or minuend, indicates

whether the man walks first in the direction of the arrows

marked A or those marked B, and the number 11 indicates

where he stops; the sign of the second term, or subtrahend,

indicates whether he is then to walk in the direction of the

arrows A or the arrows B\ and the sign between the terms

indicates whether the walk is to be forwards or backwards.

Case (1),

(+11) -(+6) = +5

He walks from to +11; the sign of the second term

being plus, indicates that he is to face so as to walk in the

direction of the arrows marked A ; the sign between the

terms indicates that he is to walk backwards 6 steps. He
therefore stops at + 5. Hence, (+ 11) — (+ 6) = 5.
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Had the subtrahend been numerically greater than the

minuend, that is, had the operation been (-f G) — (+ 11), he

would have walked first to + 6 and then backwards 11 steps

to - 5. Hence, (+ 6) - (+ 11) = - 5.

Case (2),

+ 11_(_ 6) = +17

He walks first to +11; turns around to face as though

to walk in the direction of the arrows marked B\ then

wTalks backwards 6 steps, stopping at + 17. Hence,

(+ 11) - (- 0) = + 17. Also, (+ G) - (- 11) = + 17.

Case (3).

(- 11) -(+6) = -17

He walks first to — 11, turns around to face as though to

walk in the direction of the arrows marked A (indicated by

the plus sign of the second term); then walks backwards

6 steps, stopping at — 17. Hence, (— 11) — (+ G) = —17.
Also, (-6) -(+11) = -17.

Case (4),

(-11) -(-6) = -5

He walks to —11; the minus sign of second term indi-

cates he is to face so as to wralk in the direction of the

arrows marked B; the minus sign between the terms indi-

cates that he is to walk backwards 6 steps. He therefore

stops at — 5. Hence, (— 11) — (— G) = — 5.

Had the subtrahend been greater numerically than the

minuend, that is, had the operation been (— 6) — (— 11), he

would have walked first to — 6, and then walked backwards

11 steps, stopping at + 5. Hence, (— G) — (— 11) = + 5.

44. An inspection of these results shows: first, that

when the signs are alike, as in cases (1) and (4), the differ-

ence is equal to the difference between the two numbers, and

the sign of the difference is the same as the sign of the

larger number; second, that when the signs are unlike, as

in ca and (3), the difference is equal to the sumoi tin-

two numbers, and the sign of the difference is the sam<

the sign of the minuend.
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45. Consider further the four cases of subtraction. The
result obtained in each case might also be obtained by
changing the sign of the subtrahend and proceeding as in

addition, as follows :

( f 11) - (+ 6) = (+ 11) + (- 6) = 11 - 6 = + 5

( f- 11)— (- 6) = (+ 11) + (+ 6) = 11 + 6 = + 17

( - 11) - (+ 6) == (- 11) + (- 6) = - 11 - 6 = - 17

(-11)- (-6) = -{-11) + (+6) = -11 + 6 = - 5

Moreover, this method will always produce the same
results as will be obtained by applying the law for subtrac-

tion stated in Art. 44. Hence, the following rule for the

subtraction of like monomials :

Rule.

—

Change the sign of the subtrahend, and proceed as

in addition.

Example.—From — Saftx take ^lab^x.

Solution.—Changing the sign of the subtrahend, la^x, and add-

ing, we have
-ZaPx - ZaPx

lafix — laftx (sign changed)

- 10a&*x Ans.

If the monomials are unlike, the difference cannot be

expressed as a single term. Thus, to subtract 5ab*x

from 3a 2
bx, change sign of 5ab2x and add it to Sa

2bx
r
obtain-

ing 3a 2bx + (— 5ab2x) = 'dd'bx — 5ab2
x.

46. In arithmetic, subtraction consists in finding how
much greater (or less) some number is than another. In

algebra, subtraction has an entirely different meaning on

account of the use of negative quantities. In algebra, sub-

traction consists in finding what quantity must be added to

the subtrahend to produce the minuend, and the subtra-

hend may be greater than or less than the minuend, and

either may- be positive or negative. The result of the sub-

traction must in all cases be the actual difference, and its

sign must show whether the subtrahend must be increased

or decreased to produce the minuend. For example, if A
has $11 and B has $0, -|- $5 must be added to B's money to
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make the amount the same as A's; also, — $5 must be added

to A's money to make the amount the same as B's. In

one case the subtrahend is increased, and in the other it

is decreased, and the sign of difference shows which

occurred. Hence, 11—0 = 5, and 6 — 11 = — 5.

Further, if A has $11 and B owes $6, i. e., has — $0, it is

necessary to increase the amount B has -f- $1"J to make the

amount equal to A's, since it would take $6 to pay what

B owes and $11 more to reach the amount A has. Since the

amount B had was increased, the sign of the difference is —J—

.

Hence, 11 - (- 6) = + 17.

If A owes *11 and B has 86, B must lose $17 in order to

owe the same amount as A. Hence, —11 — 6 = — 17.

If A owes $11 and B owes 86, B must lose $5 more to owe
as much as A, and A must gain $5 to owe as little as B.

Hence, - 11 - (- 6) = — o, and — 6 — (— 11) = +5.

I\ VMPLES FOR PRACTICE

Solve the following:

1. From 17<7 take — 11a. Ans. 28a

2. From — ll<z take 17^. Ans. —
3. Subtract bed from — 4ed. Ans. —
4. Subtract - 1<W* from. - 10£*. Ans.

5. What quantity added to lOxy will produce — Y2aj ?

Ans. -
6. What does lO.ry subtracted from — Y2.iy equal ? Ans. — '2'2.xv

SUIlTlIAl Tlo\ OF POL! M)MIAI>

47. To subtract one polynomial from another:

Bale.— Write the subtrahend underneath the minuend̂

with like terms in the same vertical column. Change the

of each term of the subtrahend, or imagine the sign of

eacJi term to be changed^ andproceed as in addition.

IMPLB 1. - b — d.

Solution.—
— ihend with signs changed)

dtjji
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Example 2.—From 2xz — 3x*y + 2xy^ subtract xz — xy* + yz
.

Solution.—

2.r3 - 3jt2j + 2xy*

— x z + xy* — yz (subtrahend with signs changed)

lifference x3 — Zx^y + 3xy* — yz
. Ans.

EXAMPLES FOR PRACTICE

Solve the following:

1. From Ha + 56 — 3c take a — Id -f 5c — 4. Ans. 6a + 12£ — Sc + 4

2. From 3/# — 5;z + r — 2s take 2r + 3n — m — 5s.

Ans. 4:7/1 — 8n — r + 3s

3. Subtract 2x - 2y -f 2 from j - jr. Ans. 3y — 3x — 2

4. Subtract 3jt3 + 4;r2
j/ — 7jtr/2 +yz -xyz from 5^ + x^y— 6xy*+ yz

.

Ans. 2jt3 — 3jt27 + x/2 + xyz

STMBOIiS OF AGGREGATION

48. Parentheses, brackets, etc. being used to enclose

expressions that are to be treated as one quantity, the

sign before the symbol affects the entire expression, not

the first term only. Thus, — (a* — 2ab -f b'
z

) signifies

that all the terms are to be subtracted from what precedes,

not a* only.

49. When combining the terms of any expression with-

out parentheses, proceed as in addition of monomials.

When a parenthesis is preceded by a minus sign, the expres-

sion within the parenthesis must be considered as a subtra-

hend, and all signs must be changed before removing the

parenthesis.

50. If, on the contrary, the sign before the parenthesis

is plus, the signs of the terms within the parenthesis must

not be changed when the parenthesis is removed, because

the signs of the terms are not changed in addition.
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51. When a quantity is enclosed by a parenthesis, the

first term is understood to have the plus sign, unless the

minus sign is given ; thus, in the expression — (8* + 5 —
the minus sign refers to the whole quantity. The sign i

is +, and the expression, if written in full, would be

- (+ 8* -f- 5 - %b).

Example 1.—Remove the parenthesis from 4c — (Sa + 4ab — d).

ltiox.—Changing the sign of each enclosed term, and remem-
bering that the sign of da is +, understood, the result is 4c

— 4ab + d. Ans.

Example 2.—Remove the parentheses from 4a — 5.r — (a — ix)

+ (j - Sa).

Solution.— 4a — 5x — (a — 4.r) -+- (x — 8a) = 4a — 5.r — a + 4.x

+ x — Sa.

Adding the like terms,

4a — 5.r

— a + 4x

— Sa +• x

— ba + = — 5a Ans.

52. Symbols of aggregation will often be found enclo-

sing others. In such cases they may be removed in su<

sion, always beginning with the innermost pair.

Example.—Remove all the symbols of aggregation from 6a

- \b- [led - 4a + (2ed
-
"a^b) ] |

.

LUTION.—First remove the vinculum. This being in effect the

same as the parenthesis, the minus sign before the a indicates that

d — b are to be subtracted.

The expression is then

6,7 _ \b - [led - 4a + (2.v/ - a + b)]\

Removing the parenthesis, the expression becomes

2cd- a + b]\

This, with the br noved, is equal to

- \b — led -4- ia - %cd + a — b\
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which, in turn, is equal to

6a — b + led -4</f 2cd— a -f- b

Combining like terms

6a — 4a — a — b + b + *cd + 2cd = a -f- 9cd Ans.

53. If it is desired to enclose several terms in paren-

thesis or some other symbol of aggregation, and the sign cf

the first term to be so enclosed is plus, simply write the

symbol so as to enclose the desired terms. But if the sign

of the first term is minus, it is customary to change the

signs of all the terms enclosed and write the minus sign

before the parenthesis, so that the first term within the

parenthesis may be positive. Thus, if it were desired to

enclose the last two terms of x' — 2ax -f- a
2
in parenthesis, it

would be written x* — (2ax — a 2

) ; while if the first two

terms were to be enclosed, it would be written (-r*— 2ax) + # 2
.

EXAMPLES FOR PRACTICE

Remove the parentheses from the following :

1. — (2mn — m* — ?z
2
). Ans. nP — 2mn + ;z

2

2. l-(-b + c + d). Ans. b-c-2
3. 5a — 4b + 3c - ( - da + 2b - c). Ans. 8a - 6b + 4c

4. Zx - (2x - 5) + (7 - x). Ans. 12

Remove the symbols of aggregation from the following :

5. m — \4n — k — (m + n — 2k)]. Ans. 2m — Sn — k

6. 5x - (2x - Sy) - (x + 5y). Ans. 2x - 2y

7. ?>a - [la - (5a - b - a)] - ( - a - 4b). Ans. a + U
8. Sx + \2y - [5x - (Sy + x — 4y) ] }. Ans. y - x

9. IOOjt - { 200.r - [500jt - ( - lOO*) - 300.r] - 400*} . Ans. 600*

10. 7ex —
{
4cy — [ (4cx + Scy) + cy — ex]}. Ans. 10cx

NOTE.—Observe that the sign before the parenthesis is -+- understood.

11. Enclose within parenthesis the second, third, and fourth terms

of x* _ 4^3 + 6^2 _ 4X + i. Ans. x4 - (4x* - 6X2 + 4x) + 1

12. Enclose the last two terms of x4 — 4xz + 6x* — 4x + 1 in

parenthesis, the last three terms in brackets, and the last four terms

in braces. Ans. x4 - {4*3 - [6x* - (4x - 1)] [
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Ml'LTIPLK AlTON

MlI/rilMjrA 1 ION or MONOMIALS

.">4. Multiplication of algebraic quantities consists of two

distinct operations; first, the multiplication of the coeffi-

cients, and, second, the multiplication of the literal parts.

The second operation will be treated firsl

nsider two quantities as a and b\ their product is

evidently a X b = ab, the sign of multiplication being

understood. The product of ab and c is evidently ab X c

— a X b X c — arc. The product of a and a is a x a = <?
3

;

of a 1 and <z, is <?* Xa = aXaX<* = a? ; of <?
3 and £ is

a 9 x b = a %
b; of tf

2
£ and ftf is <z

3
£ X be = a X a x b X b X c

= a*b*c; and of rt
3
£3 and a*b\- is rf X a X a X b X b X a X a

Xbxbxbxc=axaxaxaxaxbxbxbxbxb
X e = a 5

b
b
e. An inspection of these results shows that the

product consists of all the letters occurring in both multipli-

cand and multiplier and that the exponents of the let" jrs in

the product are equal to the sum of the exponents of the

corresponding letters in the multiplicand and multiplier.

The law is perfectly general, whether the exponents are

positive (as above) or negative, integral (as above) or

fractional, provided that the word sum is understood to

mean algebraic sum.

.">.">. The coefficients are multiplied separately and in the

same manner as in arithmetic. For exam * x 'Sab
7

= 5 X a*b* X 3 X 5 X 3 X a*b
7 X ab 7 = I5a

3

b*; ±ab

X be = 4 X ab X 1 X be = 4 < 1 X ab X be = ±ab*c, etc.

."><>. All that now remains is to determine the sign of

the produc: :i addition and subtraction, there are

four

(+11) > (1)

; i x (—«) = - •-

(— ii) > 3)

(- i; — 4- 0-; >>

-
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Referring to Fig. 3, which is Fig. 2 repeated here for

convenience, the man starts walking in all cases at the zero

point O. Call 11 in all four cases the multiplicand and 6

17 -18 -19 J^~~i^

Fig. 3

the multiplier. Let the sign of the multiplicand indicate

the direction faced and the sign of the multiplier indicate

whether the walk is forwards or backwards.

Case (1),

(+11) X (+6) = +66

The man starts at O, faces to walk in the direction of the

arrows marked A, and takes 66 steps forwards, going twice

around the plot and stopping at + 18. Hence, (+11)
X (+6) = 11X6 = 66.

Case (2),

(+11) X (-6) = - 66

He starts at O, faces to walk in the direction of the

arrows marked A, and takes 66 steps backwards, going

twice around the plot and stopping at — 18. Hence, (+ 11)

X (- 6) = 11 X - 6 = - 66.

Case (3),

(.- 11) X (+ 6) = -66

He starts at (9, faces to walk in the direction of the

arrows marked B, takes 66 steps forwards, going twice
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around the plot and stopping at — IS. Hence, (— 11)

X (+6) == -11 X 6 = - 66.

Case (4),

(- 11) X (-6) = +60

He starts at 0, faces to walk in the direction of the

arrows marked />', takes 66 steps backwards, going twice

around the plot, and stopping at +18. Hence, (—11)

X (-6) = -11 X — 6 = +66.

57. An inspection of the results obtained shows that

when the signs of the multiplicand and multiplier are alike,

the product is positive, and when the signs are unlike, the

product is negative.

58. A little consideration will show, further, that when
a series of monomials are to be multiplied together to form

a single term, the sign of the product will depend on the

number of minus signs, being positive when the number of

negative monomials is even and negative when the number
of negative monomials is odd. For example, the product

a X — b X c X — a* is positive, since the number of minus

signs is two, an even number. This can be shown by

actual multiplication
; thus, a x — b X c X — a~ = — ab X c

X — a 1 — — abc X — a* = a*bc. Again, the product a

X — b X c X — a* X — b is negative, since the number of

minus signs is three, an odd number. This can also be

shown by actual multiplication; thus, a X — b X C X — Ct
%

X — b = — ab X c X — a* X — b = — abc X — cv X — b

= a 2
bc X — b = — cflrc.

">'.>. From the foregoing the following rule is obtained

for the multiplication of monomials:

Rale. -To tlic product of the coefficients^ annex the letters

of both monomials; an exponent equal to the

sum of the exponents of that letter.

'duet plus, when the signs of the

multiplicand and multiplier are alike; and minus, when they
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Example.—Multiply 4#23 by — §a*bc.

Solution.—The product of the coefficients is 20, and the letters to

be annexed are a, b, and c. The new exponent of a is 5, and of b, 2,

since a'2+s = # 5
, and b l + l = b'

2
. The sign of the product is minus,

since the two factors have different signs.

Hence, 4a*b X - 5asbc = — 20a5b2c Ans.

60. When there are more than two factors, there are

simply three or more examples in multiplication to solve in

succession, each to be performed by the foregoing rule. Or,

multiply the coefficients as in arithmetic, write all the

letters that occur in the factors, and give to each an expo-

nent equal to the sum of the exponents of the letters in

the factors. Determine the sign by the principle given in

Art. 58,

Example.—Find the continued product of 6x*yz3
, — dx^z*, and

— 'Sx4yz.

Solution.—First: 6x*yz* X — 9x*y*z* = — 54;r2+V +2
-2

'3+2
» or

— 54:X4y3z5
. Now, multiplying this product by — 3x4yz, we have

— 54:X4ysz° X - 3x4yz = 162x sy4z6
. Ans.

Second: The product of the coefficients is G X 9 X 3 = 162. The
sum of the exponents of x is 2 + 2 + 4 = 8, of y is 1 + 2 + 1 = 4, and

of z is 3 -f- 2 + 1 = 6. Since the number of minus signs is even, the

sign of the product is +. Hence, the product is lQ2x8y4z6
. Ans.

EXAMPLES FOR PRACTICE

Find the product of:

1. aW and - 5abd. Ans. - 5a4b*d

2. - Ixy and — Ix 2j9
. Ans. 49^j/3

3. — lo?n hn 6 and Smn. . Ans. — 45w 6^ 7

4. 3a(x — yf and 2a\x - y). Ans. 6a\x — yf
Suggestion.—Treat the (x — y) as though it were a single letter.

5. Find the continued product of 2a3mix, — Sa^tnx3 , and 4am 3x*.

Ans. — 24a 6m 6x%

6. What does — cPbn X — 2cdn X — 3^<r2 X — 2aciil equal ?

Ans. 12aWc*d*n*
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MULTIPLICATION' OF POLYNOMIALS

61. There are two cases, (1) when the multiplier is a

monomial, and (2) when it contains more than one term.

The first case will be considered first. The process is best

lihistrated by an example.

Example.—Multiply 3^2^ 2 - 3a*b - b* + a 6 - 4ab* by — Sab*.

Solution.—First:

3a*b* - Sa*b - b* + a* - 4afi*

- 5ab>

- IbaW + 15abP + Sab 6 - 5a«6* + 20tfW

Arranging terms according to descending powers of a, the product

is - 5rt 6^ + 15^ 3 - 15a*£« + 20^ 5 + 5<^ 6
. Ans.

Second: Arranging the multiplicand according to descending powers

of a t before multiplying,

as __ Sa4fi + 3^2 _ 4^3 _ £4

— oa*6't + 15«5^ — loa'6b4 + 20a'26* + oab6 Ans.

Explanation.—For convenience, the multiplication is

begun with the left-hand term of the multiplicand instead

of at the right, as in arithmetic, and the multiplier is

written at the left also. Each term of the multiplicand is

then treated as a monomial and multiplied by the multi-

plier, according to the rule of Art. 59, and the various

results are added algebraically, as indicated. As it is more
convenient, and in most cases accessary, to have the result-

ing product arranged according to the descending or ascend-

ing powers of one of the letters, the terms are then rearranged

according to the descending powers of a.

A better way to obtain the result indicated by the answer

is to arrange the multiplicand according to the descending

or ascending powers of the letter selected, by which means
the product will not require to be rearranged; this is indi-

d by the second solution. Here, ^ s x — SaP = — 6a9P
t

_ :;„v, x - 6aP = i6a*d\ %a*b% x - >><,/>* = _ \5a>6\

- W> 3 X - 6aV = aO**^. and - P X - 6aP = bab\
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62. From the foregoing, the following rule is derived:

Rule.—Arrange the terms of the multiplicand according

to the descending or ascending powers of some letter, and
multiply each term of the multiplicand by the monomial mul-

tiplier ; the algebraic sum of the results will be the product

sought.

63. When the multiplier consists of more than one
term

:

Rule.— The terms of the multiplicand are arranged accord-

ing to the descending or ascending powers of one of the let-

ters, and the terms of the multiplier are arranged similarly,

with the left-hand term of the multiplier under the left-hand

term of the multiplicand. Each term of the multiplicand is

then multiplied by the first {left-hand) term of the multiplier,

proceeding from left to right, and the successive results are

written underneath, connected by their proper signs, for the

first partialproduct. Each term of the multiplicand is then

multiplied by the second term of the multiplier for the second

partial product, the terms similar to those in the first partial

product being placed underneath to form a column. The

multiplication is thus continued with the third and remaining

terms until all the terms of the multiplier have been used as

monomial multipliers. The various columns are then added

and the result is the product sought.

Example 1.—Multiply 6a — 4b by 4a — 2b.

Solution.—Write the multiplier under the multiplicand, and begin

to multiply at the left.

6a - 4b (1)

4a - 2b

Multiplying (1) by 4a gives 24a* — lGa& (2)

Multiplying (1) by - 2b gives - \2ab + 8b* (3)

Adding (2) and (3) gives 24a* — 28ab + 8b* Ans.

The like terms, — 16ab and — 12ab, are written under each other,

so that it will be easier to add them.

Example 2.—Multiply x'-> — x + 1 + x* by 1 — x* + x.

SOLUTION.—Arrange both multiplicand and multiplier according to

the increasing or the decreasing powers of the same letter, in this case

according to the increasing powers of x.
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1 _ x + xi + X*
(1)

1 + x - .r8

Multiplying (1 ) by 1 gives 1 — x + x* + -r3 (2)

Multiplying 1 1 1 by 4- x gh - .r — .t- + x3 + x4
(3)

Multiplying (1) by - x* gives — x* + x* — x* — x* (4)

3), and (4) gives 1 — x* + &*•• — „r 5 Ans.

Example "..—Find the product of 3rt a£ -t- a 3 + 3^'2 + £3 and a 3 - /;
3

lution.—Arranging the terms according to the descending

powers of a and multiplying,

a3 + Za?b + 3rt£2 + £ 3

^3 _ 3tf*3 + 3tf^ _ £3

tf6 + 3^5^ + 3^4^2 + ^3£3

- 3ab6 - 9aW - 9aW - 3a*6*

3aW + 9<W + 9d»* + 3tf£6

- rt
3£3 - 3as£4 - SaP - b*

rt
e + o - Ba**1 + + 3a8£* + - £6

Hence, the product is a 6 — 3#4£'2 + 3#2£4 — 6*. Ans.

(>4. Multiplication is frequently indicated by enclosing

each of the quantities to be multiplied in a parenthesis.

The sign of multiplication is not placed between the paren-

theses, multiplication being understood. When the qnanti-

are multiplied together, the expression is said to be

expanded.
For example, in the expression (m — 2») (2m — »), the

binomial tn — %n is to be multiplied by the binomial %m — n.

forming the multiplication, the product is %m% — bum
, which is the expanded form of the expression.

l \ LMPKES FOB PRACTICE

Multiply the following:

1. j - y. Ans. x* + 8. i + yz

Ans. WifPm" 4- iaPPm* - 2ti 6/rw«

Ans. c* — d*

; Ans. j '

r VSa* - 70a* +71« — 80
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Expand the following:

6. {2a - Sc) (4 - 3rt). Ans. 8a - 12c - 6a2 + 9ac

7. {x + 2) {x - 2) (;r9 + 4). Ans. ^4 - 16

8. [jr(.r» - y) - 2] |>(.r
2 + .y

2
) + 2]

.

NOTE.—The expressions in the brackets reduce to x* — xy* — 2 and x* -f- xy* -f- 2.
The product of these is x* — x*y* — 4xy* — 4. Ans.

DIVISION

DIVISION OF MONOMIALS

65. The law of signs for division is the same as for mul-

tiplication; i. e., when the dividend and divisor have like

signs, the sign of the quotient is plus, and when they have

unlike signs, the sign of the quotient is minus. This may be

proved (1) directly or (2) as following from the law of signs

for multiplication. It will first be proved directly.

66, There are four cases as follows:

(+ii)(+66)
(+66)
(-66)
(-66)

(+66 ) -(-11)
(- 66) -^ (+ 11)

+ 6 (1)

-6 (2)

— 6 (3)

+ 6 (4)(-11)

Referring to Fig. 3, suppose our man to start from in

all cases. He is to walk 11 steps and count 1, walk 11 steps

more and count 2, and so on until he has walked 66 steps.

The number of 11-step periods counted will be the quotient.

If he walks around the plot in the direction of the arrows^,

the quotient will be plus, while if the walk is in the direction

of the arrows B, the quotient will be minus. Let the sign

of the dividend indicate the direction he is to face, and let

the sign of the divisor indicate whether he is to walk

forwards or backwards.

Case (1),

(+66) -(+11) = +6

The plus sign of the dividend shows that he is to face to

walk in the direction of the arrows marked A ; the plus sign



§ 3 ELEMENTS OF ALGEBRA 33

of the divisor shows he is to walk forwards; hence, he walks

around the plot in the direction of the arrows A, and the

sign of the quotient is plus. Therefore, 66 -r 11 = 6.

Case (2),

(+66)-S-(-ll) = -6

He faces to walk in the direction of the arrows marked A ;

the minus sign of the divisor indicates he is to walk back-

wards; hence, he walks around the plot in the direction of

the arrows B, and the sign of the quotient is minus. There-

fore, 66 -f- - 11 = -6.
Case (3),

(-66) -5- (+11) =-6

The minus sign of the dividend shows he is to face to

walk in the direction of the arrows marked B; the plus sign

of the divisor indicates he is to walk forwards; hence, he

walks around the plot in the direction of the arrows B, and

ihe sign of the quotient is minus. Therefore, — 66 -^ 11

= - 6.

Case (4),

(-66) -5- (-11) - +6

He faces to walk in the direction of the arrows B; the

minus sign of the divisor indicates he is to walk backwards;

hence, he walks around the plot in the direction of the

arrows A, and the sign of the quotient is plus. Therefore,

_ 66 -r- - 11 = 6.

f>7. The second proof follows directly from the laws of

multiplication and the fact that the product of the div

and quotient plus the remainder, if any, must equal the

dividend.

Case (1).

(+66) -5- (+11) = +6

Here the product of the divisor 11 and the quotiei

must equal Since only the product of like signs

tive and the sign of the div 1 lis, the sign of the

quotient must also be plus.
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Case (2),

(+66) -(-11) = _ 6

Here the sign of the divisor is minus; hence, the sign of

the quotient must also be minus, that the product may be

positive.

Case (3),

(-66)-*- (+11) = -6
Case (4),

(-66) -(-11) = +6

Since the sign of the dividend is minus, the divisor and

quotient must have opposite signs in order that their prod-

uct may be negative.

68. In multiplication of monomials the exponents of

the common letters are added, in division the exponents are

subtracted. Thus, since a 3 X a2 = a*
+ 2 = a b

, it follows

that a" -:- a 2 = a*~* = a\ and a h
-4- a % = a b ~* = a2

. This

may also be proved by direct division; thus, a b
-j- a*

_ axaXaXaXa _ frX & X <fcX a X a _ ,

axaxa X (£ X

Hence, also, — 20x3

y
2z b

-r- ^xyz2 = — 5x2
yz*. That this

result is true is proved by multiplying the divisor by the

quotient, or by direct division and cancelation; thus,

±xys? X - 6x*yf = - %0x*y2z\ or

-5
— ?0 xtxxxxxtxyxtxtxzxzxz

jtX$XfX-$X$
—hxxxxxyxz X z X

z

_ K t .— — —- ox yz

69. From these facts the following laws are evident:

If the dividend and the divisor have like signs, the quo-

tient will have the phis sign ; if they have unlike signs , the

quotient will have the minus sign.

The coefficient of the quotient is equal to the coefficient of

the dividend divided by the coefficient of the divisor.
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The exponent ofa letter in the quotient is equal to its .

nent in th :inus its exponent in the

TO. If a letter has the same exponent in the dividend

and divisor, the exponent of that letter in the quotient

thus, a* -5- tf* = a 2 ~ 3 = ti° = 1. When the dividend and

divisor are equal, the quotient is always 1: since the es

nent of the quotient when the dividend and divisor are equal

And since the dividend and divisor may be

any two equal quantities whatever, it follows that any num-
ber or quantity having zero for an exponent is equal to 1.

In other wor 5, . = 1. .? 7 ,- = 1. etc.

71. The reciprocal of a number is 1 divided by

number; thus, the reciprocal of 8 is 4, - < __

etc. The reciprocal of a fraction is the fraction invert

thus, the reciprocal of -{ -ince 1 -=- -^ = 1 x
^ , .

• 1 c a — ^ •
<'

the reciprocal ot is 7 .

c a — b

7'i. When a letter in the divisor has a higher exponent

than the same letter in the dividend the exponent of that

letter in the quotient is negative

The negative exponent is

interpreted as follows: Dividing a 3 by a\ the result is

= - = — * but ar -=- jax a 4x4X4Xax a

— <?- 5
. Hence, a~* = — ; that is. a quantity ha

?/ to the recifr :Jie quantity

Furti V -f- 4

X z= — = — ; 1 nded
4

: and, hence, if it I

tra>: to the ti:

it may i rom the and
it in i . xponent

chant
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73. From the foregoing, the following rule is derived

for division of monomials:

Rule.—Divide the coefficient of the dividend by the coeffi-

cient of the divisor and to the quotient annex the letters of

the dividend, each with an exponent eqnal to its exponent in

the dividend minus its exponent in the divisor, omitting those

letters whose exponents become zero.

Make the sign of the quotient plus when the dividend and
divisor have like signs, and minus when they have unlike

signs.

Example 1.—Divide 6#53V3 by — Sa^bc*.

Solution.—The quotient of 6 +- 3 is 2. The letters to be annexed,

and their exponents, are tf
5-2 = a3

, and bA
~ l = b3

. The c has an

exponent of 3 — 3 = 0, so that it becomes equal to 1, and is omitted.

The sign of the quotient is minus.

Hence, 6a5b4c3 -4- - Za*bc3 = - 2a3b3 Ans.

Proof.— - da 2be3 X - 2a 3b3 = 6a*b4c*

Example 2.—Divide - 10aWc*dby - 2ab3
c.

Solution.— — 10a6b3c*d + - 2ab3c = 5a*- lbz- *<*-*d = 5a5cd.

Ans.

EXAMPLES FOR PRACTICE

Divide the following:

1. 12#22
;/ by 4n. Ans. 3w2

2. d0x6ybbc3 by — 6x*y*c*. Ans. - 5xbc

3. - 4Aa3b 3c3 by - llab*c\ Ans. kcfib

4. - I00x*y3z* by x3yK Ans. - lOOxyz*

5. ^Ihpq^xhn4 by 75jr3. Ans. pqhn*

DIVISION OF POLYNOMIALS

74. When the divisor is a monomial:

Rule.—Divide each term of the dividend by the divisor,

and connect the partial quotients by their proper signs.

Example.—Divide 12a 2^4 - 9ab3 + %a 3b* by Zab3
.

Solution.— 3tf£ 3)12rt 2£4 - 9ab3
j- Qa3b4

quotient 4ab — 3 + 2a?b Ans
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EXAMPLES FOR PRACTICE

Divide the following:

1. fHnfn* — &mn* + 8m*n by 9mm. Ana 8wn* — An + m
2. Vlx*fM - 9x*fz* - 333-r3^ 8 by - Sx*yz.

Ans. — 9y + %z + \\\yz

3. 10(jr + /)* - 5tf(.r + ^) + §a\x + /) by 5(.r + /).

Ans. 2(.r + y) — a + rt"

7.">. The division of a polynomial by a polynomial is

performed in the same manner as is the operation called long

division in arithmetic. The work is performed to the best

advantage if the dividend and divisor are arranged according

to the ascending or descending powers of the same letter.

The process is shown in the following example:

Example.—Divide x3 — 9.r* + x4 — 16.r — 4 by 4 + ** 4- 4.r.

Solution.—Arrange the dividend and divisor according to descend-

ing powers of x.

dividend x* + x3 — 9.r* — 16.r — 4(.r* 4- 4.r + 4 divisor

,r4 + 4.r3 + 4r -2

(X% _ 3 r _ ] quotient

first new dividend — 3.r 3 — 13.r- — \§x
- Sx3 - 12.r* - l'2.r

second new dividend — x% — Ax — 4

-,r»- 4.r-4

Divide the first term of the dividend .r4 by the first term of the

divisor .r 2 for the first term x* of the quotient. Multiply the whole

divisor by x* and the product is .r4 + 4.r 3 + 4.t\ Subtract this from
the dividend and the remainder is the first new dividend — 3.r3 — 13.t -

— lflur — 4. The term — 4 need not be brought down, since the divisor

consists of three terms only.

Divide the first term of the remainder — 3.r 3 by the first term of the

divisor x* and the result is — 3.r, the second term of the quotient.

Again, multiply the whole divisor by this term of the quotient and
subtract the product, — 3.r3 — 1*2.

t
-'- — 12. r, from the first remainder. The

remainder is — x* — A.v — 4, the term — 4 being brought down from the

original dividend. Divide the first term of this remainder — .r* by
the first term of the divisor x* and the quotient — 1 is the third term
of the quotient. Multiply the whole divisor by this term of the

quotient and the product is — x* — 4v — 4. When this product is

subtracted from the remainder, — x* — 4.r — 4, there is no remainder.

The sum of the various products plus the remainder, if any, x* -+- 4 r3

+ tx9, — 3.r3 — IS . - i — 4i — 4, is the original dividend.
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76. The student will find it advantageous to place the

divisor on the right of the dividend, with the quotient below,

as shown in the last example. It will then be easier to

multiply each term of the divisor by the new term of the

quotient and there will be less liability of mistakes. The
solution will also require less space.

77. To divide one polynomial by another:

Rule.—I. Arrange both dividend and divisor according

to ascendi?ig or descendingpowers of some common letter.

II. Divide the first term of the dividend by the first term

of the divisor to obtain the first term of the quotient.

III. Multiply the entire divisor by the first term of the

quotient; write the product under the dividend and subtract

it from the dividendfor the first remainder.

IV. Regard the remainder as a new dividend and divide

its first term by the first term of the divisor for the second

term of the quotient.

V. Multiply the whole divisor by the second term of the

quotient; write the product under the first remainder and
subtract as before.

VI. So continue tintil the remainder is 0, or until the first

term of the remainder cannot be divided by the first term of
the divisor without a change of sign in the exponent of the

quotient.

Note.—When there is a final remainder, it is to be written over the
divisor and annexed to the quotient.

Example 1.—Divide x4 + 51x — 70 by x2 + Zx — 5.

Solution.—
dividend x4 + 57jt — 70(jr 2 + 3x — 5 divisor

(x 2 + 3x- 5) X x 2 = x4 + 3jt3 — 5x- (x2 — 3x + U quotient

first new dividend — 3x'A + 5x2 + 57jtr

(x2 + 3x - 5) X (

-

Sx) = -3xz - 9x2 + 15x

second new dividend 4- 14.r 2 -+- 42;tr — 70

(x2 + Zx - 5) X 14 = + 14r2 + 42x - 70
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Check.—By the definition of division the dividend is the

product of the divisor and quotient; therefore, to check a

division, multiply the divisor by the quotient, and if the

product is the dividend, the work is probably correct. Thus,

example 1 may be checked as follows:

divisor x"
1 + 3x — 5

quotient x* — 3x + 14

x* + 3x%- 5x*

-3x%- Vx^ + Ux
-f 14;r

a + 42;r - 70

product xK + 57.1' — 70 dividend

Example 2.—Divide (a) x'2 — y- by x — y; also, (b) a4 — x4 by a + x.

Solution.—
{a) (b)

x* — y-(x — y a4 — x\a 4- x
x* — xy {x + y a4 4- a sx (a* - aKv 4- ax'2 -

+- xy -f - a*x — X 4

+ xy -f - a%x — a*x*

a*x* - X4

a'2x 2 4- ax'6

—Divide a

x +y
a z — a 2x + ax'2 — x z

5 - 9 + la2 - 17«" by 3 + <

— ax3 — X4

— ax3 — x4

Example 3. i2 4- 5a.

Solution.-

a* -17rt 3 + la2 - 9(a2 4- 5a + 3

ah 4- Sa* (a* — 5a'2 + 5a -- 3 Ans.

ha4 - 2Qa* - la*

5a4 -25«3 - i5a*

+ 22a2 - 9

5az + 25a* + 15a

-3a2 - 15a: -9
- %a* — iba -9

1 \ \MIM.Ks FOB PRACTICE
I divide:

1 a* 4- 2ab 4- ^'J by a 4- b. Ans. a 4- /£

>y a — b. Ans. a — b

b. Ans. a« - 2ab + b*
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4.

5.

6.

7.

8.

9.

10.

a* + a* + 4a — 20 by a — 2.

8-r2 - 26xy + 15^ by 4r - 87.

A4 _ ^2^2 _ !2y4 by ^2 + 8^«.

^4 + 64 by a? + 4a + 8.

Ans. a* + 3a -+ 10

Ans. 2;r — 5j

Ans. x* — 4y%

Ans. a9 — 4# + 8

jf
2/2 + 2xy2^ — ^r 2^2 +j2^2 by xy + xs +ys. Ans. xy — xz -\-yz

\2x* - 2Gx*y - 8xy* + lO-ry3 - 8^ by 3or» - 2xy +y*.

Ans. 4x*-6xy-8y2

a" - 29a4 + 62a3 + 3a2 + 16a - 852 by a* + 2a3 - 5a - 11.

Ans. a6 - 2a5 + 4a4 - 3a3 + 7«* - 16« + 32



ELEMENTS OF ALGEBRA
(PART 2)

FACTORS A^D MULTIPLES

FACTORING

1. It was stated in Art. 4, Part 1, that factoring is a

particularly important operation. The reason that this is

so is that terms cannot be combined in algebra as in arith-

metic, because the equivalence of the terms is not known.

The idea can be best illustrated by an example.

Suppose it is required to multiply 5,402 by 136. The
number 5,402 is equal to 5,000 + 400 + 2 = 5 (10

3

) + 4 (10
2

)

+ 'I. Similarly, L36 is equal to 10
3 + 3 (10) + G. If now a

be substituted for 10, the two numbers become 5tf
3 + 4^ a + 2

and a* + da + <). Multiplying these two algebraic expres-

sions, the product is

5a 3 + 4^ + 2

a>-\-3a +6
5^ + la* + %a%

i:>/' + \%a% +6#
30 I

g* +12
5tf

5 +19^ ; '* + 6rt + 12

That this result is correct can be seen at once by substi-

tuting 10 for a
t
thus:

§*
ely Following the title

40-13
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The product of 5,402 and 136 by ~ 5 __ 5 n

arithmetic is 5 4 2

13 6

324 12
16 2 6

5 40 2

19a* = 19
42a 3 = 4 2

26a* = 2 6

6a = 6

12 =s 1 2

7 3 4 6 7 2 cum = 734672

Since the two products agree, it is evident that both

methods are correct. In the case of the arithmetical opera-

tion, it will be noted that the different terms obtained are

merged into one another, while in the algebraic operation it

was necessary to connect the various terms by signs, as it

was not known what relation they bore to one another.

The product is a long, unwieldy expression of six terms and

cannot be used conveniently in future operations. If, how-

ever, the expression can be factored, it then becomes avail-

able for future use, and operations can be performed that

would otherwise in many cases be impossible.

2. Any quantity, as A, that is exactly divisible by

another quantity, as B, is said to be a multiple of B
y
and' B

is said to be a factor of A ; for example, 12 is a multiple of

2, 3, 4, and 6, and 2, 3, 4, and 6 are each a factor of 12;

a* — b"
2
is a multiple of a — b and of a + b, and a — b and a + b

are both factors of a* — b*.

3. The process of rinding the factors of a quantity is

called factoring ; but before a quantity can be factored, it

must be shown that it is a multiple; that is, that it can be

divided by some quantity besides 1 or itself without a

remainder. Many ingenious methods have been devised

for determining whether quantities were multiples and, if

so, how to factor them. Binomial factors or those having

a binomial form are the ones principally sought. A few of

the simplest and most generally used methods will now be

described.
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4. Every number has two exact divisors, viz., the num-

ber itself and unity. For, if X denotes any number,

X -s- x = 1, and x -=- 1 = X. But neither of these two

divisors of a number is regarded as a factor.

.1. A prime number, or simply a prime, is a number
that has no factors except itself and unity.

Thus, 2, 3, 5, 7, 11, 13, 17, etc. are primes.

6. A prime number that is a factor of another number is

a prime factor of that number.

Thus, 'I and 3 are prime factors of 6; 7 is a prime factor

of 14, 21, etc.

7. Every number not a prime can be resolved into prime

factors, and this resolution can give only one set of prime

factors.

Thus, 3 X 7 X 13 is the only set of prime factors of 273;

also, 2x5x7x11 are the only prime factors of 770.

8. A composite number is a number that can be

separated into two or more factors besides itself and unity.

Thus, 8, 12, 20, 36, etc. are composite numbers.

9. The multiples of 2 are even numbers; all other

numbers are odd.

Thus, 2, 4, <*>. 8, etc. are even numbers; while 1, 3, 5, 7,

etc. are odd numbers.

10. The prime factors of a given number must be found

by trial. Beginning with 2 and taking each of the prime

numbers i it succession, we determine which of them are

°xact divisors of the given number.

-Find the prime factors of 534.

Solution.—Dividing by 2 and then ! 9)8 8 A

584 2 S 89 -J 6 7

they are the prime factors of 584 v 9

Thus, 584 2 > :; > 89 An*.
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Example 2.—Find the prime factors of 862.

Solution.—After dividing 862 by 2, try to divide 431 2 )8 62
by 2, 3, 5, 7, 11, 13, 17, and 19. It is unnecessary to try 4 3 1

any prime number greater than 19, for 431 divided by 19

gives a quotient less than 23, the next prime number. Therefore,

if 431 were divisible by 23 or any number greater than 23, the quotient

would be less than 19, and 431 would have a factor less than 19. But
by trial it is found that 431 has no factor less than 19, and is, therefore,

a prime number. Thus,

862 = 2 X 431 Ans.

EXAMPLES FOR PRACTICE

Find the prime factors of:

1. 35. Ans. 5x7
2. 117. Ans. 32 x 13

3. 3,575. Ans. 52 X 11 X 13

4. 13,260. Ans. 22 x 3 X 5 X 13 X 17

FACTORS OF ALGEBRAIC EXPRESSIONS

11. An algebraic term is integral if it does not contain

a letter as a divisor ; otherwise it is fractional.

Thus, ab, x2
, 3mn*x, \xy are integral terms ; while a -+- b,

—,
-— are fractional. An integral term may have either an

y ±n

integral or a fractional value; so also may a fractional term.

The classification of terms into integral and fractional

has reference to their literal part, not to their numerical

part or to their numerical value.

An integral expression is an expression of which all the

terms are integral.

Thus, 5x+ dx"
2 + 6;r

3 + Sacx* is an integral expression.

But—V -jr-\ is a fractional expression.

An expression is said to be integral with respect to a cer-

tain letter when that letter does not occur as a divisor in

any term.
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r r* v r
:i

}'"

Thus, — + —5- + '—^~- is integral with respect to x, but
n a a

fractional with respect to a. In the following discus-

sion of factors and multiples, only integral expressions are

treated.

12. Factors of Monomials.—Since monomials contain-

ing more than one element are simply indicated multi-

plications, the factors of a monomial are found by mere

inspection. Thus,

13. Factors of Polynomials.—The product of two or

more binomials or trinomials often assumes a certain type

form, and when these type forms appear, it is easy to find

the factors. Some of the simplest methods of finding these

factors are given in the following articles.

CASE I

14. To factor a polynomial when all of its terms
have a common factor.—The common factor is found by

inspection and the other factor is found by dividing the

polynomial by the common factor.

Example.—Find the factors of ltx*y* 4- 4.i V- - 12*y*.

Solution.—It is evident that each term contains the common factor

Dividing the number by 4.iy-
t
the quotient is 4.r + x2 — 8/2

,

which is the other fa

Hen - I2xy* = 4.iT-(4.r + x* — By*) Ans.

15. To discover the monomial factor of a poly-

nomial, first ascertain the factors common to all the

numerical coefficients. This is done by ascertaining if

the smallest numerical coefficient is contained in the

•its of all the other terms, and if so, reserve

it for the coefficient of the monomial factor; if not,
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and it is not a prime number, resolve it into its prime

factors and see if any are factors of all the remain-

ing terms, multiplying all the common prime factors

for the numerical coefficient of the monomial factor

sought. Then examine the polynomial to find the letters

common to every term, take each of these common letters

with the lowest exponent it has in any term of the poly-

nomial. The product of the letters so chosen and the

common factors of the numerical coefficients is the

monomial factor.

Example 1. — Find the factors of 12ab*c3 — 18a*c*y + 24aV*

Solution.—The numerical coefficients are 12, 18, 24, and 36. The
smallest coefficient, 12, is not a factor of 18; hence, it is resolved into

its prime factors, which are 2x2x3. Since 18 is divisible by one 2

and by 3, and the other coefficients, 24 and 36, are divisible by 12, the

numerical coefficient of the monomial factor is 2 X 3 = 6, the largest

factor common to 12, 18, 24, and 36. The letters a and c are common
to all the terms, and the lowest power of a is the first, and of c the

square. Therefore, the monomial factor is 2 X 3 X a X c 1
, or Gac*.

Dividing the polynomial by Gac*, the quotient is 2b^c — 3a 2y + 4ac*

— bcPb&y*. Hence,

\%ab*c* - 18a*c'y + 24aV4 - Wa*bcY = 6ac\2b*c-Za*y + 4ac*-6a*bcY)
Ans.

Example 2.—Factor 2ax — bx.

Solution.—The only letter or number common to the two terms

is x.

Hence, 2ax — bx = (2a — b)x Ans.

EXAMPLES FOR PRACTICE

Factor the following expressions:

1. aA + ax. Ans. a(a* + x)

2. 12a* - 2«3 + 4^4. Ans. 2« 3(6a2 - \ + 2a)

3. 3()m 4n* — 6»8
. Ans. 6»2(5w4 — n)

4. WxY' - 8;r 5 + 8. Ans. 8(2x 2/3 - x5 + 1)

5. 4xy - \2x'Y + 8-ry8. Ans. Axyix* - Zxy + 2y2
)

6. 49a*^ - ma*b*c* + 7a4b*c\ Ans. WbWtfbc - 9ac + a')
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BS

Ki, l ina - are those whose terms have the same

letters, and whose letters have the same exponents and the

same signs. Thus. - - r) are equal

factors - x) = but

— x) are unequal factors, since the

signs of ba are not the same in both expressions.

17. A product of two equal factors is a perfect square.

Either of the equal factors of a quantity is called it-

root.

18. A product of three equal factors is a perfYc t cube.

one of the equal factors of a quantity is called its cube

1 \K In factoring, it is important to be able to easily dis-

tinguish quantities that are perfect squares and cubes, and

to determine their roots. By definition, 9a*b* is a perfect

square because Sab X Sab = 9a*b* % and Sab is its square root.

- is a perfect cube because . . =
and *2<r is its cube root. In each of these cases the coeffi-

cients of the roots are multiplied together, and the expo-

nents added, to produce a perfect power. Han-
quantit, when its ec feet

squ.: 's of all its letters ean be

For example, 36-r", W, and 1 are all

perfect squares, whose roots are 6-r*, !be*d* % ±a*b* % and 1,

respectively. Xo perfect square, however, can have a minus
r, let a = any quantity. — a x — c? = a*, and

a x The square root of a* may be — a. or a, and
a square root is often written — .?. read plus or mini>

en its eoeffieient is a

.7 its lei

Th nd 1 are all perfect cubes,

:id 1. res j>e

The sign of the cube root is always the same as that of its

cube.
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CASE II

20. To factor a trinomial that is a perfect square.

Any trinomial is a perfect square when the first and the

last terms are perfect squares and positive, and the second

term is tzvice the product of their square roots.

Thus, let x and y represent any two quantities whatever,

and we have the general forms of the square as follows:

(x+y)* = (x+y) (x+y) = x* + %xy+f (1)

(x-y) 2 = (x-y) (x-y) = x* - 2xy + y* (2)

The sign of the second term of the square always deter -

mines the sign of the second term of the root, y in this

particular case.

21. Since x may represent any quantity and y any other

quantity, it is evident that any trinomial having the form

x* -j- %xy -\- y* or x* — %xy + j/
2

is a perfect square.

Rule.—Extract the square roots of the first and the last

term of the trinomial, and connect the results by the sign of

the second term.

Example 1.—Factor x2 + 6xy + 9j/
2

.

Solution.—First see if the trinomial has the form stated in

Art. 20. The first and the last terms are seen to be perfect squares,

and their roots to be x and 3y. The second term is also twice the

product of the roots x and 3y, and, since it has the plus sign, the

binomial root must be x + 3y. Hence, the given expression is a square

of the form x* -+- 2xy +y* t
and

x2 + $xy 4- 9j2 = {x + Sy) (x + Sy) = (x + 3y)
2 Ans.

Example 2.—Factor 16;;/4 + 9/z6 — 24m*n 3
.

Solution.—The first term of the expression is a perfect square, but

the last term is not. Inspecting the second term, it is found to be the

square of 3;r, and the third term to be twice the product of 3/z 3 and

the square root, 4/;z 2
, of the first term. Arranging the trinomial so

that the first and the last term are perfect squares, it becomes 16w4
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\Mw 2
//

8 + 9»• (a square of the form _)'-); hence, 16-w 4

+ 9/z 6 - 24flt'*' = 1G/// 4 - 24ffE'»a + i)//
6 = !'//- - 3// 3

)

= (4w- - Sn*?. Ans.

Example 3.—Factor 4.r2 + x'Y + S.r 2
/.

Solution.—Arranging the trinomial so that the first term and the

last term are perfect squares, it becomes 4jr* -+- 2x*y + x*y* . Now,
although the first and the last term are perfect squares with rool

and n, respectively, the second term is only equal to the product of

the roots; hence, the trinomial is not a perfect square, and can only be

factored by Case I. Each term contains a'-', and

-Li-- + .v-y- -f 2x*y = x- (4 + y* + 2y) Ans.

22. When two of the terms of a trinomial arc perfect

squares, and have like signs, and the other term is twice the

product of their roots, the trinomial is a perfeet square.

Compare this statement with Art. 20. Thus, "lab — a 1

— b\ if divided by — 1, becomes — 'lab -\- a~ -4- & = d1 — 'lab

+ b* ; hence, %ab - a* - b% = - (a
: - 'lab + b

2

) = - (a - b)\

Example 1.—Factor 4pq — 4p- — q*.

Solution.—Dividing first by — 1, we have — 4pq + Ap- + q* = 4p-

-4fio + o* = (2p-gy.
Hence, 4pq - \p ! - q- = - (4p* - Apq + q

1
) = - {2p - qf Ans.

Example 2.—Factor 16r*Js + lGr4 + 4s4
.

LUTION.—The expression contains three squares, but, by careful

inspection, we set- that the first term is also twice the product of the

square roots of the other two.

Thus, Hir-s- + lGr4 + 4^4 = 1G/-1 + 16r*J» + 4j4 = (4/- + 2s-)~ Ans.

\£.*>. The two formulas given in Art. 20 are also used to

write out the square of the stun or the difference of two

quantities in place of actually performing the multiplica-

tion. Thes »sed in words as follows:

The square of the sum of two quantities is equal to the

square of the first, plus twice the product of the fust and the

second, plus the square of the second.

The square of the difj wo quantities is equal to the

square of the first, minus twice the product of the first and
the second, plus the square of the second.
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Example 1.—What is the value of (2ax + db 2
)
2

?

Solution.—Here x in formula 1, Art. 20, equals %ax and y = Zb2
\

hence, x 2 = i . y = 2 X 2ax~X 3b2 = 12ab 2x, and f = 9b4
.

Therefore, (2ax + W f = 4a*x* - 12a6*x + 9b4 Ans.

Example 2.—What is the square of x2 — 2ax —

Solution.— x- — 2ax — a- = (x2 — 2ax) — a9. Now treating the

two terms in parenthesis as a single term, let x in formula 2 equal

.: - — 2ax and j equal a- = x 4 - 4ax :i 4- 4a 2x 2 (apply-

ing formula 2); 2xy = 2 X \x* — 2ax) X a- = 2a 2x 2 — 4a 3x; and/- = a 4
.

Therefore,

- 2ax + a-f = x* - 4ax* + 4a*x* + 2a-
x'

2 - 4a?x
+ a4 = x4 — 4ax z + Qa-x- — 4azx + a4 Ans.

The same result will be obtained if the second and third terms are

included in parenthesis and treated as one term. Thus, .r- —
= x- — (2ax — a'2 ). See Art. 53, Part 1. Let x in formula 2 equal x%

and y = 2ax - a*. Then, x- = (x 2f = x4
\ 2xy = 2 X x- X {2ax - a2

)

= 4axz - 2a 2x2
; and y2 = (2ax - a 2

)
2 = 4a 2x2 - 4a zx '+ a4

. There-

fore, (x2 - 2ax + a 2
)
2 = x4 - {Aax* - 2a'

x

2
) + 4a2x2 - 4azx + a4 = x4

— iax* + 6a 2x2 — 4azx + a 4
. Ans.

24. After a little practice, simple expansions like those in

vhe last two examples can be written directly. Formulas 1

and 2 are very important and should be thoroughly

memorized.

EXAMPLES FOR PRACTICE

Factor the following trinomials:

x2 - 16* + 04.

;z
6 - 26«3 + 169.

- 49y2z*.

b 2 - 8bc.

2mx - m* - x 2
.

a 2b4c* - 2ab2ci + L

Square the following:

7. m + n.

4x
Za - ob.

Square 2c2 — c + d.

Note.—First separate 2c 2 - c -f- d into two terms by enclosing c -f- d in paren-
thesis; then the expression becomes 2c 2 - (c - d), and considering this as a
binomial, the square is 4c* — 4c 2 (c - d) -f- (c - d) 2

.

- 4c 2w -d\ = - 4c 3 + 4c 2d
(c - d," = L- - 2cd + d2

Adding these results to 4r*. the final result is 4c*- 4.c
3+4c 2d+c 7 -2cd+d2

. Ans.

B.

9.

10.

Ans. (;r-8)2

Ans. (?r - 13)8

Ans. (bx + lyzf
Ans. (4c - bf

Ans. — (in — xf
Ans. (ab 2c6 - l)2

Ans. in 2 + 2m7i + n'2

Ans. 16.V2 + 16x + 4

Ans. 9a2 - SOab + 2bb2
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i kffli in

?.">. To fkctor an expression thai i- th»* difference

rfecf aqua res i

rmula,

{*+?) (*-y) = *A -:'

26. Since x may represent any quantity and y any other

quantity vident from the formula that any expression

that is the difference between two perfect squares may be

factored by the following:

Bole.

—

Extract the square roots of the first and last terms,

ots for the first factor, and subtract the second

:i for the secondfactor.

Example 1—Factor %x*p - 4.

Solution*.—The square roots of the first and last terms are 3-r4/*

and 2. The sum of these roots is Zx*y* -f- 2. and the second subtracted

from the first is Zx*^ — .

Hence, - (3x^ — 2) Ans.

Example 2.—Factor (a + bf — /»*«*.

Solution.—The square roots of the first and last terms are a -f- b

and mn. The sum of these root? :, and the second sub-

tracted from the fii

Hence,

— bf — mini = (a + b — mn) (a -b b — mn) Ans.

27. The formula in . 25 - also generally used to

write out the product of the sum and difference of two

quantit lit actually performing the multiplication.

The formula is stated in words a> follow-

utct of the sum and quant::

equal tc :e of their squa n

Example 1.—Expand

Solution.—The square of the first term is x*. and of the second, 9.

Hence,

Example 2 —Expand iax* + bx - 1) (ax*

;
their product is. the. .r>* — 1. the two terms
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in parenthesis being treated as one term. If desired to expand further,

the expression becomes, applying formula 1, Art. 20, a^x4 + 2abx*

+ £»*> - 1. Ans.

Example 3.—Factor the expression obtained for the answer to the

last example.

Solution.—On examining the expression a?x 4 + 2abx z + Px"2 — 1, it

is seen that the first three terms are composed of descending powers

of x with but two literal coefficients. Hence, these terms are sepa-

rated from the last term, — 1, for investigation, thus obtaining

(a*x4 + 2abx 3 + Px*) -1, which equals x 2 (a'2x 2 + 2abx + P) -1. The
expression in parenthesis is evidently the square of ax + b ; hence, the

expression becomes x 2(ax + by —1. In this last expression the first

term is a perfect square, and since the second term is also a perfect

square, x\ax + bf — 1 = [x(ax + b) + 1] [x(ax + b) — 1] = (ax 2 + bx
+ 1) (ax'2 + bx— 1). Ans.

EXAMPLES FOR PRACTICE

Factor the following expressions:

Ans. (a + 4) (a — 4)

Ans. (a + 1c4
) (a - 1c4)

Ans. (9xY 4- 1) (9xY - 1)

Ans. (ax + by + 1) (ax + by — 1)

Ans. [5x'2y + (bx + 1)] \bx*y - (bx + 1)]

= (5x*y + bx + 1) (bx*y - bx - 1)

Ans. (1 + 13xy*z3
) (1 - \%xy*z*)

Ans. m*2 — 1

Ans. .r
4 — y4

Ans. 16a2 - 16b4

1.

2.

3.

4.

5.

a 2 - 16.

a' - 49^.

$lX*y* _ !.

(ax+ by)2 -1.

2ox4y2 - (for + l)2 .

G. 1 - 169x 2y4^-

Expand the following:

7. (m + l)(m-l).

8. (^2 +y)(^ 2 -j2
).

9. (4a + W2

) (4a - 4P)

28. In example 5, the expression (bx -\- l)
2 should be

regarded as a single term ; in fact, any number of terms may
be regarded as a single term by enclosing them in paren-

thesis and operating on them as though they were a single

letter.

When solving any examples requiring the application of

the rules in Art. 26 or 29, first ascertain if the numerical

coefficients of the two terms are perfect squares or perfect

cubes; if not, there is no use of examining further.
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(ASK IV

\M). To factor an expression that is the sum <>r dif-

ference of two perfect cubes.

Letting X represent one quantity and y some other quan-

tity, the sum and the difference of two perfect cubes will be

represented by x3 + y
3 and x 3 — y\ By actual division it

may be shown that

(-t-
3 + f) + (* + J) = x* - xy +f (1)

and (x' - f) -s- {,v - j) = x> + xy +f (2)

Hence, any expression that is the sum or difference of

two perfect cubes may be factored as follows:

Rule.—Extract the cube root of each term. Connect the

results by the sign of the second term for the first factor, and
obtain the second factor by division.

It is to be noticed that the second factor will not be a per-

fect square, because its second term will not be twice the

product of the square roots of the other two.

Example.—Factor 8.r6 - 0:

Solution.—The cube root of the first term is 2x\ and of the second

term 3v3
; the sign of the second term is minus. Consequently, the first

fact< The second factor is found by division to be 4x*

9y6
. Hence, the factors are 2_r 2 — Zyz and \xx -+- 6

+ 9/*. Ans.

i:x vmim.!> BOB PB LCTICH

Factor the following expressions:

1. x* - - Ans. (.r - *f)(x* 4- Ixy + iy*)

!

1 - 9///4 // 5 + $\

+ 'S2ab

mz + •

'. - $x*.

4.

1 + 7Vhm»nn.

1 - 64^.
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CASE V
30, Sometimes expressions may be resolved into two or

more factors by the application of more than one of the given

rules. The student should make himself so familiar with the

first four cases that he will be able to determine readily when

any of them may be applied.

When Case I is to be used in connection with other cases, it

should be applied first.

Example 1.—Factor %mx*yz — \2iny 1
.

Solution.—By Case I, Smx2ys — \2myi = Ziiiy\x 2 — 4y4
). Factoring

the expression in the parenthesis by Case III, x 2 — 4y* = (x + 2yi
)

(x-2f-).
Hence, 3inx 2yZ - \2myi = Zmy\x + 2y2

) (x - 2j/
2
) Ans.

Example 2.—Factor 80a 2x* - 40^x2 + 5x2
.

Solution.—By Case I, 80aKr 2 - 40ax2 + 5.r 2 = 5.r 2(16«2 - 8a + 1).

Factoring the expression in the parenthesis by Case II, 16a 2 — 8a -[ 1

= (4a - l)2 .

Hence, 80rt 2
jr

2 - 40ax2 + 5x 2 = 5x2(4a - l) s Ans.

Example 3.—Factor 2mn + 1 — ni 2 — 11
2
.

Solution.—Arrange the expression as follows: 1 — ni 2 + 2mn — tfi

= 1 — (;;z
2 — 2niii + n 1

). By Case II, this equals 1 — {in — rif. By
Case III, this equals [1 + {in — n)] [1 — (in — n)] = (1 + m — n)

(1 — m + ii). Ans.

Example 4.—Factor a 6 — b G
.

Solution.—By Case III, a* - b« = (a* + b z
) (az - P). By Case IV,

as + b* = (a + b) (a 1 - ab + b2
), and as - b* = (a - b) (a" + ab + b2

).

Hence,

a 6 - b* = (a + b) (a - b) (a* - ab + b 2
) (a* + ab + b2

) Ans.

Example 5.—Factor 4a2 + x* - c2 + %cd 4- 4ax 2 - d 2
.

Solution.—This may be arranged as follows: 4a 2 + 4ax2 + x4 — c'
2

+ 2cd - d2 = 4^2 + 4ax 2 + jr4 - (c* - led + d-').

By Case II, this equals (2a + x 2
)
2 — (c — df. Hence, by Case III,

4a'2 + _r4 - c* + 2cd + 4ax 2 - d'2 = (2a + x* + c - d) (2a + x 2- c + d)

Ans.
Example 6.—Factor ac — be + ad'

— bd.

Solution.—We observe that, if the first two and last two terms be

factored by Case I, they will each show the same binomial factor, a — b.

Thus, ac — be + ad — bd = (ac — be) + (ad — bd) = c(a — b) + d (a — b).

Applying Case I again, we have (dividing by a — b) for the factors

(a — b) (c + d ). Ans.
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EXAMPLE 7.—Factor x* + ax — bx — ab.

Solution—This example is like the last. Here, x%
-f ax — bx— ab

— (x* + ax) — (bx + ab) = x(x + a) — b(x + a) = (x + a) (x — b). Ans.

31. When factoring polynomials which come under

V, first ascertain whether there is a monomial factor

in the e\ ti. If there is one, divide it out and reserve

it. If the remaining terms cannot apparently be factored

by Cases II, III. and IV, endeavor to so arrange the various

terms that they may be factored by application of some of

the preceding rules. No fixed rules can be given that

will cover all the different expressions which fall under

V, and the results depend entirely on the ingenuity of

the student, who must have considerable practice before he

can factor polynomials successfully. It is important, how-

ever, that he should have some knowledge of the process.

The explanations to the following examples are more full

than those given above, and will probably afford some
-tance to the understanding of the solutions given under

Case V.

Example 1.—Factor ax* — ay* 4- b*xs — b*y*.

Solution.—It is readily seen that a is a factor of the first two terms,

and b- a factor of the last two. Enclosing the first two and last two
terms in parentheses, the polynomial becomes (^.r 6 — ay*) + (b-x6 —
which of course equals a{x6 — y

6
) + I : is now seen that

both terms of this binomial have the common factor (.r 6 — }'*). Dividing

it out, the quotient is a + b*. Hence, the required factors are {a + b*)

and But, since x* and y
6 are perfect squares, the quantity

,r6 — r6 may be factored * I. Thus, a* - r 6 = {x* -hy-

Both of the factors last obtained may be factored by. Case IV. Thus,

Therefore, since it is impossible to factor any further, ax* — ay* —
4-j)(.r-

EXAMPLE '2.—Factor 4 — i>;;/- — u- + 6

S lution.—Apparently, none of the rules will apply here; hence,

the chief nee must »n the proper arrangement
of t

; both perfect

and that the term %mn is twice the prod-

in parent! — Gw;;).
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The second term of this binomial is a perfect square, according to

Art. 20, and the binomial may be written 4 — (3//z — «)8
, since

(3m — ;/)- = 9w8 — 6mn + «2
. The binomial 4 — (3m — ?if may now

be factored by Case III, since both terms are perfect squares. There-

fore, 4 — (3m — n)'2 =

[2 + (&* _ ;/ )] [2 - (3m - »)] = (2 + 3;/z - «) (2 - 3m + «) Ans.

If the student will carefully study the following Examples

for Practice in connection with the foregoing, he should

experience no great difficulty in factoring. Until he has

become accustomed to factoring, the student should prove

his work by multiplying the factors together, and compar-

ing the result with the original expression.

EXAMPLES FOR PRACTICE

Factor the following expressions:

1. xx — y4
. Apply Case III twice. Ans. (jt 2 + y*)(x + y)(x — y)

2. 3abx* + 3ay*b + 6axyb. Apply Cases I and II. Ans. 3ab(x + yf
3. aW — aP. Apply Cases I and IV. Ans. ab\a - b)(a* + ab + P)

4. 2bc -b*-c* + 4:. Ans. (2 + b - c) (2 - b + c)

5. 16/zz2 - 25^ 4 + 4/z 2 + lQmn. Ans. (4;/z + 2n + 5</ 2)(4//z + 2n -5^ 2
)

6. j2 — ay + by — ab. Ans. (/ — a) (y + <5)

7. ^2 -l + 4jt - 4^-2 - 2^ 2 + d4
. Apply Cases II and III after

arranging the terms as follows: (<r
2 — 2<r^ 2 + d 4

) — (4;tr
2 — 4cX + 1).

Ans. (c - d> + 2x - 1) (c - d* - 2x + 1)

8. a2 - jt
2 - 1 + 2x. Apply Cases II and III.

Ans. (a + 1 — x) (a — 1 4- x)

9. 4£3 - lGab* + lGa*b*. Apply Cases I and II. Ans. 4b*(l - 2af

10. x8 — 7/z
8

. Ans. (x4 + ;;*
4
) (x* + ;;z

2
) (jtr + m) (x — m)

CASE VI

32. Expressions of the form xn ± yn frequently occur,

in which n is an integer (whole number). The sign ± is

read plus or minus, and means that either sign may be used.

One of the factors will be x + y, when n is an even number

(#, Jf., 6>, etc.) and the connecting sign is — , or when n is an

odd number (3, 5, 7, etc.) and the connecting sign is +.
When the connecting sign is — , x — y is always a factor.
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.("
-f-f x cannot be factored when n is even unless n is exactly

divisible by some odd number that is greater than 1.

Thus, ,\
A — i'

1 may be divided by X + y y
and also by x — y\

X* -\ y
K cannot be factored ; x b

-f- y
b may be divided by x -f- )'\

x*~y* may be divided byx—y, x 6
-\- y° can be factored,

since it equals .r**
3 +;/2X3

; it is divisible by .r
3
-j-j'

2
. Since

1 with any exponent equals 1 (that is 1* = 1, 1* = 1,

l
10 = 1, etc.), any root of 1 will also equal 1. Therefore,

in the above expressions, 1 may be substituted for either

x or y. Thus, x4 — 1 is divisible by x + 1 and x — 1

:

.
-y is divisible by 1 +y and 1 — y, etc.

FRACTIONS

REDUCTION OF FRACTIONS

DEFINITIONS

33. A fraction, in algebra, is considered as an expres-

sion indicating division. The sign -h is seldom used, ii

being more convenient to write the dividend, or quantity to

be divided, above a horizontal line, with the divisor below

it, in the form of a fraction.

Thus, the fraction - —7 means that a + b is to be divided
c — a

by c — d, and is the same as (a -\- b) -J- (c — d). It is read

"a + b divided by c - d" or "a + b over c - d." All frac-

tions are read in this way in algebra, except simple numeri-

cal fractions, as
J-, |j-, etc., which are read as in arithmetic.

34, The quantities above and below the Line are called

the numerator and the denominator, respectively, as in

the case of numerical fractions. They are known as the

terms of a fraction.

.*>,">. Sinet dividing any quantity by 1 does not change

its value, uc may write any quantity as a fraction by making

40—14
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the quantity itself the numerator and 1 the denominator.

Thus, 7xy may be written —~^- and not be altered in value.

36. The three signs of a fraction are: the sign before

the dividing- line, which affects the entire fraction; the sign

of the numerator; and the sign of the denominator. When
any one of these signs is omitted, it is understood to be plus.

Any tivo signs of a fraction may be changed without altering

its value, but if any one, or all three, be changed, the value of

the fraction will be changed from + to — or from — to -}-.

When either the numerator or the denominator has more
than one term, it should be enclosed in a parenthesis when
performing operations affecting it as a whole. The paren-

thesis may be removed after the operations are completed.

Take the fraction ji placing numerator and denom-
c — a

inator in parentheses, we have —
)

-Jr. The signs of the
\c — a)

numerator and denominator are each + and that of the

fraction —

.

Let the quotient of {a — b) ~ (c — d) = q\ then,

+ (<*-*)

+ (c-d)
~

~{a-b) _

- (c-d)
~

+ {<*- b)

- {c-d)
~

-(a-b)
_

+ (c-d)
~

-{c-d)
(*-*)
{c-d)

-<+*>--* (1)

-( + ?)=-? (2)

-(-*)=+* (3)

= + ( + ?) = +<7 (5)

+
~~

{?rt\ = + (+?) =+? (6)

f=^=+(^=. f (8)



§4 ELEMENTS OF ALGEBRA 19

Taking equation (1) as the standard, the sign of the quo-

tient is minus. In equations (! ind (8) two of the

signs were changed, but the sign of the quotient remained

unchanged. In equations (3), (4), and (5) only one sign

pras changed, with the result that the sign of the quotient

was changed from minus to plus. In equation (6) all three

- were changed, resulting in a change in the sign of the

quotient from minus to plus.

PRTXCIPLF> USED IX REDUCTION

37. To reduce a fraction is to change its form without

changing its value. I litis, -^- and —— have different

forms, but like values, since lO.r -4- 5 and -20.r -j- 10 are each

equal to '2.r.

The terms of a fraction may both be multiplied, or may
botJi be divided by the same quantity without changing their

value.

38. To reduce a fraction to its simplest form:

Bole.—Resolve each term into its factors, and cancel those

factors that appear in both terms.

39. In performing all operations on fractions, the student

must learn to use a polynomial factor as a single quantity,

like a monomial factor.

This is illustrated in the following examples, where there

are polynomial factors in both numerator and denominator

that can be canceled.

mple 1.—Reduce ^

—

•
,

• to its simplest form.

Solution.— Factoring both numerator and denominator

.r» + 2.tT -f y- _ (x+y)(x+y)
x*-y* "(jr

Canceling the common factor x +y from both gives, as the result

! = *+y .

y) x-y : s'
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Example 2.—Reduce 3-^-= ._/ . to its simplest form.Qxy2 — 12xy3 r

%x*> — 6x4y
f6x4(x — 3y)Solution.— —— —^— = -—1 £L, when factored.

6x*y — VZxyz 6xy\x — 2y)

Canceling the common factors, the result is

-.3

2

40. Sometimes the whole numerator is contained in

the denominator, or the denominator in the numerator.

The numerator or denominator will then reduce to the

number 1.

Example 1.—Reduce ^p—«r-g to its simplest form.

S0LUTI0N- W+W = M&+^) =Tb Ans'

x a _ 1
Example 2„—Reduce —3—^ to its simplest form.

Solution.— -5—- = i '

.
/v

„ - = ' = * 8

-f-l
.r

3 — 1 -#2—

t

1

(Art. 35.)

Ans.

41, From the last example it will be seen that division

x6 — 1
may sometimes be performed by cancelation. Thus, — -

means (x* — 1) -s- (x* — 1), and the divisor x* — 1 canceled

from the dividend x° — 1 gives the quotient x* + 1.

A factor must be common to each term of the numerator

and to each term of the denominator in order to be canceled.

Thus, the factor x cannot be canceled from——-— because
x + 4w

it is not common to both terms of the denominator.

EXAMPLES FOB PRACTICE

Reduce the following to their simplest form:

L -q IF Ans
* 7a 1 — b l a — b

9. K—K Ans. *•+>
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Ans.
4

Ans.
1

Bat1

Ans.
m*

ril — An + 4' H — 2

BU Dl ( 1N<- FRACTIONS TO A COMMON m:\oMl\ATOK

42. When fractions are to be added or subtracted, it is

necessary to so reduce them that all the denominators will

be alike. This is called reducing them to a common
denominator.

43, To reduce fractions to a common denominator:

llule.

—

Resolve eacJi denominator into its factors.

Take each factor the greatest number of times it occurs in

any denominator, andfind theproduct of these factors.

Divide this product by each of the denominators. Multiply

the corresponding numerators by these quotients, for new
numerators. Write each new numerator with the common
denominator beneath it.

T> A
"' l ^ A 2fi

Example.—Reduce , —5 , and ; r= to a common
x + y x* — (x+ y)

1

denominator.

Solution.—Factoring the denominators, x+y is not factorable.

a- - y- = (x + y){x-y), and (x+y)- = (x + y) (x + y). Now here

are two separate factors, x+y and .r — y, of which x+y occurs

twice in i : Hence, the common denominator is {x + y) {x+ y)
(x — y) = (x + yr*(x— y)> Dividing this product by x+y, the quo-

tient is (*+ y)(* — y) = x- — \'. Hence, the first new numerator is

a .u c • 7. - _. „ , Had— y) and the new fraction is
; w ~ ' Similarly, — -

J (x+y)*(x—y) ' x*—y*

becomes.
l

* ., and ——tj becomes \~~ y)—
-. Ans.

(x + y)
} (x - y) (x -

:
• y)- {x - y)

The student should note that this denominator can be

written in several different ways, and he should not become
confused if his work does not always agree with the answer.
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Besides (x-\-y) {x -\- y) (x — y) and (x-\-yY {x—y), it may
be written (x"

1 — f) (x -\- y), (x 2 + %xy +JK
2

)
{x—y), or ;r

3

+ x*y — xy 2 —j' 3
. These five expressions have exactly the

same value. The student should prove this statement by

substituting numbers for x and y.

EXAMPLES FOR PRACTICE

Reduce the following to common denominators:

1
Zyz 4xz 5xy I8y*z* 16x*z* Wxy

L
"27' ~W>

and TT AnS
- 12^P 12^' and

12^i

A
1Q

,

15
, and

30
. Ans. ^ ,

-— , and ~w
2 3^4 2 3a2 4«jr 2

3 - "ni —i> and -T~- Ans
- -n. "a-a. and -i—

»

. m + n .?n — n . #z2 + 2;;m + ;z
2

- ;/z
2 — 2;;z;z + ^2

4. , and . Ans. = .
, and - -

m — n m -+- n m i — n l m? — n?

B 2 3 ^ 2.T-1
5. — , = r, and

x(4x* - 1)' ^(4^r2 - 1)'
"""

;r(4;r2- 1)
Ans. ^y-?) SSft+3 and *** ~ *>

OPERATIONS WITH FRACTIONS

ADDITION AND SUBTRACTION OF FRACTIONS

44. To add or subtract fractions:

Rule.—Reduce the fractions, if necessary, to a common
denominator. Add or subtract the numerators, and write the

result over the common denominator.

Example 1.—Find the sum of—\
— and —-.—

.

5 4

Solution.— ^—-— and

—

-.— , reduced to a common denominator,
5 4

become and —
-, which are equal, respectively, to

•

a
71— and

—

57
. Adding the numerators, the result is 8a — 43
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4 ba 4- 5b = 13<? 4 b, which written over the common denominator

gives as the sum, — . The work is written as follows:

2a — b a + b _ 8« — 4£ 5tf 4- 5b

6 ' 4 ~ 20 20

8<? — 4/; 4 6a 4- 5£ 13« 4- £

^0 "so" Ans*

Example 2.—Subtract —^r-r— from — .

6b 2a

4a— \
Solution.—Reducing the fractions to a common denominator, —

;
—

bb-2 12at-M 12ab-4a _ . . .—j— = -—T 77-7 • Subtracting the second numerator
So bab bad °

from the first, and writing the result over the common de-

V2ab - 'Sb \2ab - 4a (12ad - U) - (12ab - 4a)
nominator, 5—7 ^—

7

= = —~ -

bab bab bab

\2ab-M-\2ab + 4a ... . , _ .. .= »—

7

, with the parentheses removed. Combining

like terms in the numerator gives as the result —=
—

-.— . Ans.
bab

LI. //", as in the example just given, the numerator of

the fraction to be subtracted has more than one term, care

must be taken to change the sign of every term before com-

bining. It will usually be convenient to enclose tbe whole

numerator in a parenthesis before combining. The paren-

thesis may then be removed by the principles of Arts. 49,
60, and 51, Part 1.

Example 1.—Simplifv ——;
'—

;
-\ ;.* J X— 1 X + 1 X— 1 X 4- 1

SOLUTION.—Reducing to the common denominator .r2 — 1,

X* X 1 -f 4 4 X* X* — X* X* 4 X .V - 1

X - 1 x+ 1 .r-1 .r+1 X* - 1 x* - 1 x* - 1 ' x8— 1

Adding or subtracting the numerators as required,

(.t
-4 + ,r3) - (^ _ ,, - .1) 4 (.1- 1)

- 1

which, with the parentheses removed,

X* 4 £* — x* 4- .r2 — -r* — x 4- .r — 1

- 1
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Combining like terms, the result is

jr4 — 1 = x* + 1 Ans.

Example 2—Simplify

1

1 1

Or - 2)*
T

2 - x

Solution.- -If the denominator of the second fraction were written

r - 2 instead of 2 — a; {x — 2)- would be the common denominator.

By Art. 36, the signs of the denominator and the sign before the

fraction ^ may be changed, giving = .

2 — X — 2 -{• X x — 2

Art. 24, Part 1.) Hence,
7 ^ + ^ =

;
— — -, which,' ' (x — 2y 2 — x (x — 2f x — 2

when reduced to a common denominator,

1 ,r _2 1-(jt-2) l_.r + 2 3-jr
(x-2f (x-Vf {x-2? {x-Zf ~ (x - 2)*

Ans.

EXAJIPLES FOR PRACTICE

Simplify the following by reducing to simple fractions:

xxx A 41x
1. gfj^. Ans. M
n ir~3 7i + l 3/ A 139.r-8
2. __+-_ + _. Ans. —

s&
—

1 L_ a.c *+?-*
3. 5 s. Ans.

x*-y*

a 2 + p {a + bf 2(a* + P) - (a* + 2ab + b*) _ (a - by
4. —

g

i
. Ans.

i
_

4 .

after removing parentheses and combining.

a"2 ^ <? #2 4- 2#
Ans.

' a 2 -1 a-1 a + 1'
.

' a* — 1

4/;z 2 + 1 dm — 1 1 — 12« A ;/ -f ;;/

0. —7—^ ,-, » H ^ . Ans.
\m* 12/tt* \2n ' ' V2m*n

7. y +-£ L-.
{x+yt x*-y* x+y

Ans
y(* -y) +y(*+y) - (•*•' -/*) = 2^/-.r8 +y

(.r + yf (x — y) x3 + .r*/ — -tj2 —J1

8. : + z 1 : t. Ans.x+\\-xx* — 1 .r* — 1
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Mn.rii'LKATioN or ntAcnoirs

40. To multiply fractions:

Bale.

—

Multiply the numerators together for the numera-

tor of the product\ and the denominators together for the

denominator of theproduct.

47. Any number of fractions may be multiplied together.

The operation may be very much shortened by resolving

the terms of the fractions into their factors, and canceling.

The product should be reduced to its simplest form.

Example 1.—Find the product of -=-. —r— , and -^.

Solution. — The product of the numerators is 6a- x *ab >.

— 24a4
frc, and of the denominators, 3 X 3r X t>-

— ting24a'fc

over 15^V, the product of the fractions is ,. .

,

= -=-r, when reduced

to its lowest terms. The work is written as follows.

o

t xw x~7-~m Ans-

b

Example 2.—Find the product of ^, .r9 — 1, and —-" —

.

Solution. — First make .v- — 1 a fraction by writing 1 for its

denominator, thus,
'-—-— ; then, factoring both terms of each fraction,

jr8 - - 4.r + 4
X

fcr— 1>»~ 1 " .t--4

_ .:-C*-f*U.r +!)(•*—*) («»--g)(jr--j) _ x(x+l)(x-'Z)

1 it* az

'ple 3.—Find the product of —
. and r—

.

«/

1
•

Soli > the subtr — .

1-
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EXAMPLES FOIl PRACTICE

Multiply the following:

L 5^ by-wT Ans
- ~T

2. ^^by21jjy. Ans. 15-ary

Find the product of:

3 - i—4i -^— i
and ~5—•-• Ans. T—

£xz 2 6xy 2xy2 4z

x2 -y2 c-d x*+y* A—
h and ^-. Ans.

c* _ ,/B' (x + yf x _y ~
Ci + cd + ^2

e 4y 16 . 1 2y-4
5. -*-

, and 3 -.. Ans. -^
x xy 2y + 4 xy

„ a + b a — b . 4 . 1
6. —S— +—7—, and n , „ z . z. . Ans.

2 ' 4 ' 9a2 + 6tf£ + £* ~ 8« + b

DIVISION OF FRACTIONS

48. Division, in fractions, is the reverse of multiplica-

tion, and is the process employed when, given one of two
fractions and their product, it is required to find the

other. For example, it is required to divide - by -.

Find such a fraction that, multiplied by -, will give -, for
il 4

the product. This fraction is -, for - X r = j. Also, -

x 7 7 x x
~- — = ~ since - x -^ = —. If, in this case, the divisor had

l u 0/0
been inverted and the fractions multiplied, the result would^77
have been — x — = •=.

5 x 5

49. Hence, to divide by a fraction:

Rule.

—

Invert the divisor andproceed as in multiplication.

Example 1.—Divide =—=- by
5x*y J 10x4yr

10x4 y2
Solution.—The divisor inverted = _ ,, .

9ab*
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2a x y
Mb lab* _ %crb ^ lQjry _ Z*ySa*M*</ _ 2axy

Hence
' $7}*vJxy- 5P^

X~^F - jfxx&ss ~ 3*
Ans"

3 ^

X —\
Example 2 —Divide - 1 bv -.

- x — 1

Solution.—By A 85,

LMPLKS POB PBA4 TKE
Divide the following:

9x* - 3-r* . 3-r . 3.r J - x*

. ab — bx , ac — ex b
2. E . .

' a — I <:

l-8J* + ltf» 1-4^
3 —rf

4. &zV*/ — 6a£<:</ bv -=
z Ans. a* — b*

MIXED QUANTITIES AND ( oMPLEX FRACTION-

.'*( >. An integral expression (

-

11 is one con-

taining neither fractions nor negative exponents. The

expression <?* — \ •

'

is integral, but the expressions a' —

3
—rare not. The expr ?~* is only another

way of writing

51. _n*al part f an expression is that part

which, if taken b lid be an integral ex:

52. A mixed quantity is an expression containing

both integral and fractional par: — -. Consider-

ing the integral par: >n with a denominator 1
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(see Art. 35), a mixed quantity becomes simply the indi-

cated addition or subtraction of two fractions; thus,

c -f- d 2# 2
c + d

%a
4tf 1 4#

53. A fraction may be reduced to either an entire or a

mixed quantity by dividing the numerator by the denomi-

nator, provided the division be possible. It frequently hap-

pens that by performing the indicated division, the fraction

will be reduced to a simpler form. The case of reducing

a fraction to an entire quantity was taken up in Art. 40.

. ,., 4^2 + 12.r-l
2x + 3

Solution —Performing the indicated division,

2x + 3)4;r2 +
4.r2 +

12;r-

6x

6x-

-1(2* + 3-

- 1

10

2* +3 Ans.

6x+9
-10

54. Mixed quantities are frequently more convenient to

handle as fractions.

To reduce a mixed quantity to a fraction:

Rule.— Write the integralpart with a deno?ninator 1, and

perform the indicated addition or subtraction.

Example.—Reduce x 2 + xy + y2 to a fraction.s s x — y
Solution.—

„
, , 2

b x2 + xy+y* b
x2 + xy + y2 = *J J x — y 1 x — y

Subtracting the second fraction from the first gives

+- J2
) (x—y)—b _ xs - y3 -

x—y x ~y
{x2 + xy+y2){x-y)-b _ x* - y* - b A^

EXAMPLES EOIt PRACTICE

Solve the following:

a1C _|_ pi p
1. Reduce to a mixed quantity Ans. a2

-\—
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2. Simplify - ^ . Ans. x + 2v - 3 + * ^~
^ - .r - . .r

- _j_ o

3. Reduce x —r to a fraction. Ans. _
~"

,
- 1 - 1

*z -I- £ <z — b
4. From 3a -i j— subtract a -z—

.

a a

Ans. 2a + -j = 3

5. Divide tn + n bv m — n . Ans.
;/; — m 4 m — /;

Suggestion —First reduce the mixed quantities to fractions.

COMPLEX FB W 1 IONS

55. A complex fraction is one that contains fractions

~*~ y a — b b
in one or both of its terms. Thus. -,

, and - are
- x x c

complex fractions. d

56. Complex fractions can be reduced by performing the

indicated division; thus. - = - -s-
'- = - x - = A much

8 4

simpler way is to multiply both terms by the least common

denominator of the fractions contained. Thus. 1 = -
< 8 6

57. Hence, to simplify a complex fraction:

Rule.

—

Multiply both terms by the common denomi>.

the fractional parts.

£_
Example 1.—Simplify y.

The common denominator of the fractional par

Multiplying each term by thi

= x+y Ans.

- X
-•• r ? - y*

1 1

- X X) - - X
x- y
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The multiplication can frequently be performed mentally,

without writing the common denominator, at the same time

canceling common factors.

1
Example 2.—Simplify

1 +
1 + a +

2d1

\-a
Solution.—This is the case of a complex fraction in which the

denominator is itself a complex fraction.

First, consider the part

1 + a +
Ma*

\- a

Multiplying both terms by 1 — a,

a(l — a) a — a? a — a1

(1 + a){\-a) + 2a? ~ \-a l + 2a* ~
1 + a?

1
The fraction thus becomes

1 +
1 + a

Multiplying both terms by 1 + a 1
,

1 + a*

1 + a? + a

1 + a 2

1 •+- a
Ans.

EXAMPLES FOR PRACTICE

Simplify the following:

Sac*

i. ifl.
24

2.

1 + 5
c

Ans.

Ans.

ac*

128

1

8-2.r +
Ans.

23

(S-xy

Suggestion.— 2$ means 2 + J. Hence, for the numerator multiply 2 by the
least common denominator 8, and add 7.

Ans.

x +
3x + 3

1 + 3-*



S4 ELEMENTS OF ALGEBRA 31

THEOEY OF EXPONENTS
58. An exponent may be a number, a letter, or a com-

bination of both; it may be integral, fractional, or zero;

and it may be positive or negative.

59. When the exponent is a letter, it is called a literal

exponent. Exponents may involve several letters and

terms. The following are examples of exponents; x\

x*a
, ,r

§
, x 3

, x°%
x2p ~ q

, etc.

60. It has been shown before (see Art. 70, Part 1) that

any quantity with zero for an exponent is equal to 1. It

has also been shown that any quantity having a negative

exponent is equal to the reciprocal of the quantity with an

equal positive exponent ; that is, for example, x 3 '= ——

.

An expression like -r*""8 arises from dividing x2p by x*\

thus, x*p -5- x* = x 21*-*.

Gl. As it is frequently necessary in algebraic operations

to use letters for exponents—as an example see Art. 32—it

becomes necessary to affect such quantities with expo-

nents and to extract roots. For example, the square of xn

may be written either (xn

)

2 or x2n
y
the latter being a simpli-

fied form of the former. An expression of this kind can be

best understood by a numerical example. Thus, consider

the expression 5
axax3

;
this is equivalent to [(5

a

)

a

]

a and also

to o
8

. The advantage of writing it 5
,xaxJ

is that it indi-

cates how the multiplication may be simplified,

example, instead of multiplying 5 by 5 and this product

5 and so <>n until 5 has been used eight times as a factor,

simply square 5, then square the product, and then square
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the last product; tin's results in three multiplications

instead of seven.

Since (xmy = (x") X {xm) X (xm) = x'm , and (xm
)

n
evi-

dently equals xnn
\ all that is necessary to do in raising an

expression like xm to any power is to multiply the exponent

of the given expression by the exponent denoting the power

to which the expression is to be raised. An expression like

x 2,n must not be considered as equivalent to xm X x*, for the

latter expression is equal to xm+3 .

62. If an expression like xim occurs and it is desired to

extract, say, the cube root of it, divide the exponent of the

expression by the index of the root. Thus, \/x 6 "1 = ,r
6 "' + 3

= x2m
; this is necessarily true since (x'

im
)

3 = x6,n
. But

when the exponent is not exactly divisible by the index, the

division is indicated by a fraction. Thus, \/x'n =
m 2a

\/x^~
a = x~*; \/xX"

1 _*— — = x 3
, etc.

2a J rr 2/7 i

\/-x
a V-X- i. va V X

63. From the foregoing the following rules are evident:

Rule I.— To raise a monomial to any poiver, raise the

numerical coefficient to the desired poiver and multiply the

exponent of each letter by the exponent denoting the power to

which the monomial is to be raised. If the sign of the mono-

mial is plus, or if the sign is minus and the exponent denoting

the poiver is even, the sign of tlie poiver will be plus; but if

the sign is minus and the exponent denoting the power is odd,

the sign of the power will be minus.

Rule II.— To extract any root of a monomial, extract the

required root of the numerical coefficient and divide the

exponent of each letter by the index of the root. If the index

is odd, the sign of the root will be the same as the sign of the

monomial ; but ifthe index of the root is even and the sign of

the monomial is plus, the sign of the root will be ±, while ij
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the sign of the monomial is minus, the root must be indicated.

as it is impossible to extract an even root of a negative

quantity.

i\\. These two rules should be readily understood from

what has preceded, but a further discussion of the law of

signs will be given. For this purpose consider the two

expressions (±x) n and y ±x. These give rise to the fol-

lowing eight cases:

When n is even (+ x) n = + xn
(1)

When;/ is odd (+ x)n = + xn
(2)

When n is even (— x)
n = + xn

(3)

When n is odd (- x) n = - x* (4)

When n is odd V+~x = - tyx (5)

When n is odd \
/— x = —

\ ((>)

When n is even v + * = ± %^' (7)

When n is even |/— x = \
f— x (8)

Cases (1) and (2) are evident, since any positive quantity

raised to any power must be positive. Cases (3) and (4)

follow from Art. 58, Part 1. Case (5) is the converse

of Case (2), and Case (6) is the converse of Case (4). Case (7)

gives an ambiguous result because when n is even (-f

and (— x) u are both equal to -f- x'\ and unless there is some-

thing else in the conditions of the problem to determine

which sign to use, it is necessary to use the double sign.

Case (8) can only be indicated as shown. This can virtually

be restricted to \/ — x, in which the index is ' The square

root of a negative quantity is called an Imaginary quan-
tity. There is no integral or fractional quantity whose

square will equal a negative quantity; hence, the square

root of such a quantity must be indicated as shown in

I

-Find the values of the following: (a- ] )~l; {cd ~ 2
)*

:

In the first, multiplying the exponents, — 1 x — £ = {

He: )~k — J
|

40^
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In like manner,

(c d~*f = c§d- h
, Ans. , since 1 X f = f , and — 2 X f = — 5

In the next one,

(xa)~ b = x~ab and {x~a)~ b = xab

Dividing, x~ ab -h xab = x - ab - ab == x-2a& Ans.

Example 2.—Find the value of \/'25§a*b v2
c*.

Solution.—The 4th root of 256 is 4. The exponent of a in the

root is 4 -=- 4 = 1 ; of b, 12 -=- 4 = 3 ; and of c, 8 -=- 4 = 2. As this is an
even root of a positive quantity, the sign should be ±.

Hence, |/256rt4^V8 = ±4abW Ans.

Example 3.— Ind the value of /iy
2

'7m3x
\

a 9b*c"

Solution.— tf21m*x» = Smxz
;
$/a?b*cn = a*b*c*. The quantity

is positive, and, as this is an odd root, its sign must be the same, or

positive.

Hence, |7 ,,
fi

.,, = -^-r Ans.

65. Since in -^ = ^~ 2

,

#~ a changes to #2 when placed

in the denominator, we may state the following principle:

A factor may be changedfrom the numerator to the denom-

inator, or from the denominator to the numerator, if tlie

sign of its exponent be changed.

_ , n~* 1 n n$ x~ l

y
For example, —r = —7-1; 1 = ; ^-^r = jL

-*i etc.
1

' ab abu" ay^ a by l

5^*

In the last, the positive exponent 1 of the y is not written.

Example.—Express, with positive exponents,

a-ib-*<* + ar*b~*c~* + a*b~*

Solution.—Since these terms may be taken as fractions, with 1

for the denominators, transfer the letters with negative exponents to

the denominators, obtaining

a-^b-H* + a-*b-*c-* + a*b-' = -75 + —=-r + f, Ans.
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Mi. The student must note very carefully that factors

of an entire term only can be changed from numerator to

denominator, or vice versa, and that when thus changed

they become factors of the whole of the other term. Thus,

in . _ a ,

—
T , c~* cannot be transferred to the numerator by

be
J + d J

merely changing the sign of the exponent. The exponent

may, however, be made positive by multiplying both terms

, t ., a x c* ac* . ae' 2

by r; thus, ,, __
,

—jt r = 1
—

l

—r-y. In =—

—

7 , if weJ
(be * + d)xe* b + c

2d b -f d'

transfer the e~ a
. it becomes -stj—7 jm *" becoming a factor

c (b + d)
of the entire denominator.

Example 1.—Clear jV^- 1 h =—=

—

. = =- of negativey y~ x — x3 a'
2 + b

to

exponents.

Solution.—Treat each term of the expression separately, x^y-^z— x

= —=—

=

; changing the factors with negative exponents to the

denominator, and at the same time changing the signs of the expo-

x* 2xv

f~z j- 1 - xy

denominator; hence, multiply .both terms of the fraction by the recip-

1 r 1 .u >'iTXy 2-ry2
_ 3^-^-V3

rocal of r 1 or y; thus, . r^—rf = ^-. In —= r-, a~ x

and £-2 are factors of the entire numerator, so we write them as factors

of the entire denominator, with the signs of the exponents changed;

thus,
Sa-td-'c3

_ 3f3 3<r
3

a 2 + b ~" ab\d2 + b)
~ aW + rf£3

Hence,

. . , 2xy 3^-^-V3 .r- 3<r3*'* ^ y-* - xs a 2 + b - y2z ^ 1 - x*y aW + ad3

Example 2.—Solve the following:

az X «">; n X ""*; 2c~* X = ; c" + cm \ x* + Vx*
— 84

Write the answers with positive exponents.

Solution.— o1 X «-1 = fl^+Cr1) = ^3_1 = a? Ans.

;/ x n * = //
1
+ (_i ' = w 1_i = ;/i Ans.

nents, the result is — . In
ti

_~~ ~—33, J
-1

is not a factor of the whole
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„ -a 1 2f~f 1 2 1 2x1
-3f^ 1 3^2 c\ 3^§ ,! x3,i

2 2

3^ + * 3<r*

w 2« n 2n n — 2n — w

Ans.

c
m -¥ c"1 = c'

n m = c m = c
m = c

m = -^ Ans

jr2 -7- yJ2 = ;tr
2 -7- ** = jr

2_
* = ^Q_§ = x'h Ans.

EXAMPLES FOR PRACTICE

Clear the following of negative exponents:

1. -r
2/-2iT*. Ans.

2. Za-^b + t-^-: + c~\ Ans. — + 2^-V +
1

j2^i

# <:

4^~2(r + </) A 4(f + d)
6

' 2c + d ' a\2c + d)

Express the following without radical signs:

4. ^F5
. Ans. (£~2

)* or 0~*

5. 4^|/^-'^-3
. Ans. 4aa-*&~* = laH-1

Find the values of the following

6. ;/z» X m~*. Ans. m*

7. 2#M x «~*^. Ans. 2aM

8. ^ _^_ |/^5 Ans. <r
r

9. 2^~2 -=- (x2
)

-
*. Ans. 2x-i

10. W m
) X V^ Ans c2™

•



ELEMENTS OF ALGEBRA
ART 3)

EQUATIONS
1. As defined in Art. 5, Part 1. an equation is

tatement of equality between two expre- -+- 6

<= 14.

2« Every equation has two parts, called the first and

second members. The first member is the part on the

left of the sign of equality, and the second member the part

on the right of that sign. In x — = 14. . - the first

member, and 14 is the second member.

\\. Equations usually consist of known an I unknown
quantities; quantities whose values are given,

and of quantities whose values are not given, but are

to be found. Thus, in jt+ 6 = 14, and 14 are known
quantities, and x is unknown; but since by the state-

ment of the equation, jt+ 6 must equal 14, x must

have such a value that when added le sum will

be 14. Hence, the value - fixed for this particu-

lar lar manner the value igle

unknown quantity i fixed by the rela:

that it bears to the known quantities, and this value can

lly be found.

Por notice of copyright, see page immediately following the title page.
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4. To solve an equation is to find the value of the

unknown quantity. This is done by a series of transforma-
tions by which the first member becomes the unknown quan-

tity, and the second member becomes a known quantity,

which is, therefore, the value of the unknown quantity.

TRANSFORMATIONS

5. In transforming an equation, the equality of its mem-
bers must be preserved; otherwise the existing relations

between the known and unknown quantities will be

destroyed. Transformations are based upon the following

principles:

6. In any equation:

I. The same quantity may be added to both members.

For example, if 2 be added to both members of x 1 = 16, the

members of the resulting equation, x* + 2 = 18, will be

equal.

II. The same quantity may be subtracted from both

members. Thus, if x2 = 16, then x2 — 2 = 14.

III. Both members may be multiplied or both divided

by the same quantity. Thus, if x2 = 16, then 2x2 = 32

and ^ = 8.

IV. Both members may be raised to the same power.

Thus, if x2 = 16, then x* = 256.

V. Like roots of both members may be extracted.

Thus, if x2 = 16, then x = 4.

A little thought will show that none of these operations

will destroy the equality of the members. In the equation

16 = 16, for example, by I, 16 + 2 = 16 + 2; by II, 16

- 2 = 16-2; by III, 16 X 2 = 16 X 2, etc. It is to be

observed, however, that after any transformation, the mem-

bers do not equal their original values. In transforming an
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equation, it is not permissible to multiply or divide the

given equation by <>. or by any expression containing the

quantity whose value is to be found.

7. Transposition.—In transforming an equation, it is

frequently necessary to transpose, or change, a term from

one member to the other. For example, in the equation

ox -\- 5 = 12, let it be required to transpose the + 5 to the

second member. This may be done by subtracting -\- 5

from both members, which, by Art. 6, II, will not destroy

the equality ; thus,

3,r+5 = 12

Subtracting + 5 from both members, 5 5

Sx = 12 - 5 = 7

Again, let it be required to transpose the — 5 in 3a' — 5

= 12 to the second member. This may be done by adding

+ 5 to both members, which, by Art. 6, I, will not destroy

the equality; thus,

3-r - 5 = 12

Adding + o to both members, 5 5

3a- = 12 + 5 = 17

Now, what was really accomplished in each ease was to

trans from the first to the second member, with its

sign changed; and in changing a term from the second to

the first member, the same operation would be performed.

Hence,

8. Any term may be transposedfrom either member of an

equation to the other, if its sign be changed.

9. Cancelation.— When the same term appears with the

same sign in both members of an equation, it may be canceled

from both. For, in the equation x -f a — 6 + #, we hi

by transposing the a in the fust member, to the second

member, x = 6 + /i — a; whence, the a's cancel, leaving

x = 6. It must be observed that terms will not cancel
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from both members unless they have the same sign. Thus,

in x — a — 6* + #, we have, by transposing the — a, x = 6

10. Changing Signs. — It is sometimes desirable to

change the sign of a quantity in an equation from — to + or

from + to — . To change it, we use the following principle:

tlie signs of all the terms of both members of an equation may
be changed without destroying the equality. For, in the

equation — x -f- 4 = 10 — a, both members may be mul-

tiplied by — 1 (Art. 6, III), giving x — 4 == — 10 + #, or

0-10.

11. Clearing of Fractions.—When an equation con-

tains fractions it must be cleared of them in order to find

the value of the unknown quantity.

x *$x 2x
Example.—Clear the equation x + - + —r + — = 100 of fractions.

2 4 6

Solution.—The least common denominator of the fractions is 12.

By Art. 6, III, both members may be multiplied by the same quan-

\2x SQx
lity. Hence, multiplying each term by 12, we have 12;tr + —- -+-—

24jt
H—g- = 1,200. Now, reducing each fraction to its simplest form,

which will not alter its value, and so will not destroy the equality of

the members, we have 12x + 6x + 9x + Ax = 1,200, the denominators

of all the fractions having canceled.

12. Hence, to clear an equation of fractions, multiply

each term of the equation by the least common denominator.

13. Instead of multiplying the numerators by the least

common denominator and then reducing the fractions to

their simplest forms, it is easier to divide the least common
denominator by each denominator, and then multiply the

corresponding numerators by the quotients,

Example.—Clear the equation ~ =
5

-. of fractions.H x + 2 2 x 2 — 4

Solution.—The least common denominator is 2(.r 2 — 4). Dividing

this by x + 2 and multiplying 2x by the quotient, 2(x — 2), gives



ELEMENTS OF ALGEBRA 5

or 4.t'- — Bjr; dividing 2t.r- - 4) by 2 and multiplying l by

the quotient, x* — ; 1; and dividing \ and

multiplying- by the quotient —4. Hence, the

equation becomes 4.r- — Bx = x* — 4 — fcr— 4, all the denomin

having canceled in the proof -

1 }. Where a fraction is preceded by a minus sign, en re

must be taken to change the sign of every term of the numer-

ator when clearing of fractions.

EXAMPLES FOB PRACTICE

the following equations of fractions:

1. * + ?£+ ;? = 16- Ans |-aOx = 44&r-56
x

Ans. o.r— 6-r+ IS = 2a

a — b a + b

Ans. <?.r -r 0-T — t?'
: .r — b'

:x = d- — 2aS -~- / : — <?- + /'-'

.1 x a + b .

4. r = 7 . Ans. x — x- — a- -+- b-
{d — b) a — b x

a x x -3 a

4 2 ~ 6'

R
a

SOLUTION OF SIMPLE EQUATIONS

15. A simple equation is one containing only the first

power of the unknown quantity, when cleared of radical and

is and fractions. It is also called an equation

of the flr.-t degree.

1T>. The unknown quantity in a simple equation contain-

ing but one unknown quantity is usually represented by the

letter x. Known quant Dted by and

by the first letters of the alphabet. Equations containing

known quantitit ll< d literal

equations, and if any literal equation be solved (Art 1

the value of the unknown quantity will usually contain

or more of the first letters of the alphabet.
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17. To solve a simple equation:

Rule.—Clear the equation offractions, if it has any

.

Transpose the terms containing unknown quantities to the

first member, and the known terms to the second member.

Combine the terms containing the unknown quantity into

one term and reduce the second member to its simplest form.
Divide both members of the resulting equation by the coeffi-

cient of the unknown quantity (Art. 6, III), and the second

member of this last equation will be the value of the unknown
quantity.

This rule does not hold absolutely in all cases, since

special methods are often used, of which the student can

learn only by practice.

18. To verify the result, substitute the value of the

unknown quantity in the original equation, which should

then reduce so that both members will be alike. When this

occurs the equation is said to be satisfied.

19. A root of an equation is the number or quantity

which, when substituted for the unknown quantity, satisfies

the equation. After an equation has been solved the root

so obtained should always be substituted for the unknown
quantity to see if it satisfies the equation ; if it does the root

found is correct; otherwise the work must be repeated to

find the error.

20. In the following examples, the value of the unknown
quantity x is to be determined. The transformations used

all depend on principles explained in Arts. 5-14.

Example 1.—Solve the equation 20 + bx —3^—18 = 10.

Solution.—Transposing 20 and — 18 to the second member,

5x - %x = 10 - 20 + 18

Combining like terms, 2x = 8

Dividing both members by 2 (Art. 0, III),

x = 4 Ans.
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To verify the result, substitute 4 for .r in the original equation.

(Art IS.) Thus,

4-3x4-18 = 10

or, - 12 -18 = 10

Combining, 10 = 10, which proves the result

Example 2.—Solve the equation 5.r — (10 — x) = 5.r -+- 4(.r — 1).

Solution.—Removing the parentheses,

o.r- 10 ~ x = 5.r + 4.r-4
or -10 = O.r - 4

Transposing — 10 to the second member and 9.r to the first member,

6.r- 9.r =10-4
Combining like terms, — 3.r = 6

Changing signs to make the term containing x positive,

3.r = - 6 (Art. 10.)

Dividing both members by 3, x — — 2. Ans.

Proof.— 5 X — 2 — (10 + 2) = 5 X - 2 + 4( - 2 - 1)

or - 10- 10-2= — 10-8-4
Combining, — 22 = — 22, which proves the result

Example 3.—Solve the equation

16 - x - • 7.r - [8.t- - (9.r - 3.r - 6.r)
J } =0

Solution.—Removing the aggregation signs,

16 — jt— \ 3.r -6,r =
or - 12*+ 16 =

Transposing 16 to the second member,

- 12.r = - 16

Dividing both members by — 12,

x = \% — \\ Ans.

Example 4.—Solve the equation

2.r -f- 2 1 _ 8 - 6.r _ 2( 6.r + 7)

2 ' 4 ~ 5
+

8

Solution.—Reducing the first term of the first member and the last

term of the second member to a simpler form, the equation becomes

1 8 - - 7x+ 1 + T =
4 5 4

Clearing of fractions by multiplying each term of both members by

20, the least common denominator, we have

or
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Transposing and uniting terms,

Ux = 42

Dividing by 14, x = 3 Ans.

x _i_ 4 3jit 4 jfExample 5.—Solve the equation x -\ ^ = 9.

Solution.—Clearing of fractions by multiplying each term by 40,

the least common denominator, and remembering that the sign of the

second fraction is minus (Art. 14),

40* + 20* + 80 - (Ux - 32) - 5* = 360

Removing parenthesis, transposing and uniting terms,

31* = 248

Dividing by 31, x = 8 Ans.

3 2 1
Example 6.—Solve the equation - \- -.

z = 0.
1 — x 1 + x 1 — x*

Solution.—Clearing of fractions by multiplying by 1 — * 2
, the

least common denominator,

3(1 + x)- 2(l-*) + l =
3 + 3jt-2 + 2jt+1 =

Uniting and transposing terms,

bx =-%
x = — .4 Ans.

Note.— multiplied or divided by any number m 0.

21. If the denominators in a fractional equation are

partly monomial and partly polynomial, it will be easier to

clear of fractions at first partially by multiplying by the least

common denominator of the monomial denominators.

- o , A. .- 8* +5 4.r + 6 7.r-3
Example 1.—Solve the equation ——— = —= -.H 14 7 Qx+2
SOLUTION.—Clearing of fractions partially, by multiplying each term

by 14, and noticing that 2 may be canceled from the denominator of

the second fraction of the second member when multiplying by 14,

o -.o 49* -21
Sx + 5 = Sx + 12 - — —

3x+ 1

Transposing and uniting the terms (Art. 9),

49* - 21 _
Sx+ 1 "
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Clearing" of fractions by multiplying each term by 3.f+ 1,

49jt- 21 = 21x4 "

•>
-

x = 1 Ans.

8 "^n^r
Example 2.—Solve the equation 1 h T = —-.

1

r — 1 6

S >littion.—Simplifying the second member by multiplying both

numerator and denominator of the fraction by 1 — x,

1 . _JL_ - 3( 1 ~
- + 4 - .r

.r- 1
~

8(1 — jb)

Changing the signs of the first fraction so as to make the denomi-

nator 1 — x, and clearing of fractions by multiplying by 3(1 — x),

3(1 - x) - 9 = 3(1 - .r) + 4 - x

Canceling 3(1 — x) from both members and transposing,

a=: 13 Ans.

22. When powers of the unknown quantity higher than

the first appear in an equation, they will often cancel, the

equation thus reducing to a simple one.

Example.—Solve the equation

(.r + Sf - 3.r(4.r + 1) = 5.r2 - {Ax - 5)»

Solution.—Performing the operations indicated,

x* + 6.r + 9 - 12x* - 'Sx = 5.t- - (16.i - - 40.r + 25)

Removing the parenthesis and transposing terms,

x* + 6.r - 12x* - 3.r- 5.t- 4- 16.r- - 40.r = - 25 - 9

Combining like terms, — 37.v = — 34

Dividing by —87, X = j;i Ans.

B8. In literal equations (Art. 1(>), the terms con-

taining known ur unknown quantities cannot alw; >m-

bined into one. In solving, all terms containing unki;

quantities must be brought into the first member without

regard to whether they contain known quantities.

mi'I.k 1.—Solve the literal equation 2ax— 3^ = x + c — "

Transposing the terms containing the unknown quanti-

and the remaining terms to the second member,
and combining like

— x = 36 + c
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Factoring 5ax — x with a view to bringing x alone in the first

member,
(5# — l)x = 3b + c

The coefficient of x is now 5a — 1, this being considered as one

quantity.

Dividing by 5a — 1, x = = r
' Ans.

5a — 1

Proof.—Since the original equation is equivalent to 5ax — x = 3b

+ c, it will be sufficient to satisfy this equation. Hence, substituting

the value of x,

5a(3b + c) 3b + c

or

5a — 1 5a— 1

(5a -1) (3b + c)

= 3b + c

5a -1
Canceling the 5a— 1,

3b + c = 83 + c

Example 2.—Solve the equation

(x + a) (x - b) - (x - a) (x + b) = a? - b*

Solution.—Performing the operations indicated,

x2 + ax — bx — ab — (x2 — au- + bx — ab) = d1 — b*

Combining like terms, 2ax — 2bx = a 1 — b2

whence, 2(a — b)x = a? — b*

a* - b> (a + b) (a - b) (a + b)

2{a - b) 2(a - b) 2
Ans.

Q C1 .. .. Zx+l 3bx-2a + c
Example 3.—Solve the equation, r = -r.

—-^-r .H x+ 1 b(x + 1) — a

Solution.—Clearing of fractions,

(3x + 1) [b(x + 1) - a] = (x + 1) (3bx -2a + c)

or

3bx(x + 1) - Sax + b(x + 1) - a = 3bx(x + 1) - (2a -c)(x+ 1)

Canceling 3bx(x + 1) from both members,

— 3ax + bx + b — a = — 2ax +cx—2a + c

Transposing and uniting terms,

— ax + bx — ex = — a — b + c

Changing signs and factoring,

(a — b + c)x — a -h b — c

a + b — c .

whence, x =
J
—

i

— Ans.
a — b + c
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l \ VM PIJSS BOB PBA< IK i:

e the following equations:

1. 10-3-r = 13 — (

2.v.

•J.r 4.r _ 3.r

I -T = ~T-

6.

7.

3 5

X
T-
X*-
Sx-

5x
-7

=
3

- '2.V 3- 2 F = 0.
- 4

- ±a = 3tf.r + s — 0*x.

#_r + &r a* — 4a + 4
9. = 0.

Ans. x =

Ans

.r — — 1

Ans. .r = 1

Ans. .r = 9

x = 60

Ans. .r = 41

r = — 7

Ans. x = 4)

<*- — 4<7

a* - 3<? - 2

5a1 + 10a

5<? ±0

SUGGESTION.—Transposing the second term to the second member,

ax + Ix a* + 4.7 + 4 (a + *

U

Multiplying both sides

ax + ix

Solving for x
t

-id 4b

4*

5ju/ + 2)" 5j(«j + 2) 5a1 + 10a

(a + 2)4/3

io. 2(£l±£5 = ^ + ST.
^•JT C

it id

Ans. jr =

PROBIiBMS LEADING TO SIMPIiB EQUATIONS WITH
on E I \K\ow \ QUANTTT1

\M. There are tw< ution of problems by

algebra:

First.—The relations which exist between the known and

the unknown quantities, that is, between those whose values

.en in the problem and those whose values are

required, must I or more equations. This is

called the statement of the problem.
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Second.—The resulting equation or equations must be

solved, giving the values of the required quantities.

25. The ability to state a problem by means of an equa-

tion depends upon the ingenuity of the operator and his

ability to reason, rather than upon his knowledge of algebra.

No definite rule can be given for making the statement, but

in general, where there is only one unknown quantity in a

problem

:

Decide what quantity it is whose value is to be found.

This will be the unknown quantity, or the answer. Then

represent the unknown quantity by x and form an equation

that will indicate the relations between the known a?td the

unknown quantities as stated in tJie problem.

It will thus be seen that by the algebraic method, the

answer to a problem is used in the solution and operated

upon as though it were a known quantity, which is one

great advantage ever the arithmetical method.

Note.—The equation will also indicate the operations that would
be performed in proving the statement made in the problem, were the
answer known. Hence, the equation may often be formed by noticing
what operations would be performed upon the answer in proving.

Example 1.—Find such a number that, when 14 is added to its

double, the sum shall be 30.

Solution.—The quantity whose value is required is the number
itself. As this is the unknown quantity, let x = the number, whence

2x must be double the number. Now the problem states that when 14

is added to double the number the sum will be 30. In other words,

when 14 is added to 2x, the sum will be 30. Hence, the statement of

the problem in the form of an equation is

2x + 14 = 30

Whence, solving, x = 8 Ans.

Example 2.—Find a number which, when multiplied by 4, will

exceed 40 as much as it is now below 40.

Solution.—Let x = the required number, which, when multiplied

by 4, becomes Ax. According to the conditions of the problem, the

amount by which 4 times the required number, or 4x, exceeds 40 is

equal to the amount that the number itself, or .r, is below 40.
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But 4.r — 40 is the amount by which 4.r exceeds 40, and 40 — x is the

amount by which x is below 40.

Hence, by the conditions, we have the statement,

ix _ 40 = 40 - x
Transposing and uniting, 5.r = 80

or x = 16 Ans.

Example 3.—Two loads of brick together weigh 4,000 1b.; but if

b. be transferred from the smaller to the larger load, the latter

will weigh 7 times as much as the former. I low much does each load

weigh ?

Solution.—If the weights of the two loads were known and it was

•d to prove the correctness of the example, we should add 500 lb.

to the weight of the larger load and subtract 500 lb. from the weight of

the smaller load, as stated in the example. The larger load should

then weigh 7 times as much as the smaller. To obtain the equation, the

same thing is done by letting x = the weight of one load, whence

4,000 — x equals the weight of the other load.

Let x = the weight of the smaller load.

Then, 4,000 — x = the weight of the larger load.

Also, x — 500 — the weight of the smaller load after transferring

500 lb.

d 4,000 — x + 500 = the weight of the larger load after transfer-

ring 500 lb.

By the conditions, the larger load now weighs 7 times as much as the

smaller.

Hence, l(x- 500) = 4,000 - x+600
- ring, 7.r- 3,500 = 4,500 - x

or 8.r = 8. (Hio

whence, x = 1. 000 lb. = weight of smaller load )

and 4,000 - .r = 3,000 lb. = weight of larger load f

Proof.— 1,000 — 500 = 500 = weight of the smaller load, and

500 = 8,500 weight of the larger load after the 500 pounds
have been transferred; 3,500 -4- 500 =

Example 4—The circumference of the fore wheel of a carriage is

1«> feet, and of the hind wheel 12 feet. What distance has the carriage

traveled, when the fore wheel has made 8 more turns than the hind
1 ?

S LUTION.— In this example the distance traveled is not known, but

[aired to be found. Suppose that the distance is known, and that

it e<[" •
. and that we wish to sec whether the statement is true

that the fore wheel makes 8 more revolutions than the hind wheel in

40—16
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passing over x feet. The number of revolutions of the fore wheel is

x x
evidently '—, and of the hind wheel, ^. The example states that the

difference between them equals 8.

Hence,
XX
10-12 = 8 (1)

Solving for X, 12x - lO* = 960

or 2x = 960

and x = 480 ft. Ans.

Proof. -
480

_

10
= 48 = revolutions of fore wheel

480

12 '
= 40 = revolutions of hind wheel

48 -40 == 8. Compare this proof with (1)

Example 5.—A water cistern connected with three pipes can be

filled by one of them in 80 minutes, by another in 200 minutes, and by

the third in 300 minutes. In what time will the cistern be filled when
all three pipes are open at once ?

Solution.—Here the unknown quantity is the number of minutes

required to fill the cistern by all three pipes together. Supposing this

to be x minutes, the example may be proved by noticing that the sum
of the quantities of water flowing through each pipe separately in a

given length of time, as 1 minute, must be equal to the quantity flow-

ing through all three together in the same length ottime. According

to the problem, the quantity discharged by the first pipe in one minute

would be /o, by the second j^, and by the third 3^ of the contents of

the cistern. In like manner the quantity discharged by all three at

once in one minute would be -. Then, if the example is stated cor-
x x

rectly,

! JL _L -1
80
+

200
+

300 ~ x

Clearing of fractions,

jtr(30 + 12 + 8) = 2,400

: ,r 50x = 2,400

whence, x — 48 minutes Ans.

Example 6.—A man rows a boat a certain distance with the tide, at

the rate of 6f miles an hour, and returns at the rate of 3£ miles an

hour, against a tide half as strong. If the man is pulling at a uniform

rate, what is the velocity of the stronger tide ?

Solution.—If the following statement is not clear, the student

should reason it out for himself in a manner similar to that used in the

last three examples.
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Let.r — number of miles per hour that the stronger tide is running,

i"

then T = number of miles per hour that the weaker tide is running.
m

|-

Henee, 6] — .rand :!'.
| are expressions for the rate at which the

man is pulling. But, as he is pulling at a constant rate all the time,

these expressions must be equal. Hence,

x
+ w
X

+
2

+ 3x
20

x = 2f miles per hour Ans.

-x = SJ

or
20 10

3
X ~

.3

Clearing of fractions, 40 _ Qx = 20

or - 9x = -
whence, x — 21

EXAMPLES FOR PRACTICE

Solve the following examples:

1. The greater of two numbers is four times the lesser number, and

their sum is 400; what are the numbers ? Ans. 80 and 320

J. A farmer has 108 animals, consisting of horses, sheep, and cows.

He has four times as many cows as horses, lacking 8, and five times as

many sheep as horses, lacking 4; how many has he of each kind ?

r 12 horses

Ans. -j 40 cows
( 56 sheep

3. A can do a piece of work in 8 days, and B can do it in 10 days;

in what time can they do it working together ? Ans. 4| days

4. Find five consecutive numbers whose sum is 150.

Ans. 28 + 29 + 30 + 31 + 32

•"». A boat whose rate of sailing is 6 miles per hour in still water

moves down a stream which flows at the rate of 3 miles per hour, and

returns, making the round trip in 8 hours; how far did it go down the

stream ? Ans. 18 mi.
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QUADRATIC EQUATIONS
26. A quadratic equation is one in which the square is

the highest power of the unknown quantity when simplified

as stated in Art. 15. It is also called an equation of the

second degree.

27. A pure quadratic equation is one which contains

the square only of the unknown quantity, as x* + ^cib = 10.

28. An affected quadratic equation is one containing

both the square and the first power of the unknown quan-

tity, as x2
-j- 2x — 6.

29. By the processes used to reduce simple equations,

any pure quadratic equation may be reduced to an equation

having the square of the unknown quantity alone in the first

member, and some known quantity in the second member,
as in x2 = a, where x* is the square of the unknown quan-

tity and a is a known quantity. The value of the unknown
quantity may then be found by extracting the square root

of both members, which, by Art. 6, V, will not destroy the

equality of the equation. By referring to Case (7), Art. 64,
Part 2, it will be seen that after extracting the square root,

each member should be written with the ± sign. Thus,

extracting the square root of both members of x* = a, we
have ± x = ± ^~a. This may be taken in four ways,

namely, that

-\- x — + \/a

-\- x — — \/~a

— x = — \/a

— x = + V^

But by Art. 10, the signs of both members of the last

two equations may be changed, making -|- x = + \/a and
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+ x = — \f~a~, the same as in the first two equations.

Hence, the equation x l = a has the two values,

x = + i

and ,r = — \/a

and these may be expressed by writing x in the first member
without any sign (plus understood), and writing the square

root of a in the second member with the ± sign, thus,

x = ± \Ui

30. From the foregoing, we have the following rule for

solving a pure quadratic equation:

Rule.—Reduce the given equation to the form of x* = a

(Art. 29), and extract the square root of both members, zcri-

ting the ± sign before the square root of the second member.

X <te.—The root of an equation is the value of the unknown quan-
tity. From this it will be seen that a simple equation has one root,

and a quadratic equation has two roots. In general, any equation has
as many roots as there are units in the exponent of the unknown quan-
tity.

pi x- — 3 1
Example 1.—Solve the equation '— — -—-— =—

.

riON.—Clearing of fractions by multiplying each term by 80,

- 3) = 4

Transposing and uniting, — ll.r"2 = — 44,

or x* = 4

Extracting the square root of both members,

r = ±2 Ans.

Example 2.—Solve the equation

\'x - 2 i r - 2 = 4
\ - \ - 2

Solution.—Clearing of fractions by multiplying each term by

^x + 2 x \

X — 2 4- .1- 4- 2 = 4 \'x +2x V- 1
' — 8

or, :
t

Z~4

ling by 2. .

|
-^4

iring, I

i»;

when — 111
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Extracting the square root of both members,

x = ± 4 1/4 Ans.

Note. — That yx + 2 X yx — 2 = \/x^ — 4 is readily seen

from the following : Using fractional exponents \/x — 2 X Vx + 2

= (.r - 2)* (x + 2)1 Since 25* X 36* = 5 X 6 = 30 and since (25 x 36)*

= 900* = 30, it follows that 25* X 36* = (25 X 36)*; and since any
numbers whatever may be substituted for 25 and 36, a and b may be

substituted also, and a? x b* = (ab)*. Now letting a = x — 2 and
b = x+2, a$ X $ = (x - 2)* (x + 2)* = [{x - 2) {x + 2)]* = (;r

2 - 4)*

= 4/^-4.

EXAMPLES FOR PRACTICE

Solve the following equations:

1. 3x* - 57 - 4ji-
2 = - 8x> + 6. Ans. x = ± 3

1 « 9
2

- 9^ + 7 = ZTi-
AnS

'
X = ±2;r2 4x

35- *2 +
5

50 = X2 -

1 + x*.

X*

3

10

*|/6 + x2

Ans. or = ± 5

Ans. x = ± %

AFFECTED QUADRATIC EQUATIONS

31. Every affected quadratic equation may be reduced

to the form x*±px = ±q

in which the term containing x* is positive and the coeffi-

cient is 1 ; the term containing x is positive or negative and

the coefficient has any value; and the remaining term q has

any value and is positive or negative. For example, sup-

pose it is required to -bring the equation ax* — bx + ex

— x* -\- 3 = d into the required form. First collect the terms

containing x* and factor; then the terms containing x and

factor; then the terms that do not contain x2 or x after

transposing them to the second member. Lastly divide

by the coefficient of x*. Thus,

ax"* — x* ~\- ex — bx = d — 3

(a - l)x2 +(c — b)x = d-S
9

. c - b d-d
x + T X — -\

a — 1 a — 1
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Here x* is positive, and the coefficient is 1 ; the coefficient

c — b
ot x is - which may be put equal to p\ and the known

term (usually called the absolute term, because it <

not change for any value of x) is -, which may be rep-

resented by q. The equation is now of the required form.

32. Any equation of the form x* ±px = ±q may be

solved, that is, the values of x (the roots of the equation)

may be found, whether the coefficients are numerical or

literal, by the following formula:

x = ^\{p±Vf±iq)
The =F sign is read minus or plus, and is a combination of

the minus and plus signs. In this formula, the minus sign

before the parenthesis is used if the coefficient of x in the

original equation is positive, and the positive sign is used if

this coefficient is negative; the plus sign between p* and 4q
is used if q in the original equation is positive, and the neg-

ative sign is used if q is negative. The double sign before

the radical indicates that there are two values of x
y
one of

which is equal to one-half of/ plus the radical, and the other

to one-half ot p minus the radical.

Example.—Solve the equation 4.r- — lO.i — 128 = 0.

tio.w— 4.t- - 16jt — 128 =
Transposing 128, - 16* = 128

Dividing by 4, - l.r =

The equation is now in the required form, and p in ihe formula

while q Since p is negative, use the positive sign

re the parenthesis, and since q is positive, use the positive sign

under the radical sign. Substituting,

X = ](4 ± |/4* + 4

= 1(4 ± /I'

= - t ; 3)

=
1

r |(4 - 1*)

= 8or — 4 Ana
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33, The result just obtained may be proved in two
ways: First, by substituting the values found for x in the

original equation; if both satisfy the equation, the results

are correct. Second, put the original equation in the form

x1 ± px ± q = 0, by transposing the absolute term ; then

form two binomial factors by adding to x the roots with

thei?- signs changed ; the product of these factors must
equal the first member of the equation, if the work is

correct.

Applying the first proof to the last example,

4(+ 8)
2 - 16(+ 8) - 128 = 256 - 128 - 128 =

4(- 4)
2 - 16(- 4) - 128 = 64+ 64-128 =

Applying the second proof to the same example, the roots

with their signs are — 8 and 4; adding these to x, the sums
are x — 8 and x -f- 4. Treating these binomials as factors

and expanding (x — 8) (x + 4) = x* — 4:X — 32, which is the

value of the first member of the equation 4;r
2 — 16x — 128

= when reduced to the form x* ± px ± q = 0, by

dividing both members by 4. It is to be noted that multi-

plied or divided by any finite quantity is zero.

34. If any equation of the form x"
2, ± px ± q = can

be factored (and every such equation can be factored), either

factor can be placed equal to zero, and by transposing the

absolute term the value of x can be found. For example,

in the last article x* — 4=x — 32 = ; hence (x — 8) (x + 4)

= 0, from which x — 8 = —
;

—- = 0, and x = 8, or x 4- 4
x + 4

= = 0, and x = — 4.
x — 8

This fact gives an easy method of determining the roots

by inspection when the equation has numerical coefficients

and the roots are integral or fractional. It is evident, as

will be seen by actual multiplication, that the product

of the absolute terms of the factors must equal the

absolute term of the given equation; also that the sum
of the absolute terms of the factors must be equal to
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the coefficient of x\ in both cases the sign of the term is

supposed to be included in the statement. Consider now
the equation

- 4.r- 32 =

The absolute term — 32 is obtained by multiplying two

numbers with unlike signs; the coefficient ~ of x, which

is — 4, is obtained by adding either two negative quantities

or a positive and a negative quantity, the negative quantity

being the greater to obtain the minus sign. The following

are all the pairs of integral factors of — 32, whose product

will equal — 32, together with their sums:

Product Sum Prt Sum
_ 1 x 83 = — 32 - 1 + 82 = 31 1 X - 32 = - 32 1 + (- 32) = - 31

- 2 x 16 = - 82 - 2 - 16 = 14 2 x - 16 = - 32 9 16 = — 14

_ 4 x 8 = - 32 - 4 - 8 = 4 4 x - B = — 82 4 + (- 8) = - 4

In the last case, both conditions are fulfilled; hence,

.r- - ix - 32 = [x - 8) (x + 4) = 0, from which x = 8 or - 4.

It is well in all cases to attempt the solution by inspection

before applying the formula, since if a solution is possible

by this method the work is greatly reduced. This method
also proves the work by simply multiplying the factors.

Example.—Solve by inspection 13.r— x% = — 14.

Solution.—Bring the equation into the required form by changing

all the signs and transposing the absolute term.

- 14 =
The only pairs of integral factors of 14 are 1 X 14 and 2 x 7. The
coefficient of x is — 13. and since — 14 + 1 = — 13, the factors are

evidently -14 x 1- Hence.

(.r - 14) (x - 1 ) = 0, and x = 14 or - 1 Ans.

Remark.—If the formula had been used in solving the

last example the work would have 1 -Hows:

- i:5.r = 14

x =
\ 14)

= !''
*

=
= 14 or - 1
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35, The principles given in Art. 34 may be obtained

directly from the following data for writing out the product

of any two binomials, the first terms of which are alike:

Add the square of the first term, the product of the first

term and the sum of the second terms, and the product of the

second terms.

Example.—Write out the products of x— 3 and x—Q\ also, of

x 2 — a and x'2 -f b.

Solution.—For the first case, the square of the first term is x2
;

the sum of the second terms is — 3 — 6 = — 9; and the product of the

second terms is — 3 X — 6 = 18 ; hence, (x— 3) (x— 6) = x2 — 9x + 18.

Ans.

For the second case, the square of the first term is x4
; the sum of

the second term is — a + t? = — (a — b)or (b — a)\ the product of the

second terms is — ab ; hence,

(x2 - a) (x 2 + &) = x*-(a-b)x2 - ab or x* + (b - a)

x

2 - ab Ans.

36, Several examples will now be given showing thfe

application of the foregoing methods to the solution of

typical examples.

Example 1.—Solve the equation — Sx2 — rIx = ±g-.

Solution.—Dividing both members by — 3 to make x2 stand alone

and positive, x2 + \x = — -V-.

From the formula, x = — 1(| ± tf*£ — *$)

= -i(I±l)
= _ | or — f Ans.

The example may also be solved by inspection, as follows

2x5
The absolute term -1/ is equal to k-~q = f X f , and f + § =

o X o

hence, (x + §) {x + §) = 0, and x = — § or — §. Ans.

x& — 8
Example 2.—Solve the equation x 5

= = 2.
1 x 2 -+- 5

Solution.—Clearing of fractions,

xz + 5^ _ „r 3 + 8 = 2x2 + 10

Transposing and uniting terms,

- 2x 2 + 5x = 2

Dividing by —2.
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From the formula, x =
\ |

- 4)

r= 2 ur i Ans.

- pec tion,

1 = 1 = j-' -(-1) = ~2i = -»

hence, (x- 3) (x— |) = 0, and x — 2 or \ Ans.

Example 3.—Solve the literal equation acx* — bex + adx = bd.

Solution.—Reducing the equation so that the first member will

contain two terms, one with x* and one with x,

acx% — {be — ad \x = bd

rs- -a- u * be — bd
Dividing bv <k\ x* x — —6

- ac ac

m the formula,

- > a-e* **• /

* *V

/Tfc— ad } 4bd\

-<

-<
_ y (

be-ad -adf \
~ - *1 (*# /

^ Jbc-ad be+,
\ *c ae )

.7/- / r

The example may also be solved by inspection

•
— bd ^

x* x =
ac ac

Ans

ihe coefficient of . rich is equal to — (

c )
; the product of these two fractions is

d bd
X - = — the same as the absolute term; hei

a c ac

(,-• land*.

the equation 80 — 3.r* — 2_r = -

So: . term in the '. member,
. ..- — 3 in

the equal.
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From the formula, x = — |(f ± y§ + H*)

= — y- or -L& = 5 Ans.

By inspection, the factors of ^ are ^7- and 5; but 5 = ^-; and since

-1/ + (— j£) = f, it is evident that X* + \x
and x = — J^ or 5. Ans.

Example 5.—Find the value of x in the equation
x + a x — b'

Solution.—Clearing of fractions, x(x— b) = b(x + a) or x'2 — bx
= bx + ab. The term bx in the right-hand member must be trans-

posed to the other side so that only the known term shall be on the

right. The equation then becomes x"1 — bx — bx = ab, or

x* - 2bx = ab
From the formula,

= y$b ± V±p + 4ab)

= &2b± |/4(^-h ab)

= y$b ±2 |/^ + ab)

= b ± \/b* + ab Ans.

This example cannot be solved by inspection, since the

required factors, which are x — b -\- V'

U

1

-f- ab and x — b

- x^b
2

-f- ab can be determined only by the aid of the for-

mula. That the result is correct may be proved by mul-

tiplying the factor. Thus, (x — b + \/b
2

-f- ab) (x — b

- \/b* + ab) = [x- (b- \fP + ab)] X \x - (b +\/b2

-f ab)]

- x* _ (b _^ + ^ + £ + 4/£
2 + ^) # + (b - i/b" + <*£)

(b + >/F+^) (see Art. 35) = x* - %bx + b* - (b
2 + atf)

(see Art. 27, Part 2) = x2 — 2bx — ab, which is the same

as the original equation with the absolute term transposed

to the first member.

Example 6.—Find the positive value of Tin the equation

2.08282 = 6.1007-?^-^
Solution.—Clearing of fractions and transposing,

4.06848 T 2 - 2,719. 78 T = 400,215

Dividing by 4.06848, Z 2 - 668. 500 T = 98,369.7

Applying the formula,

T = £(668.5 ± 4/668.52 +4x 98,369.7) = 792.609 Ans.
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i:\ \Mi'i.i> FOB im:a( ti< I

Solve the following equations:

1. x* + 2x = Ans. x = 5 or — 7

2. 9.t- + 6.r = IS.

- Ux = 5.

24
4 Jr+ -=^s = 3.r-4.— 1

5. —

6. —— + ^±J = Y- * = 2 or - 3
X -h 1 JT "

9.r 3£ . */. ,t^
7 - 5FT« = 37^- Ans. x =

5(» * I

— a . 9a a
8. -^—^— = T . Ans. x = -r-or^

3# — 2.r 4 4 2

x =

X = 5 or -_ o

Ans '.' = f or A

EQUATIONS EN THE QUADRATIC FORM

37, An equation is in the quadratic form when it con-

tains only two powers of the unknown quantity, and the

runt of otn at as the exponent

of the other. Such equations are solved by the rules for

quadratics.

Example 1.—Solve the equation x4 +- 4.r- = 12.

Solution.—By inspection,

x4 _ 4 .r- _ 12 = _ s - 5) =

whence, = 2 or — 6

Extracting the square :

x = ± \ , \ — >; Ans.

e the eqi: 10 = 59.

*.—Transposing tl

. v - 89 =

By inspection, x* f 30r* - 69 = - 5) = 0-

wher

Extracting the cube r

x = j \ -23 = -

i . Ans.
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Example 3.—Solve the equation ,r* + x* = 756.

Solution.—Using the formula, because the factors are not easily

found,

x* = -i(l ± s/\ + 3,024) = - i(l ± 55) = - 28 or 27

Now, to obtain a value for x, we must extract the cube root of both

members and then raise both members to the 5th power. This will

clear x of its fractional exponent.

Extracting the cube root, x* = 3 or — ^28.

Raising to the fifth power, x — 243 or — ff 28
5

. Ans.

EXAMPLES FOR PRACTICE

Solve the following equations:

1. jr
4 + 4x 2 = 117. Ans. x = ± 3 or ± \f— 13

2. x e - 2x* = 48. Ans. x = 2 or - ^6
3. x* - 8x* = 513. Ans. x = 3 or - ^19

4. x* — x% = 56. Ans. x = 4 or (— 7)3

PROBLEMS LEADING TO QUADRATIC EQUATIONS

38. In quadratics, where two answers are obtained by-

solving equations, it is usually the case that only one answer,

the positive value, is required. In some instances, however,

the negative value is the one sought. In works treating on

higher mathematics, the negative value is used as frequently

as the positive value.

Example 1.—There are two numbers whose sum is 40, and the sum
of their squares is 818. What are the numbers ?

Solution.—Let x — one number, and 40 — x = the other number.

Then, by the conditions, x* + (40 - xf = 818

whence, x* + 1,600 - 80;r + xq
- = 818

Combining, 2x* — 80^ = —782
or x* - 40.r = - 391

From the formula, x = ^(40 ± |/402 - 4 X 39l) = 23 or 17

whence, x — 23 or 17 \ .

and 40 - x = 17 or 23 f

Both answers fulfil the conditions.
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: 1*1.1: 2.—An iron bar weighs -^> pounds. If it had been 1 foot

longer, each foot would have weighed j a pound le^s. Find the length

of the bar.

SOLUTION.— Let x = the length of the bar in feet.

Then, - = the weight per foot, and

= the weight per foot if the bar were 1 foot longer.

By the conditions, 7 = 4J X x + 1

Clearing of fractions, 72.r + 72 — 72a: = jr2 + x
or .r2 + x — 72 =

By inspection, x* + x— 72 = (x + 9) (x — 8) =
whence, x — 8 ft. or — 9 ft. Ans.

36
,1

36
A J1 A

1
Proof.- - = 4|; g-^ = 4; 4*-4 =

§

/^ 36 , 36 ., . . ... 1

Only the positive value is required, although both values will satisfy

the equation.

Example 3.—A number of men ordered a yacht to be built for

0. Each man was to pay the same amount, but two of them
withdrew, making it necessary for those remaining to advance i

more than they otherwise would have done. How many men were

there at first ?

Solution.—Let x = the number of men at first.

^u 8,300 . .

Then, —— = what each was to have paid, and

6 '
300 u « u* 11

5
= what each finally paid.

By the conditions,
:

= 200J - 2 x

Clearing of fractions and combining,

12. CDO

or x* - 2x - 63 =
By inspection. .1 - - 2.r - 63 = {x— 9) (x + 7) =

whence, x = 9 or — 7 Ans.

Proof.- 0-700 =

Or ' -700; -700 -(-900) = 200— 1 — j

Only the positive value can be
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Example 4.—A and B start at the same time to travel 150 miles. A
travels 3 miles an hour faster than B, and finishes his journey 8£ hours

before him. How many miles did each travel per hour ?

Solution.—Let x = number of miles A traveled per hour, and

x — 3 = number of miles B traveled per hour.

150
Then, = the time in which A performs the journey, and

By the conditions,

x
150

x-3
150 150

= the time in which B performs the journey.

x — 3 x 6

Clearing of fractions and combining,

25x*-15x __ 1350

or x*-3x-54: =
By inspection, x> — Zx - 54 = {x— 9) {x + 6) = 0;

whence, x — 9 or — 6

and x-S = 6 or - 9

Using the positive values, A traveled 9 miles per hour and B traveled

6 miles per hour. Ans.

>—

e _ a d
-^r- «

Fig. 1

39, As an illustration of the use of the negative values,

consider the following explanation, which refers to the pre-

ceding example. In Fig. 1 let C be the starting point. Call

any advance in the direction of the upper arrow, or from C
toward D, positive, and in the opposite direction, negative.

Let E and D be each 150 miles from C. Suppose that a

train of cars 150 miles long has one end at C and the other

end at D, and that the train is moving in the direction

from C co iT.at the rate of 15 miles per hour. Now, if A
and B start toward D, running on the train at the rate of

9 and 6 miles per hour, respectively, while the train moves

15 miles per hour toward E, the rate of travel of A
toward D is 9 — 15 = — 6 miles per hour, and of B, 6 — 15

= — 9 miles per hour. It is now evident that A is travel-

ing toward D 3 miles per hour faster than B. When A has
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traveled 150 miles, in other words, when he has reaehed the

end of the train, J» has reaehed the point /:; he has traveled

negatively farther than A, but if he travels to the c ml of

the train, it will take him SJ hours longer than it did A.

The preceding paragraph is also an illustration of the

statement, that of two negative values, the one whieh has

the less value numerically is the greater.

EQUATIONS CONTAINING TWO UNKNOWN
QUANTITIES

40. In the third problem in Art. 25, it was shown how,

under certain conditions, more than one unknown quantity

/;/ an example may be represented /// an equation, by express-

ing the value of each quantity in terms of x, thus producing

only the one unknown quantity x in the equation.

Sometimes, however, each quantity is represented by a

different letter, as x, y, or z, in which case, it is necessary

to have as many equations as there are unknown quantities,

in order to effect a solution. For example, if it were

required to find the value of x in the equation x -\- y = 10,

a" and y being unknown quantities, we should have x = 10— y,

x being still undetermined because its value is in terms of

the unknown quantity y. There must be another equation,

therefore, expressing some other relation between the

unknown quantities x and y, in order to fix their values.

The equations which fix the values of the unknown quanti-

ties must be independent and simultaneous.

11. Independent equations are those which express

different relations between the unknown quantities. Thus,

x-\-y — 4, and xy — 6 express, different relations between
a' and \\ and arc independent. But x-\-y = 4, and \\x-\-\\y

= \'l, are not independent, because, by dividing both mem-
bers of the second equation by :>. it reduces to the first

ition, and thus expresses the same relations between the

unknown quantities.

40—17
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42. Simultaneous equations are such as will be satis-

fied (Art. 18) by substituting the same values for the same
unknown quantities in each equation.

43. Equations containing more than one unknown quan-

tity are solved by so combining them as to obtain a single

equation containing but one unknown quantity. This

process is called elimination. In what follows, equa-

tions containing two unknown quantities will be con-

sidered.

44. To eliminate by substitution

:

Rule.—From one equation, find the value of one of the

unknown quantities in terms of the other. Substitute this

value for the same unknown quantity in the other equation.

Example.—Solve the equations

2x+2y = 18 (1)

3* - %y = 1 (2)

Solution.—It will be more convenient to first find the value of x
in (2), since, after transposing — 2y to the second member, it will

become positive.

Transposing — 2y in (2), Zx = 1 + 2y.

Dividing both members by 3,

* =i^ (8)

This gives the value of x in terms of y.

Substituting this value of x for the x in (1),

2(1 + 2y)

3

Removing the parenthesis,

2 + 4?

3

+ 3? = 18

+ 3? = 18

Clearing of fractions, 2 + 4y + 9? = 54

Transposing the 2 and uniting the 4? and 9yt

Vdy = 52

whence, y = 4 Ans.
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Now, having the value oty%
we may substitute it for y in any of the

above equations containing both .rand r, and thus obtain a value for jr.

Substituting this value in equation

1 + 2x4Xss 3

whence, x = 3 Ans.

45. To eliminate by comparisons

Rule.—From each equation find the value of one of the

unknown quantities in terms of the other. Form a

equation by placing these two values equal to each other and
solve.

Elimination by comparison depends upon the principle

that quantities which are equal to the same or two equal

quantities are equal to each other. Thus, if y = 2 and

x = 2, y is evidently equal to x.

Example.—Solve the same equations as before,

2.r + 8v = 18 (1)

3.r - 2\y = 1

Solution.—First obtain the value of x in each equation, it being

more convenient to obtain in this case than jr.

Transposing 3r in (1), 2.r = 18— 8v

* = r±j*
(3)

Transposing — 2j in (2), 3.r = 1 + 2

or x = —g-^ (4)

Placing the values of x in (3) and (4) equal to each other,

18 - 3y _ 1 + 2r

a " 3

'

Clearing <>f fractions. 54 — l
.[v = 2 + 4/

-ing and uniting terms.

- V)y = -58
\vh< : y = t Ans.

Substituting this value in

X = —^— = 8 Ans.
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4G. To eliminate by addition or subtraction :

Rule.—Select the unknozvn quantity to be eliminated, and
multiply the equations by such numbers as zvill make the

coefficients of this quantity equal in the resulting equations.

If the signs of the terms having the same coefficient are alike,

subtract one equation from the other; if unlike, add the two

equations.

It is evident that this will not destroy the equality,

because adding or subtracting two equations is equivalent

to adding the same quantity to, or subtracting it from, both

members.

Example.—Solve the same equations as before,

2x + Sy = 18 (1)

3;r - 2y = 1 (2)

First Solution.—Since the signs of the terms containing x in each

equation are alike, x may be eliminated by subtraction. If the first

equation be multiplied by 3 and the second by 2, the coefficients of x
in each equation will become equal. Hence,

Multiplying (1) by 3, 6x + 9y = 54 (3)

Multiplying (2) by 2, Qx - 4y = 2 (4)

Subtracting (4) from (3), 13y = 53

whence, y = 4 Ans.

Substituting this value ofy for the_y in (2),

3* -8 = 1

Transposing, %x = 9

or x = 3 Ans.

Second Solution.— 2x + Sy = 18 (1)

3^-2^ = 1 (2)

Since the signs of the terms containing y in each equation are

unlike, y may be eliminated by addition.

Multiplying (1) by 2, 4* + 6y = 36 (3)

Multiplying (2) by 3, 9x — Qy = 3 (4)

Adding (3) and (4), 13^ =39
whence, x = 3 Ans.

Substituting in (1), 6 4- Sy = 18

By = 12

y — 4 Ans.
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MIM ELL W EOl - IV \M PLES

47. Prom ing it will be seen that any one of

the three in- : elimination can be applied to the solu-

tion of equations. The student must use his judgment as

to which is the best one to apply in any case.

?le 1.—Solve the equations

x y ~~
4

(i)

x y

Solution.—Multiplying (1) by 3,

Adding (2) and (3),

=£ (3)
4 '

11 _ 15 _ 11

x ~ T ~ T
Clearing of fractions, 44 = ll.r

or x = 4 Ans.

Substituting this value of x in (1),

^_ 1 _ 5

4 y ~ 4

Clearing of fractions,

Transposing, — Jv = — 4

or y = 2 Ans.

Example 2.—Solve the equations

x+86v = 9 (1)

Solution.—Adding (1) and

Dividir._

34 Ans.

Substituting this value in

-r+ .

x = 30 Ans.
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Example 3.—Solve the equations

in n— + - = a
x y 0)

71 VI ,

- + — = bx y (2)

Solution.—Multiplying (1) by m,

m* m7i
1 = am

x y (3)

7^2 77171
Multiplying (2) by n, 1 = bn

x y (4)

Subtracting (4) from (3),

771
1 — n* = a7n -- bn

Clearing of fractions, m

whence,

Multiplying (1) by n,

Multiplying (2) by ;/z,

Subtracting (G) from (5),

— «9 = {am — bn)x

a77i — bn
Ans.

77171 n 1

1

x y
7/in ;/z

2

= bm
y

(5)

(6)

y
= an — b7n

Clearing of fractions, /z
2 — m* = (a7i — bm)y

whence, y = rP — nP
or

m'1 — n 1

an — b7ri bi7i — an
Ans.

EXAMPLES FOR PRACTICE

Solve the following equations:

1.
(6x + ly = 33.

|

2x + 4y = 20.
J

2. Sy + 12* = 116.

)

2x-y = 3. \

ax -h by = m.

cx+ dy

= 7n.
\

= n. )

Ans

Ans

Ans.

y =

\x = 4

'\y = 3

Kx = 5

\y = 7

rtfr/z — b7i

ad— be

a7i — C7n

ad— be
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a b 1= ///.!

—!— = *. I

X

_ :
» _ 4

x v
~

8 lo _

r «f-- be
~~ dm --bn

/
be--ad
am --an

Ana -3

QUADRATIC EQUATIONS (()\TAIM\(. TWO
UNKNOWN QUANTITIES

4S. The rnethcx Iving will be illustrated by the

solution of a

Gteel

—

limination ma) by the

Example 1.—Solve the equations

i *n //J. **:-x—-*:

*«+y = 13 (i)

x +jr =1 P)

: ion.—Transposing the x in

= 1— jr (3)

Substituting the value ofy in (1),

13

or = 13

Transposing and uniting terms,

.
---,.- = is

- -6 =

By inspection, x* — x - h*) =
whence, jr = 3 or — 9

two values must be found forj which will satisfy the equations

when .r = 3 and x = —
Substituting these values of x in

when .r = 3, i = —. 9) .

„ Ans.
when .r = — 8

s the form in which a: simultaneous quadratic equa-

should always be written.
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Example 2.—Solve the equations

or

Ax'2 - 3y2 = - 11 (1)

ll;r 2 + 5>2 = 301 (2)

Solution.—Multiplying (1) by (5),

20x 2 - 15>2 = - 55 (3)

Multiplying (2) by (3),

33;r 2 + 15>2 = 903 (4)

Adding (3) and (4), 53.r 2 = 848

x> = 16

Extracting the square root, x = ± 4

Substituting + 4 for x in (2),

11 X 16 + 5j2 = 301,

or 5>2 = 125

72 = 25

y = ± 5

Substituting — 4 for x in (2) will evidently give the same result,

since (— 4)
2 = 16, the same as 42

. Hence,

when x = 4, y = ±54, y = ± 5 |

— 4, y = ± 5
j

Ans.
when x

49. Case II.

—

When the equations may be so combined or

reduced as to produce an equation having for the first mem-
ber an expression of the form x2

-f- 2xy -j- y"1 or x* — 2xy -\- y*.

No rule can be given for solving examples under this

case. The student must depend upon his own ingenuity.

Example 1.—Solve the equations

x2
-ty2 =

xy =

= 25

= 12

(1)

(2)

Solution.—Multiplying (2) by 2,

2xy =

Adding (1) and (3), x* + 2xy + y* =

Subtracting (3) from (1),

= 24

= 49

(3)

(4)

x 12 — 2xy + y"2 == 1 (?)

Extracting the square root of both terms of (4), see Art. SO, Part 2,

x + y = ± 7 (6)

Extracting the square root of both terms of (5),

x-y = ± 1 (7)
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This g e equations, from which either .r or y may be

eliminated by addition or subtraction. Adding (6) and (7), tht

member of the new equation will be 2x, and the second member may
have four values as toll

- \ - : I i
- : - 1

or

whence, '. — 3 or — 4

By substituting these val 1 we have for : -ponding

valuer- ;. — 4. or -

These values may also be obtained by subtracting 5). The
answers would be written,

when r = 4, j = 3; .: = 3, j = 4
j Ans.

x = — 3. v — — 4 : .r = — 4. y = -

NOTE.—In solving examples under the object is always to produce
two equations, on : member, from which
the value of .v or v can easily be found.

Example 8.—Solve the equations

x*+y* =: 133

: 19 *

Solution.— - y3 is divisible by x r>2. Part 2);

hence, .r3 — - = 133 . Transy the first

factor to the second member.

x* ™ ''.' + .'

133

Therefore.
X — |

= 19

and *f = 7

This gives at once an equation with . member,
obtain a value for .r— y. it will be that the first member
lack- - 7 of being _ ^y ^
obtained; hence, proceed to obtain a value for — xy, to add txj

Squaring (4)

and subtracting, =
or

Subtracting (5) from
- =9

Extracting the square roc-: J<>.
\

... .

(6)

Adding (6) and (3),

*
Subtracting (6) fr
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Or, solving (5) for x, x = —

Substituting the value of x in (3),

10-+y = 7

Clearing of fractions and changing signs,

Solving for y> y = 5 or 2

Substituting their values in (3),

x = 2 or 5

Hence, when x = 5,y = 2j«= 5,j = 2)

= %y = 5f

EXAMPLES FOR PRACTICE

Solve the following equations:

1. *+f = 29.) <*= 5, j/= -2
* + / = 3. J

AnS
' <^r = -2, j = 5

2. 2**+y = 9. ) U = 2, j = ±1,
}. f

Ans
* \x = - 2,5jtr2 + 6y2 = 26. ) '(jp= -2,/= ±1

jry = - 56. f
An

*
t jr = - 8, y = 7

PROBLEMS LEADING TO EQUATIONS WITH TWO
UNKNOWN QUANTITIES

50. A few examples involving quadratics with two

unknown quantities will now be given. The student should

pay particular attention to the manner in which the equa-

tions are formed from the conditions given.

Example 1.—A certain fraction becomes equal to £ if 3 is added to

its numerator, and equal to f if 3 is added to its denominator. What is

the fraction ?

x
Solution.—Let — = the required fraction.

~ i o -i

By the conditions,
y v

x 2
311(1 7T3 = 5
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lying these equations, x = Sand/ = 18

That is, the fraction is fg. Ans.

Example 2.—A crew can row 20 miles in 2 hours down stream, and

12 miles in :} hours up stream. Required, the rate per hour of the cur-

rent, and the rate per hour at which the crew would row in still water.

Let x — rate per hour of crew in still water

and y = rate per hour of current.

Then, x + y = rate per hour rowing down stream

and x — v = rate per hour rowing up stream.

Since they row 20 miles in two hours down stream, in one hour, they

20
would row — = 10 miles, or at the rate of 10 miles per hour. Also, in

12
rowing up stream, they would row at the rate of -~- = 4 miles per hour

o

Consequently .r-t-/ = 10 (1)

x-y = A (2)

Adding, 2x = 14

or x = 7

Subtracting 2y = 6

or y = 3

Hence, the rate of the crew is 7 miles per hour, and of the current,

3 miles per hour. Ans.

Example 3.—A wine merchant has two kinds of wine, which cost

72 cents and 40 cents a quart, respectively. How much of each must
he take to make a mixture of 50 quarts worth 60 cents a quart ?

Solution.—Let x = required number of quarts at 72 cents

and y = required number of quarts at 40 cents.

Then, 72.r = cost in cents of the first kind,

4o/ = cost in cents of the second kind

and 60x50 = 3,000 = cost in cents of the mixture.

By the conditions, x+y — 60

and as 3,000

Solving, x = 31£ qt. and/ as 18f qt Aj
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Note.—The equation, .r2 ± px = ± q is equivalent to the four
equations

x* +px = ^, or jr8 +px— q = (1)

*» - /.r =: $ or .r2 - ^.r - q = (2)

.r2 + px = — $r, or _r2 + /.r + $7 = (8)

-r
2 -/.r = -?, or .r 2 — px + q = (4)

Equation (1).—By Art. 32 , the roots of equation (1) are

—\{p + V P'
2 + 4?) and —1(/— |//2 + 4^). Applying the principle of

Art. 33, [x + K/ + Vp'2 + 4^)] X [i + |& - |/> 2 + 4?)] = 5s + /.*
— ^, as here shown by actual multiplication.

x + lp + l Vp' + 4q
x + \p — \ V P'

2 + 4?

x> + £/* + \x \/p> + 4^

+ iAr + i/2 + \P Vf_±±i
- \x j/p* + ±q -\p j/p* + 4q - |j»2 - ^

x*+px + 4^2 __^_^
or x2 + /^ — ^

Remark.— s Oa + 4q x - J O3
-f 4? = \{p* + 4<?)l x -\{p* + 4?)*

Equation (2).—The roots of equation (2) are l(p + VP2 -+- 4^) and
i (^ _^ + 4^), and [*- *(/ + |//2 + 4?)] X [<*- £(/ - V

P

2 + 4?)]
= jr

2 - ^.r - ?.

jr — 4 ^ — | \/p*_+_4q

x-hp + l Vf +4q
\px-\x\/p- + iq

- \px + \
p'2 4- 4 / y ^_+_4£

+ j-r Q' + 4^ - \P Vp'2 + 4q \p* - ?
x 2 -px + i/2 - \p* - q

or x~ — px — q

Equations (3) and (4).—Equations (3) and (4) can be produced

in the same manner, by multiplying its roots, which are : for (3),

-UP + VP' ~ 4?) and -UP ~ 2 -4?); for (4), UP + V

>

2 - 4q)

and UP ~ V
P*

2 — 4?). Since these are all the cases that can arise, the

formula of Art. 32 is correct.



LOGARITHMS

EXPONENTS
1 . Ry the use of logarithms, the processes of multiplica-

tion, division, involution, and evolution are greatly shortened,

and some operations may be performed that would be impos-

sible without them. Ordinary logarithms cannot be applied

to addition and subtraction.

2. The logarithm of a number is that exponent by which

some fixed number, called the base, must be affected in

order to equal the number. Any number may be taken as

the base. Suppose we choose 4. Then the logarithm of 16

is 2, because 2 is the exponent by which 4 (the base) must

be affected in order to equal 16, since 4
2 = 16. In this case,

instead of reading 4
2

as 4 square, read it 4 exponent 2.

With the same base, the logarithms of 64 and 8 would be 3

and 1.5, respectively, since 4
3 = 64, and 4

1 ' 5 = 4=8. In

these cases, as in the preceding, read 4
3 and 4

1-5
as 4 exponent

3, and 4 exponent 1.5, respectively.

3. Although any number can be used as a base and a

table of logarithms calculated, but two numbers have ever

been employed. For all arithmetical operations (except addi-

tion and subtraction), the logarithms used are called the

Brfjj£g&, or common, logarithms, and the base used is 10.

In abstract mathematical analysis, the logarithms used are

variously called hyperbolic, Xapierian, or natural loga-

rithms, and the base is 5S.7fft28fS1$M- . The common loga-

rithm of any number may be converted into a Napierian

logarithm by multiplying the common logarithm by

, which is usually abbreviated to 818056 J and

"times to 2..">. ( )nly the common system of logarithms

will be considered in this Course.
immediately following the tit K

|
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4. Since in the common system the base is 10, it follows

that, since 10
1 = 10; 10

2 = 100; 10
3 = 1,000; etc., the loga-

rithm (exponent) of 10 is 1; of 100 is 2; of 1,000 is 3; etc.

For the sake of brevity in writing, the words " logarithm of"
are abbreviated to "log." Thus, instead of writing loga-

rithm of 100 = 2, write log 100 = 2. When speaking, how-
ever, the words for which "log" stands should always be
pronounced in full.

5. From the above it will be seen that, when the base

is 10,

since 10° = 1, the exponent = log 1;

since 10
1 = 10, the exponent 1 - log 10;

since 10
2 = 100, the exponent 2 = log 100;

since 10
3 = 1,000, the exponent 3 = log 1,000; etc.

Also,

since 10
_1 = to = .1, the exponent — 1 = log .1;

since 10~ 2 = too- = .01, the exponent — 2 = log .01;

since 10~ 3 = toVo = .001, the exponent — 3 = log .001; etc.

From this it will be seen that the logarithms of exact powers

of 10 and of decimals like .1, .01, and .001 are the whole

numbers 1, 2, 3, etc., and — 1, — 2, — 3, etc., respectively.

Only numbers consisting of 1 and one or more ciphers have whole

numbers for logarithms.

6. Now, it is evident that to produce a number between

1 and 10, the exponent of 10 must be a fraction; to produce

a number between 10 and 100, it must be 1 plus a fraction;

to produce a number between 100 and 1,000, it must be 2

plus a fraction, etc. Hence, the logarithm of any number

between 1 and 10 is a fraction; of any number between 10

and 100, 1 plus a fraction; of any number between 100 and

1,000, 2 plus a fraction; etc. A logarithm, therefore, usually

consists of two parts: a whole number, called the charac-

teristic, and a fraction called the mantissa. The mantissa

is always expressed as a decimal. For example, to produce

20, 10 must have an exponent of approximately 1.30103, or
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2()i.3o,o> = 20, very nearly, the degree of exactness depending

on the number of decimal places used. Hence, log 20 =
1 being the characteristic and .30103 the mantissa.

7. Referring to the second part of the table, Art. 5, :

clear that the logarithms of all numbers less than 1 are

negative, the logarithms of those between 1 and .1 being
— 1 plus a fraction. For, since log .1 = — 1, the logarithms

. etc. (which are all greater than .1, but less than 1)

must be greater than — 1; i. e., they must equal — 1 plus

a fraction. For the same reason, to produce a number
between .1 and .01 the logarithm (exponent of 10) would be

equal to — 2 plus a fraction, and for a number between .01

and .001 it would be equal to — 3 plus a fraction. Hence,

the logarithm of any number between 1 and .1 has a negative

characteristic of 1 and a positive mantissa; of a number
between .1 and .01, a negative characteristic of 2, and a

positive mantissa; of a number between .01 and .001,

a negative characteristic of 3 and a positive mantissa; of a

number between .001 and .0001, a negative characteristic of

4 and a positive mantissa; etc. The negative characteristics

distinguished from the positive by the — written over the

characteristic. Thus, 3 indicates that 3 is negative.

// must be n t that in all cases the mantissa is

positive. Thus thelogarithm 1.30103 means + 1 +
and the logarithm 1 means - 1 + .30103. Were the

minus sign written in front of the characteristic, it would

indicate that the entire logarithm was negative. Thus,
- 1.30103= - 1 - .30103.

8. Rules for Characteristic.—From Art. 7, it follows

that:

I. For a mm than 1, the characteristic is o?ie less

than the number of integral places in the numl

'integral places" is meant the figures (including

ciphers) to the left of the decimal point.

II. Far a i tmal, the characteristic is

t is numerically in the number of ci;

the decimal point and the first digit of the decimal.
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For example, the characteristics of the logarithms of 256,

31.24, 7.53, and 1,728.0036 are 2, 1, 0, and 3, respectively, or

one less than the number of integral places in each case; the

characteristics of the logarithms of .0005, .0674, and .50072

are 4, 2, and 1, respectively, or numerically one greater than

the number of ciphers immediately following the decimal

point. It will be noticed that in the last number there are

no ciphers, and the characteristic is + 1 = 1.

THE LOGARITHMIC TABLE

TO FIND THE LOGARITHM OF A NUMBER
9. To aid in obtaining the mantissas of logarithms,

tables of logarithms have been calculated, some of which

are very elaborate and convenient. In the Table of Loga-

rithms accompanying this text, the mantissas of the loga-

rithms of numbers from 1 to 9,999 are given to five places

of decimals, and the mantissas of logarithms of larger

numbers can be found by interpolation. It will be noticed

that the table contains the mantissas only; the characteris-

tics must be determined, in all cases, by applying the rules

given in the preceding article.

The table depends on the principle, which will be

explained later, that all numbers having the same figures in

the same order have their mantissas alike, without regard to

the position of the decimal point, which affects the charac-

teristic only. To illustrate, if log 206 f= 2.31387, then,

log 20.6 = 1.31387; log .206 = 1.31387;

log 2.06 = .31387; log .0206 = 2.31387; etc.

10. To find the logarithm of a number not having more

than four figures:

Rule.

—

Find the first three significant figures of the number

whose logarithm is desired, in the left-hand column; find the

fourth figure in the column at the top (or bottom) of the page;

and in the column under (or above) this figure, and opposite the

first three figures previously found, will be the mantissa, or
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decimal part, of the logarithm. The characteristic being found

as described in Art, 8, write it at the left of the mantissa, and

the resulting expression will be the logarithm of the required

number.

11. Example.—Find the logarithm (a) of 476; {b) of 25.47;

(f) of 1.073; and (d) of .06313.

Solution.— {a) In order to economize space and make the labor of

finding the logarithms easier, the first two figures of the mantissa are

given only in the column headed 0. The last three figures of the man-

tissa opposite 476 in the column headed N. (N. stands for number),

page 9, of the tables, are 761, found in the column headed 0; glancing

upwards, we find the first two figures of the mantissa, viz., 67. The
characteristic is 2; hence, log 476 = 2.67761. Ans.

Note.— Since all numbers in the table are decimal fractions, the
decimal point is omitted throughout; this is customary in all tables of

logarithms.

{b) To find the logarithm of 25.47, we find the first three figures

254 in the column headed N. on page 5, and on the same horizontal

line, under the column headed 7 (the fourth figure of the given num-
ber) , will be found the last three figures of the mantissa, viz., 603. The
first two figures are evidently 40, and the characteristic is 1; hence,

log 25.47 = 1.40603. Ans.

{c) For 1.073, the last three figures of the mantissa are found in the

usual manner in the column headed 3, opposite 107 in the column
headed N. on page 2, to be 060. It will be noticed that these figures

are printed *060, the star meaning that instead of glancing upwards in

the column headed 0, and taking 02 for the first two figures, we must
glance downwards and take the two figures opposite the number 108

in the left-hand column, i. e., 03. The characteristic being 0, log

1.073 = 0.03060, or more simply, .03060.

{d) For .06313, the last three figures of the mantissa are found,

opposite 631, in column headed 3 on page 12, to be 024. In this case,

the first two figures occur in the same row, and are 80. Since the

characteristic is 2, log .06313 = 2.80024. Ans.

12. If the original number contains but one digit (a cipher

is not a digit) annex mentally two ciphers to the right of the

digit; if the number contains but two digits (with no ciphers

between, as in 4008) annex mentally one cipher on the right,

before seeking the mantissa. Thus, if the logarithm of 7 is

wanted, seek the mantissa for 700, winch is .84510; or, if the

logarithm of 48 is wanted, seek the mantissa for 480, which
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is .68124. Or, find the mantissas of logarithms of numbers
between and 100, on the first page of the tables.

The process of finding the logarithm of a number from

the table is technically called taking out the logarithm.

13. To take out the logarithm of a number consisting of

more than four figures, it is inexpedient to use more than

five figures of the number when using five-place logarithms

(the logarithms given in the accompanying table are five-

place). Hence, if the number consists of more than five

figures, and the sixth figure is less than 5, replace all figures

after the fifth with ciphers; if the sixth figure is 5 or more,

increase the fifth figure by 1, and replace the remaining

figures with ciphers. Thus, if the number is 31,415,926,

find the logarithm of 31,416,000; if 31,415,426, find the

logarithm of 31,415,000.

14. Example.—Find log 31,416.

Solution.—Find the mantissa of the logarithm of the first four

figures, as explained above. This is, in the present case, .49707 (see

page 6). Now, subtract the number in the column headed 1, opposite

314 (the first three figures of the given number), from the next greater

consecutive number, in this case 721 in the column headed 2. 721 —

707 = 14; this number is called the difference. At the extreme

right of the page will be found a secondary table headed P. P., and at

the top of one of these columns in this table, in bold-face type, will be

found the difference. It will be noticed that* each column is divided

into two parts by a vertical line, and that the figures on the left of this

line run in sequence from 1 to 9. Considering the difference column
headed 14, we see opposite the number 6 (6 is the last, or fifth, figure

of the number whose logarithm we are taking out) the number 8.4,

and we add this number to the mantissa found above, disregarding

the decimal point in the mantissa, obtaining 49707 + 8.4 = 49715.4.

Now, since 4 is less than 5, we reject it and obtain for our complete

mantissa .49715. Since the characteristic of the logarithm of 31,416 is

4, log 31,416 = 4.49715. Ans.

15. Example.— Find log 380.93.

Solution.— Proceeding in exactly the same manner as above, the

mantissa for 3,809 is 58081 (the star directs us to take 58 mstead of 57

for the first two figures): the next greater mantissa is 58092, found in

the column headed 0, opposite 381 in column headed N. The differ-

ence is 092 — 081 = 11. Looking in the section headed P. P. for column
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headed 11, we find 3.3 opposite 3; neglecting the .3, since it is less

than 5, .'5 is the amount to be added to the mantissa of the logarithm

of 3800 to form the logarithm of 380.93. Hence, 58081 + 3 = 58084, and

since the characteristic is 2, log 380.93 = 2.53084, Ans.

1(>. Example.— Find log 1,296,728.

Sol ii ion.— Since this number consists of more than five figures ami

the sixth figure is less than 5, we rind the logarithm of 1,296,700 and

call it the logarithm of 1,296,728. The mantissa of log 1,296 is found

on page 2 to be 11261. The difference is 2^)4 — 261 = 33. Looking in

the P. P. section for column headed 33, we find opposite 7 on the

extreme left, 23.1; neglecting the .1, the amount to be added to the

above mantissa is 23. Hence, the mantissa of log 1,296,728 = 11,261

+ 23 = 11,284; since the characteristic is 6, log 1,296,728 = 6.11284.

Ans.

17. Example.— Find log 89.126.

Solution.—Log 89.12 = 1.94998. Difference between this and log

89.13 = 1.95002 - 1.94998 = 4. The P. P. (proportional part) for the

fifth figure of the number, 6, is 2.4, or 2. Hence, log 89.126 = 1.94998^

+ .00002 = 1.95000. Ans.

18. Example.— Find log .096725.

Solution.— Log .09672 = 2.98552. Difference = 4.

P. P. for 5 = 2

Hence, log .096725 = 2.98554. Ans.

19. To find the logarithm of a number consisting of five

or more figures: N

Role.—I. // the number consists of more than five figures

and the sixth figure is 5 or greater, increase the fifth figure by i,

and write ciphers in place of the sixth and remaining figures.

II. Find the mantissa corresponding to the logarithm of the

first four figures, and subtract this mantissa from the next

ier mantissa in the table; the remainder is the difference.

III. Find in the secondary table headed P. P. a column

headed by the same number as that just found for the difference
y

and in this column opposite the number corresponding to the

fifth figure (or fifth figure increased by 1 ) of the given number

(this figure is always situated at the left of the dividing li?i< of

will be found the P. P. (proportional part) for that

number. '/he P. P. thus found is to be added to the n/autissa
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found in II, as in the preceding examples, and the result is the

mantissa of the logarithm of the given number; as nearly as may
be found with five-place tables.

EXAMPLES FOR PRACTICE

20. Find the logarithms of the following numbers:

1. .062. Ans. 2.79239.

2. 620. Ans. 2.79239.

3. 21.4. Ans. 1.33041.

4. .000067. Ans. 5.82607.

5. 89.42. Ans. 1.95143.

6. .785398. Ans. 1.89509.

7. .0010823. Ans. 3.03435.

8. 10,000. Ans. 4.

9. 1,923.208. Ans. 3.28403.

0. 3.00026. Ans. .47717.

TO FIND A NUMBER WHOSE LOGARITHM IS GIVEN

21. Rule.—I. Coyisider the mantissa first. Glance along

the different columns of the table which are headed until the

first two figures of the mantissa are found. Then glance down

the same column until the third figure is found (or 1 less than

the third figure). Having found the first three figures, glance

to the right along the row in which they are situated until the

last three figures of the mantissa are found. Then, the number

that heads the column in which the last three figures of the

mantissa are found is the fourth figure of the required number,

a?id the first three figures lie in the column headed N., and in

the same row in which lie the last three figures of the mantissa.

II. // the mantissa cannot be found in the table, find the

mantissa which is nearest to, but less than, the given mantissa,

and which call the next less mantissa. Subtract the next

less mantissa from the next greater mantissa in the table to

obtain the difference. Also subtract the next less mantissa from

the mantissa of the given logarithm, and call the remainder the

P. P. Looking in the secondary table headed P. P. for the

column headed by the difference just found, find the number

opposite the P. P. just found (or the P. P. corresponding most
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nearly to that just found); this number is the fifth figure of

the required number; the fourth figure unit be found at the top

of the column containing the next less mantissa, and the first

three figures in the column headed N. and i?i the same row

-which contains the next less mantissa.

III. Having found the figures of the number as directed

in I and II, locate the decimal point by the rules for the charac-

teristic, annexing ciphers to bring the number up to the required

number of figures if the characteristic is greater than 4.

22. Example.—Find the number whose logarithm is 3.56867.

Solution.—The first two figures of the mantissa, 56, are found on

page 7; glancing down the column, we find the third figure, 8 (in con-

nection with 820), opposite 370 in the N. column. Glancing to the

right along the row containing 820, the last three figures of the

mantissa, 867, are found in the column headed 4; hence, the fourth

figure of the required number is 4, and the first three figures are 370,

making the figures of the required number 3704. Since the character-

istic is 3, there are four figures to the left of the decimal point, and
the number whose logarithm is 3.56867 is 3,704. Ans.

23. Example.—Find the number whose logarithm is 3.56871.

Solution.—The mantissa is not found in the table. • The next less

mantissa is 56867; the difference between this and the next greater

mantissa is 879 - 867 = 12, and the P. P. is 56871 - 56867 = 4. Look-

ing in the P. P. section for the column headed 12, we do not find 4,

but we do find 3.6 and 4.8. Since 3.6 is nearer 4 than 4.8, we take the

number opposite 3.6 for the fifth figure of the required number; this

is 3. Hence, the fourth figure is 4, the first three figures 370, and the

figures of the number are 37043. The characteristic being 3, the

number is 3,704.3. Ans.

24. Example.— Find the number whose logarithm is 5.95424.

Solution.—The mantissa is found in the column headed on
page 18, opposite 900 in the column headed N. Hence, the fourth

figure is 0, and the number is 900, (XX), the characteristic being 5. Ans.

Had the logarithm been 5.95424, the number would have been .00009.

25. Example.— Find the number whose logarithm is .93036.

SOLUTION.—The first three figures of the mar/ >, are found in

the column opp< n the N. column, but since the last two

figures of all the mantissas in this row are greater than 36, we must
seek the next less mantissa in the preceding row. We find it to be
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93034 (the star directing us to use 93 instead of 92 for the first two

figures) in the column headed 8. The difference for this case is

039 - 034 = 5, and the P. P. is 036 - 034 = 2. Looking in the P. P.

section for the column headed 5, we find the P. P., 2, opposite 4.

Hence, the fifth figure is 4, the fourth figure is 8; the first three

figures 851, and the number is 8.5184, the characteristic being 0. Ans.

26. Example.—Find the number whose logarithm is 2.05753.

Solution.—The next less mantissa is found in column headed 1

opposite 114 in the N. column, page 2; hence, the first four figures are

1141. The difference for this case is 767 - 729 = 38, and the P. P. is 753 -

729 = 24. Looking in the P. P. section for the column headed 38, we
find that 24 falls between 22.8 and 26.6. The difference between 24

and 22.8 is 1.2, and between 24 and 26.6 is 2.6; hence, 24 is nearer 22.8

than it is to 26.6, and 6, opposite 22.8, is the fifth figure of the num-
ber. Hence, the number whose logarithm is 2.05753 = .011416. Ans.

EXAMPLES FOR PRACTICE

27. Find the numbers corresponding to the following logarithms:

1. .74429. Ans. 5.55.

2. 4.38202. Ans. 24,100.

3. 1.84510. Ans. .7.

4. 1.84510. Ans. 70.

5. 4.96047. Ans. .000913.

6. 3.78942. Ans. 6,157.7.

7. .50210. Ans. 3.1776.

8. 3.63491. Ans. .0043143.

9. 1.07619. Ans. .11918.

0. 3.23417. Ans. .0017146.

28. In order to calculate by means of logarithms, a table

is absolutely necessary. Hence, for this reason, we do not

explain the method of calculating a logarithm. The work

involved in calculating even a single logarithm is very great,

and no method has yet been demonstrated, of which we are

aware, by which the logarithm of a number like 121 can be

calculated directly. Moreover, even if the logarithm could be

readily obtained, it would be useless without a complete table,

such as that which forms part of this text, for the reason

that after having used it, say to extract a root, the number cor-

responding to the logarithm of the result could not be found.
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MULTIPLICATION BY LOGARITHMS

29. The principle on which the process is based may
be illustrated as follows: Let X and Y represent two numbers

whose logarithms are x and y. To find the logarithm of

their product, we have, from the definition of a logarithm,

10* = *, (1)

and 10> = Y. (2)

Since both members of (1) may be multiplied by the same
quantity without destroying the equality, they evidently may
be multiplied by equal quantities like lO and Y. Hence, mul-

tiplying (1) by (2), member by member,

10* X lO = 10*+* = X Y;

or, by the definition of a logarithm, x + y = log X Y. But

X Y is the product of A" and F, and x + y is the sum of their

logarithms; from which it follows that the sum of the loga-

rithms of two numbers is equal to the logarithm of their

product. Hence,

30. To multiply two or more numbers by using logarithms:

Rule.—Add the logarithms of the several numbers, and the

stun will be the logarithm of the product. Fi?id the number

corresponding to this logarithm, and the result will be tJie

number sought.

Example.—Multiply 4.33, 5.217, and 83 together.

Solution.— Log 4.38= .04147

Log 5.217 = .71742

Log 83 = 1.91908

Adding, 9 X 5.217X83).
Number corresponding to 3.27797 = 1,896.6. Hence, 4.38 X 5.217

nearly. Ans.

By actual multiplication, the product : - 318, showing that the

result obtained by using logarithms was correct to five figures.

31. When adding logarithms, their algebraic sum is

always to be found. Hence, if some of their numbers multi-

plied together are wholly decimal, the algebraic sum of the

characteristics will be the characteristic of the product. It

must be remembered that the mantissas are always positive.
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Example.—Multiply 49.82, .00243, 17, and .97 together.

Solution.— Log 49.82 = 1.69740

Log .00243 = 3.38561

Log 17 = 1.23045

Log .97 = 1.98677

Adding, 0.30023 = log (49.82 X .00243 X 17 X .97)

.

Number corresponding to 0.30023 = 1.9963. Hence, 49.82 X .00243

X 17 X .97 = 1.9963. Ans.

In this case the sum of the mantissas was 2.30023. The
integral 2 added to the positive characteristics makes their sum
= 2 + 1 + 1 = 4; sum of negative characteristics = 3+1
= 4, whence, 4 + (— 4) ='0. If, instead of 17, the number
had been .17 in the above example, the logarithm of .17 would

have been 1.23045, and the sum of the logarithms would have

been 2.30023; the product would then have been .019963.

32. It can now be shown why, as stated in Art. 9, all

numbers with figures in the same order have the same

mantissa without regard to the decimal point. Thus, suppose

it were known that log 2.06 = .31387. Then, log 20.6 = log

(2.06 X 10) = log 2.06 + loglO = .31387 + 1 = 1.31387. And
so it might be proved with the decimal point in any other

position.

EXAMPLES FOR PRACTICE

33. Find the products of the following by the use of logarithms:

1. 100, 32, and 31.64. Ans. 101,250.

2. 23.1, 59.64, and 7.863. Ans. 10,833.

3. .00354, .275, and .0198. Ans. .000019275.

4. 2.763, 59.87, .264, and .001702. Ans. .074328.

DIVISION BY LOGARITHMS

34. As before, let X and Y represent two numbers, whose
logarithms are x and y. To find the logarithm of their quo-

tient, we have, from the definition of a logarithm,

10- = AT, (1)

and lO = V. (2)



§ 5 LOGARITHMS 53

Dividing equation (1) by equation (2), 10*-* = — whence,

X X
by the definition of a logarithm, x — y = log — . But — is

the quotient of X -r- Y, and .r — y is the difference of their

logarithms, from which it follows that the difference betwee?i

the logarithms of two numbers is equal to the logarithm of

their quotient. Hence,

35. To divide one number by another by means of log-

arithms:

Rule.

—

Subtract the logarithm of the divisor from the loga-

rithm of the dividend and the result will be the logarithm of

the quotient.

Example.—Divide 6,784.2 by 27.42.

Solution.— Log 6,784.2 = 3.83150

Log 27.42 = 1.43807

difference = 2.39343 = log (6,784.2 * 27.42).

Number corresponding to 2.39343 = 247.42. Hence, 6,784.2 + 27.42

= 247.42. Ans.

36. When subtracting logarithms, their algebraic differ-

ence is to be found. The operation may sometimes be

confusing, because the mantissa is always positive, and the

characteristic may be either positive or negative. When the

logarithm to be subtracted is greater than the logarithm from

which it is to be taken, or when negative characteristics appear,

subtract the mantissa first, and the?i the characteristic, by

changing its sign and adding.

Example 1.— Divide 274.2 by 6,784.2.

Solution.— Log 274.2 = 2.43807

Log 6,784.2 = 3.83150

2.60657

First subtracting the mantissa .83150 gives .60657 for the mantissa of

the quotient. In subtracting, 1 had to be taken from the characteristic

of the minuend, leaving a characteristic of 1. Subtract the character-

istic 3 from this, by changing its sign and adding 1 — 3 = 2, the

characteristic of the quotient. Number corresponding to 2.60657

= .040418. Hence. 274.2 * 6,784.2 = .040118. Ans.
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Example 2.—Divide .067842 by .002742.

Solution.— Log .067842 = 2.83150

Log .002742 = 3.43807

difference = 1.39343

Subtracting, .83150 - .43807 = .39343 and -2 + 3 = 1. Number cor-

responding to 1.39343 = 24.742. Hence, .067842 * .002742 = 24.742. Ans.

37. The only case that need cause trouble in subtracting

is where the logarithm of the minuend has a negative charac-

teristic, or none at all, and a mantissa less than the mantissa

of the subtrahend. For example, let it be required to

subtract the logarithm 3.74036 from the logarithm 3.55145.

The logarithm 3.55145 is equivalent to — 3 + .55145. Now,
if we add both + 1 and — 1 to this logarithm, it will not

change its value. Hence, 3.55145 = —3 — 1 + 1 + .55145

= 4 + 1.55145. Therefore, 3.55145 - 3.74036 =

4 + 1.55145

3 + .74036

difference = 7 + .81109 = 7.81109.

Had the characteristic of the above logarithm been instead

of 3, the process would have been exactly the same. Thus,

.55145 = 1 + 1.55145; hence,

1 + 1.55145

3+ .74036

difference = 4 + .81109 = 4.81109.

Example.—Divide .02742 by 67.842.

Solution.—Log .02742 = 2.43807 = 3 + 1.43807

Log 67.842 = 1.83150 = 1 + .83150

difference = 4 + .60657 = 4.60657.

Number corresponding to 4.60657 = .00040417. Hence, .02742 *

67.842 = .00040417. Ans.

Example.—What is the reciprocal of 3.1416?

Solution.—Reciprocal of 3.1416 = s-tttb* and log 5-7775 = l°g 1
"

o.l41o 0.141b

log 3.1416 = - .49715. Since = - 1 + 1,

1 + 1.00000

.49715

difference = I + .50285 = 1.50285.

Number whose logarithm is 1.50285 = .31831. Ans.
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EX.VMIM.KS FOB PRACTICE

38. Find the quotients of the following by the use of logarithms:

1. 564.135 + 34.96. Ans. 16.143.

2. 9.643 * 200.04. Ans. .048204.

3. .16071 + 76.8. Ans.

4. .00624 -3.096. Ans. .002015*

5. .000119 -h .0719. Ans. .0016551.

6. 1.19- 719. Ans. .0016551.

7. 1 + 1,728. Ans. .00057870.

INVOLUTION' BY LOGARITHMS

39. If X represents a number whose logarithm is xs
we

have, from the definition of a logarithm,

10* = X.

Raising both numbers to some power, as the wth, the

equation becomes,

10™ = X\
But X n

is the required power of A' and xn is its logarithm,

from which it follows that the logarithm of a number, multi-

plied by the exponent of the power to which it is raised, is

equal to the logarithm of the power. Hence,

40. To raise a number to any power by the use of

logarithms:

Rule.

—

Multiply the logarithm of the number by the expo-

nent that denotes the power to which the number is to be raised,

and the result will be the logarithm of the required power*

Example.—What is {a) the square of 7.92? (b) the cube of 94.7?

(c) the 1.6 power of 512; that is, 5121,#
?

Solution. the exponent of the power is 2.

Hence, .80673 X 2 = 1.79746 = 1« mber corresponding to

727, nearly. Ans.

(6) Log 94.7 = 1.97635; 1.07635
• ,

. = 5.92906 = log 94.

7

3
. Num-

ber iding to I. Hence, 94.7 s = 84"

nearly. Ans.
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{c) Log51216 = 1.6 X log 512 = 1.6 X 2.70927 = 4.334832, or 4.33483

(when using five-place logarithms) = log 21,619. Hence, 512 1<J= 21,619,

nearly. Ans.

41. If the number is wholly decimal, so that the charac-

teristic is negative, multiply the two parts of the logarithm

separately by the exponent of the number. If, after multiplying

the mantissa, the product has a characteristic , add it, algebra-

ically, to the negative characteristic, multiplied by the exponent,

and the result will be the negative characteristic of the required

power.

Example.—Raise .0751 to the fourth power.

Solution.— Log .0751 4 = 4 X log .0751 = 4 X 2.87564. Multiplying

the parts separately, 4X2 = 8 and 4 X .87564 = 3.50256. Adding the

3 and 8, 3 + (
- 8) = - 5; therefore, log .0751* = 5.50256. Number

corresponding to this = .00003181. Hence, .0751
4 = .00003181. Ans.

42. A decimal may be raised to a power whose exponent

contains a decimal, as follows:

Example.—Raise .8 to the 1.21 power.

Solution.—Log .8
1 - 21 = 1.21 X 1.90309. There are several ways of

performing the multiplication.

First Method.—Adding the characteristic and mantissa algebraically,

the result is- .09691. Multiplying this by 1.21 gives- .1172611, or

.11726, when using five-place logarithms. To obtain a positive mantissa,

add + 1 and - 1; whence, log .8
1 ' 21 = - 1 + 1 - .11726 = 1.88274.

Second Method.—Multiplying the characteristic and mantissa sepa-

rately gives — 1.21 + 1.09274. Adding characteristic and mantissa

algebraically gives — .11726; then, adding + 1 and — 1, log .8
1 ' 21

= 1.88274.

Third Method.—Multiplying the characteristic and mantissa separately

gives — 1.21 + 1.09274. Adding the decimal part of the characteristic

to the mantissa gives - 1 + (
- .21 + 1.09274) = 1.88274 = log .8

1 ' 21
.

The number corresponding to the logarithm 1.88274 = .76338. Ans.

Any one of the above three methods may be used, but we
recommend the first or the third. The third is the most

elegant, and saves figures, but requires the exercise of more
caution than the first method does. Following will be found

the entire work of multiplication for both .8
1 ' 21 and .8' 21

.
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1.903 09
1.2 1

90309
1806 18
90309

1.0927 3 89
-1.2 1

1.9 3 9

.2 1

90309
1806 18

f- 1.1 896489
- 1 - .2 1

1.9 7 9 64 8 9or 1.97965

1.8 8 2 7 3 8 9 or 1.88274

In the second case, the negative decimal obtained by mul-

tiplying — 1 and .21 was greater than the positive decimal

obtained by multiplying .90309 and .21; hence, + 1 and — 1

were added as shown.

EXAMPLES EOR PRACTICE

43. Find the values of the following by logarithms:

1. 1,728*. Ans. 2,985,900.

2. 2.49 1

2

\ Ans. 3.0995.

3. 32.16". Ans. 4.2961.

4. .64*. Ans. .16777.

5. .64*. Ans. .8365.

6. .0241* 8
. Ans. .000029489.

KVOLUTION BY LOGARITHMS

44. If A' represents a number whose logarithm is x, we
have, from the definition of a logarithm,

10- = X.

Extracting some root of both members, as the nth, the

equation becomes,

in' = Vx.
n

I X
But ^ A' is the required root of A', and „ is its logarithm,

from which it follows that the logarithm of a number divided

by the index of the root t<> be extracted is equal to the log-

arithm of the root. Hence,



58 LOGARITHMS § 5

45. To extract any root of a number by means of log-

arithms:

Rule.

—

Divide the logarithm of the ?iumber by the index of

the root; the result will be the logarithm of the root.

Example.—Extract {a) the square root of 77,851; {b) the cube root

'170; (c) the 2.4 root of 8,964,300.

Solution —(a) Log 77,851 = 4.89127; the index of the root is 2;

hence, log V 77,851 = 4. 89127 + 2 = 2.44564; number corresponding to

this = 279.02. Hence, V77,851 = 279.02, nearly. Ans.

(6) Log >l698,970 = 5.84446 * 3 « 1.94815 = log 88.746; or, >/698,970

= 88.747, nearly. Ans.

(c) Log
2

>/8,964,300 = 6.95251 + 2.4 = 2.89688 = log 788.64; or,

>/8,964,300 = 788.64, nearly. Ans.
2.4

46. If it is required to extract a root of a number wholly

decimal, and the negative characteristic will not exactly contain

the index of the root, without a remainder, proceed as follows:

Separate the two parts of the logarithm; add as many units

(or parts of a unit) to the negative characteristic as will make

it exactly contain the index of the root. Add the same number

to the mantissa, and divide both parts by the index. The result

will be the characteristic and mantissa of the root.

Example 1.— Extract the cube root of .0003181.

II nnnQiQi ]°g -0003181
_

4.50256
Solution.— \ .0003181 = —-—- =—-—

.

(4 + 2 = 6) + (2 + .50256 = 2.50256)

.

(6^3 = 2) + (2.50256 + 3 = .83419);

or, log >/ .0003181 = 2.83419 = log .068263.

Hence, */ .0003181 = .068263. Ans.

Example 2.— Find the value of
,4
V.0003181.

c t ».«! < nnnoioi log .0003181 4.50256
Solution.—Log V.0003181 = &

, ,,
= , .. .

1.41 1.41

If —.23 be added to the characteristic, it will contain 1.41 exactly

3 times. Hence,

[- 4 + (- .23) = - 4.23] + [.23 + .50256 = .73256].

(-4.23 - 1.41 = 3) + (.73256 -s- 1.41 = .51955);

or, log '-'V .0003 181 = 3.51955 = log .0033079.

Hence, ' "S/ .0003181 = .0033079. Ans.
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47. Find the values of the following by logarithms:

:>4.

*99.

_"
8

I s . Example 1 .

— S >. e this expression by logarithms:

X .0181 X 762 =
3,300 X .6617

Solution.— Log ^636

Log .0181 = 2.257 3

Log -_-•_-: -

Log product = 3.83599

Log 3,300 =

Log .6517 = 1.81406

Log product =3.3 _

"

3.83599-3.3 - = 0343 = log 3.1-

HenCC -

3,300 X.6517
= LMW

Example 2. -Solve V -^>4.20:3 X 507^ by logarithms#
\ 1 .75 X71 .4 8

Solution.— Log 1 '260

Log

Log product ~-

Log " = 24304

Log 71.4

Log
"

Log product = 4.<

8.40761 - 4.03626
"

5 = 1.4o< 12 = log 28.1

u _ J 504,203 X
Hence, \ - 2>.6o. Ans.

19. Logarithms can often be applied to the solution of

equario:
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Example.—Solve the equation 2A3xs = -V.0648.

Solution.— 2.43;r
5 = 0648^

Dividing by 2.43, a
>/.0648

2.43

Taking the logarithm of both numbers,

_ v . log .0648 . ._
5 X log x = —s— log 2.43;

or, 5 log x = ?^§ - .38561
o

= 1.80193- .38561

= 1.41632.

Dividing by 5, log x = 1.88326;

whence, x = .7643. Ans.

EXAMPLES FOR PRACTICE

50. Find the values of the following:

89 X 753 X .0097

2.

36,709 X .08497
'

4
4

,932 X .00657 X .80464

.03274 X .6428

03271 2 X 53.429 X .77542 3

32.769 X .000371 4

Find the value of x in the following:

129.4 X .71
4. bx7

38*- 2 =

30

129.4 X .71*

V30

Ans. .20840.

Ans. 12.583.

Ans. 33.035.

Ans. '.a: .93237.

Ans. x = .063133,



GEOMETRY AND TRIGONOMETRY

GEOMETBY
1. Geometry is that branch of mathematics which treats

of the properties of lines, angles, surfaces, and volumes.

F::-. 1

LI> 1 > AVI) A\MJ>
'^. A point indicates position only. It has neither

length, breadth, nor thickne s

:\. A line has only one dimension: length.

4. Aflftrmigfal line, Fig. 1. is ne that

does not change its direction throughout

.hole length. A straight line is also

frequently called a riirht lira

5. -«n change-

direction at every point.

6. A broken is one made
up wholly of straight lines lying in differ- ^ \ ^
ent directions. Pi;.

7. Parallel lines, re those

which are equally distant from each other

throughout their whole length, both lines

Deing considered indefinite in extent. fig. 4

When every point of a line is the same dis-

tan .mother line (or surface), it is said to be paralLl

-otice of copyright, see page imr. lowing the tiUe page.

-19
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S. A line is perpendicular to another when it meets

that line so as not to incline towards it

on either side, Fig. 5.

9. A horizontal line is a line

parallel to the horizon, or water level,

Fig. 6.

Fig. 5

Horizon t<i

l

Fig. 6

10. A vertical line, Fig. 6, is a line

perpendicular to a horizontal line ; conse-

quently, it has the direction of a plumb-

line.

11. When two lines cross or cut each

other, as in Fig. 7, they are said to in-

tersect, and the point at which they

intersect is called the point of inter-

section, as at A.

12, An angle, Fig. 8, is the opening

between two lines that intersect or meet;

the point of meeting is called the vertex

of the angle.

fig. 7

fig. 8

B
Fig. 9

13. In order to distinguish one line from another, two

of its points are given if it is a straight line, and as many
more as are considered necessary if it

is a broken or curved line. Thus, in

Fig. 9, the line A B would mean the~D
straight line included between the

points A and B. Similarly, the straight

line between C and D would be called the line CD.
The broken line made up of the lines A B and BD would

be called the broken line A B D or DBA, according to the

point started from. The line CD may be regarded as a

single line or as made up of two lines C B and B D. B D
may be regarded as C B extended, in which case it would be

called C B produced to D, or simply C B produced. Simi-

larly, C B is D 1> produced. One line, however, cannot be
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said to be another line produced, unless it is an extension of

the line in a constant direction; i. e., A B cannot be referred

to as C B produced or as D B produced.

14. To distinguish angles, name a point on each line,

and the point of their intersection, or vertex of the angle.

Thus, in Fig. 9, the angle formed by the lines ./ /> and C B
is called the angle A B C or the angle C /> A, the letter at

the vertex being placed between the other two. The angle

formed by the lines A B and B D is called the angle . / B /)

or the angle DBA.
When an angle stands alone so that it cannot be mistaken

for any other angle, only the vertex letter need be given
;

thus, the angle E, Fig. 20, the angle B, Fig. 21, etc.

15. If one straight line meets another straight line

at a point between its ends (see Figs. 9 and 10), two
angles A B C and A B D are formed, which are called

adjacent angles.

16. When adjacent angles are

equal, as A B C and A /> D, Fig. 10,

they are called right angles.

B

Fig. 10

17. An acute angle is less than

a right angle. A B C
%

Fig. 11, is an

acute angle.

FlO. ii

IS. An obtuse angle Is greater A

than a right angle. ./ BD
y
Fig. L2

is an obtuse angle.
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Fig. 13

19. When two straight lines intersect they form four

angles about the point of intersection. Thus, in Fig. 13, the

lines A B and C D, intersecting at the

point O, form four angles B O D, D O A,

A O C, and COB about the point O.

The angles that lie on the same side

of one straight line, as DOB and

D O A, are adjacent angles. The
angles that lie opposite each other are called opposite

angles. Thus, A O C and D O £, also DO A and B O C,

are opposite angles.

20. When one straight line intersects another straight

line, as in Fig. 13, the opposite angles are equal. Thus,

DOB = AO C, and DOA = B O C.

21. When one straight line meets

another straight line at a point between

its ends, the sum of the two adjacent

angles A B D and ABC, Fig. 14, equals

two right angles.

22. If a number of straight lines on the same side of a

given straight line meet at the same
point, the sum of all the angles formed

is equal to two right angles. Thus,

in Fig. 15, COB + DOC+EOD
+ FO E-\- A OF= two right angles.

Fig. 15

23. If a straight line intersects another straight line, so

that the adjacent angles are equal, the

lines are said to be perpendicular to each

other. In such a case, four right angles

are formed about the point of intersec-

tion. Thus, in Fig. U,BOC= COA;
hence, B O C, CO A, A O Z\ and D O B
are right angles. From this it is seen

that/our right angles are all that can be

formed about a given point.

o

D
FIG. 16
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^•4. Through a given point any number of straight

lines may be drawn; and the sum of

all the angles formed about the point

of intersection equals four right an-

gles. Thus, in Fig. 17, HOF+FOC
+ C O A + A G + GOB + BOD
+ DO B + B H = four right angles.

Example.—In a flywheel with 12 arms, what
part of a right angle is included between the

center lines of any two adjacent arms, the

arms being spaced equally ?

Solution.—Since there are 1*2 arms, there are 12 angles. The sum
of all the angles equals four right angles. Hence, one angle equals

T
x

f of 4 right angles. or I
L
/ x4 = 1^ = iofl right angle. Ans.

25. A perpendicular drawn from a point over or under

A a given straight line is the shortest dis-

tance from the point to the line, or to

the line produced. Thus, if A, Fig. 18,

is the given point and C D the given

-2> line, then the perpendicular A B is the

shortest distance from A to CD.
D

Fig. 18

*£6. An angle is said to be the complement of another

when the sum of the two angles is one right angle. In Fig. IT,

if FE is perpendicular to A />, FOH is the complement of

B H, and B O H is the complement oiFOH. When refer-

ring to both angles, they are said to be complementary.
Thus, BOH and BO //are complementary angles.

\£7. When the sum of two angles is equal to two right

angles, the angl .id to be supplementary, and each

is the supplement of the other. In Fig. 14, A BC is the

supplement of A B J\ and A BD is the supplement of A B C.

n this definition, it follows that adjacent angles arc sup-

plementary; also, that if one side of an angle, as B I\ Pig. 14,

be produced through the vertex, the angle between the side

produced and the other side, i.e., the angle CBA
%

is the

supplement of the original angle DBA.
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28. If two angles have their sides parallel and both

the corresponding sides lie in the same or in opposite

directions, they are equal. Thus, if the side A B, Fig. 19,

is parallel to the side D E, and if the side B C is parallel

to the side E F, then the angle E — the angle B. But if

one of the sides of one angle lies in the same direction and

Fig. 19 Fig. 20

the other in the opposite direction to the corresponding sides

of the other angle, the angles are supplementary. Thus, in

Fig. 20, G H is parallel to and lies in the same direction as

D E, and H I is parallel to but lies in the opposite direc-

tion to E F ; hence, angle G H I is the supplement of DE F.

29. If two sides of an angle are perpendicular to two

sides of another angle, the two angles are equal or supple-

mentary. Thus, if D E and G H, Fig. 20, are perpendicular

to BA, and EF and HK are perpendicular to B C, then will

angle E = angle B = angle H\ also GHI \s the supplement

oi ABC.

EXAMPLES FOR PRACTICE

1. In a pulley with five arms, what part of a right angle is included

between the center lines of any two«arms ? Ans. £ of a right angle.

2. If one straight line meets another straight line so as to form an

angle equal to If right angles, what part of a right angle does its adja-

cent angle equal ? Ans. f of a right angle.
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3. If a aumber of straight Lines meet a given straight line at a

given p«»iiu. all being on the same side of the given line, so as to form

six equal angles, what part of a right angle is contained in each angle ?

Ans. £ of a right angle.

PLANE FIGURES

30« A surface has only two dimensions: length and

breadth. A plane surface, usually called a plane, is a Hat

surface. If a straightedge be laid on a plane surface, every

point along the edge of the straightedge will touch the sur-

face, no matter in what direction it is laid.

31. A plane figure is any part of a plane surface

bounded by straight or curved lines.

32« When a plane figure is bounded by straight lines

only, it is called a polygon. The bounding lines are called

the sides, and the broken line that

bounds it (or the whole distance around

it) is called the perimeter of the

polygon.

The angles formed by the sides are

called the angles of the polygon. Thus,

A B CD /:', Fig. 81, is a polygon. A A', fig. 21

BC, etc. are the sides; EAB,A B C, etc. are the angles;

and the broken line A B C D EA is the perimeter.

;>.*>. Polygons are classified according to the number of

their sides: One of three sides is called a triangle; one

of four sides, a quadrilateral ; one of live- sides, a penta-

gon; one of six sides, a hexagon; one of seven sides, a

heptagon; one of eight sides, an octagon; one of ten

decagon; one of twelve sides, a dodecagon: etc.

34. Equilateral polygons are

in which the sides are all equal.

Thus, in Fig. 22, AB=BC=CD
= DA ; hence, A BCD is an equilat-

eral r> lygon.
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Fig. 23

35. An equiangular polygon is

one in which all the angles are equal.

Thus, in Fig. 23, angle A= angle B
= angle D — angle C; hence, A B D C
is an equiangular polygon.

36. A regular polygon is one in

which all the sides and all the angles

are equal. Thus, in Fig. 24, A B = BD
= D C = C A, and angle A = angle B
= angle D = angle C; hence, A B D C is a

regular polygon. Fig. 24

37. Some regular polygons are shown in Fig. 25.

Pentagon Hexagon Heptagon Octagon

Fig. 25

Decagon Dodecagon

38. The sum of all the interior angles of any polygon

equals two right angles, multiplied by

a number which is two less than the

number of sides of the polygon. Thus,

A B CDEF, Fig. 26, is a polygon of

six sides (hexagon), and the sum of all

the interior angles A-\- B -\- C -f D + E
+ F= 2 right angles x 4 ( = 6 — 2),

or 8 right angles. Fig. 26

Example.—If the above figure is a regular hexagon (has equal sides

and equal angles), how many right angles are there in each interior

angle ?

Solution.— 6 — 2 = 4. Two right angles X 4 = 8 right angles = the

total number of right angles in the polygon ; and as there are 6 equal

angles, we have 8 -s- 6 = 1^ right angles = the number of right angles

in each interior angle. Ans.
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TIIK i i:ia\<.lk

38L Triangles are named according to their sides as

isosceles, equilateral^ and scalene triangles, and according to

their angles as right-angled and oblique-a

triar. g

H>. 1—eeles triangle, Fig. 27, is one

having two of its sides equal.

Pig. tr

41. ^Yhen the three sides are equal, as

in Fig. 28, it is called an equilateral tri-

angle. An equilateral triangle is

isosceles.

als-

Pig. 29

4'^. A scalene triangle. Fig. *29, is one

ng no two of its sides equal.

-A3. A right-angled triangle. Fig. 30, is any triangle

having one right angle. The side opposite

the right angle is called the hypotenuse.
For brevity, a right-angled triangle is now
termed a right trial ,.

Pig. 30

44. An oblique triangle, Fig. 31

one that has no right angle,
si

& &

1">. The ba--< triangle is the side upon which the

triangle is supposed to stand; any side may be considered

to be the base. In Figs. A C is the base.

16. The altitude . .Wangle is a line drawn from

the gle

opposite the base per-

pendicular to the base

he base produced.

Thus, in Figs. 3>and33,

^C BD is the altitude of

the triangle-

-z>
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41. In an isosceles triangle, the angles opposite the

equal sides are equal. Thus, in Fig. 34,

A B = BC; hence, angle C — angle A.

Therefore, if two angles of any triangle are

equal, the triangle is isosceles.

In any isosceles triangle, if a perpendicu-

lar be drawn from the vertex opposite the

unequal side to that side, it bisects (cuts in

halves) the side. Thus, A C, Fig. 34, is the

unequal side in the isosceles triangle ABC; hence, the per-

pendicular B D from the vertex opposite A C bisects A C,

or AD = DC
48. In any triangle, the sum of the three angles equals

two right angles. Thus, in Fig. 35, the sum of the angles

at A, B, and C— two right angles; that is, A ~f B + C
= two right angles. Hence, if any

two angles of a triangle are given, the

third may be found by subtracting the

sum of the two from two right angles.

Suppose that A + B = 1T\ right

angles; then, C must equal 2 — ly7^ = T
3
o
of a right angle.

49. In any right triangle there can be but one right

angle, and since the sum of all the angles equals two right

angles, it is evident that the sum of the

two acute angles must equal one right

angle. Therefore, if in any right tri-

angle one acute angle is known, the

other can be found by subtracting the

known angle from a right angle. Thus,

in Fig. 36, ABC is a right triangle,

right-angled at C. Then, the angles A -f- B = one right

-f-
of a right

Fig. 36

If A = f of a right angle, B = 1 -angle

angle. The two acute angles of a right triangle are there-

fore complementary.

50. In any right triangle, the square described upon the

hypotenuse is equal to the sum of the squares described

upon the other- two sides. If ABC, Fig. 37, is a right
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1

triangle, right-angled at />, then the square described

upon the hypotenuse A (

squares described upon the

sides t I B and BC\ conse-

quently, if the lengths of the

sides A B and B Care known,

the length of the hypotenuse

can be found by adding the

squares of the lengths of the

sides A B and B C and then

extracting the square root of

the sum.

Example.—If . / /? = 3 inches

and B C = 4 inches, what is the

length of the hypotenuse AC?
Solution.— 32 = 9; 4* = 16.

Adding, 9 + 16 = 35.

\ 25 = 5.

Therefore, A C = 5 in.

is equal to the sum

/

»f the

>jr

Ans.

51. If the hypotenuse and one side are given, the other

side can be found by subtracting the square of the given side

from - the square of the hypotenuse, and then extracting the

square root of the remainder.

EXAMPLE 1.—The side given is 3 inches, the hypotenuse is ."> inches;

what is the length of the other side ?

Solution— 3* = 9; 5a = 25. 25 -9= 16, and /l6 = 4 in. Ans.

Example 2.—If, from a church steeple which is 150 feet high a

r<»pe is to be attached at the top and to a stake io

the ground 85 feet from its foot (the ground being

supposed to be level), what must be the length of

the n '

lutiom.—In Fig. :5s, ./ ff represents the steeple,

150 feet high; C, a stake *."> feet from the foot ol

the steeple; and ./ <\ the rope. Here we have a

right triangle, right-angled at />', and A C is the

hypotenuse.

'The square of AC 80 150' S2.500

AC \ 29,725 172.4 ft., nearly. Ans.

150
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52. Two triangles are equal when the sides of one are

equal to the sides of the other.

53. Two triangles are similar

when the. angles of one are equal to

the angles of the other. The corre-

sponding sides of similar triangles

are proportional.

For example, in the triangles

ABC and a b c, Fig. 39, side a c is

perpendicular to A C, side a I? is

perpendicular to A B, and side b c

is perpendicular to B C. Hence,

angle A = angle a, since the sides

of one are perpendicular to the sides of the other. In like

manner, angle B = angle b
y
and angle C = angle c. The two

triangles are therefore similar and their corresponding sides

are proportional. That is, any two sides of one triangle are

to each other as the two corresponding sides of the other

triangle; or, one side of one triangle is to the corresponding

side of the other as another side of the first triangle is to

the corresponding side of the second. The following are

examples of the many proportions that may be written.

In this case, the corresponding sides of the two triangles are

the ones that are perpendicular to each other:

Fig. 39

AB : BC = a b b c,

AB A C=a b a c,

B C be -AB a b,

A C . ac — B C : be, etc.

Example.—The sides of a triangle are 18 inches and 21 inches and

the base is 24 inches long; what are the lengths of the sides of a

similar triangle whose base is 8 inches long ?

Solution.—Since the sides are proportional, we have the proportions

24 : 8 = 21 : x, and 24 : 8 = 18 : x. From the first, x = 7 in., and from

the second, x = 6 in. Ans.

54. If a straight line is drawn through two sides of a

triangle parallel to the third side, it divides those sides
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proportionally. Thus, in Fig. 40, let the line D E be drawn

parallel to the side B C in the tri-

angle A B L \ Then,

AD: DB = AE : EC.

It is to be notieed, also, that the tri-

angles A DE and A BC are similar

and their sides are proportional. The
proportion A D : D E = A B : B C is a

useful one.

Example 1.—In the last figure, if A E — 14, FlG 40

A D = 12, and EC = 9, what does D B equal ?

Solution.—From the proportion A D : D B = A E : EC, we have

12 : D B = 14 : 9, whence D B = 7f Ans.

Example 2.—The base of a right triangle is 12 inches and its alti-

tude 40 inches. How wide is the triangle 24 inches from the base ?

Solution.—Since the triangle is right-angled, the length of the

perpendicular side equals the altitude, or 40 inches. By drawing a line

parallel to the base and 24 inches above it, a second and similar tri-

angle will be found whose corresponding side = 40 — 24, or 16 inches,

and the length of whose base is the required width. Hence, 40 : 12

= 16 : x, or x = 4.8 in. Ans.

EXAMPLES FOR PRACTICE
1. How many right angles are there in one of the interior angles

of a regular heptagon ? Ans. H right angles.

.. The angle at the vertex of an isosceles triangle equals A of a right

angle. What do the other angles equal ? Ans. f of a right angle.

3. One of the acute angles of a right triangle equals | of a right

angle. What is the size of the other acute angle ? Ans. | of a right angle

4. If the two sides about the right angle in a right triangle are 52

and 39 feet long, how long is the hypotenuse? Ans. (m ft

5. A ladder 65 feet long reaches to the top of a house when its foot

S feet from the house. How high is the house, supposing the

ground to be level ? Ans. 00 ft

; In a triangle . / B C, side A B 82 feet, B C= 34 feet, and AC
18 feet [f side ^4 B of a similar triangle is 72 feet long, what are the

lengths of the other two sid< Ans. /*C=108ft; /»'
(

' = 76.5 ft

7. The b right triangle is 24 inches and its altitude

72 in< hes. At what distance from the top is the triangle 16 inches

wide ? Ans. }s in.
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THE CIRCLE

55, A circle, Fig. 41, is a plane figure

bounded by a curved line, called the circum-
ference, every point of which is equally dis-

tant from a point within, called the center.

fig. 4i

56. The diameter of a circle A B. / \
Fig. 42, is a straight line passing through A [ , \b

the center and terminated at both ends 4

v /

by the circumference.
•^ -.-

Fig. 42

^ ^
N 57. The radius of a circle, A , Fig. 43,

/ \ is a straight line drawn from the center

A o
J

to the circumference. It is equal in length

\ / to one-half the diameter. The plural of
Kxv y radius is radii. All radii of any circle are

FIg'43
e(lUal ln length «

58. An arc of a circle, as a e b, Fig. 44,

is any part of its circumference.

Fig. 44

59. A. chord is a straight line joining

\& any two points in a circumference ; or, it is

a straight line joining the extremities of an

arc.

Thus, in Fig. 45, a b is the chord of the

arc a e b.
Fig. 45

60. A segment of a circle is the space included between

an arc and its chord.
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Thus, in Fig. 4~>, the portion of the circle included between

the chord a b and arc a e b is a segment.

61. A sector of a circle is the space / \
included between an arc and two radii /

drawn to the extremities of the arc.

Thus, in Fig. 46, the space included

between the arc A B and the radii O A and

O B is a sector of the circle.

62. Two circles are equal when the radius or diameter

of one equals the radius or diameter of the other.

Two arcs are equal when the radius and chord of one

equal the radius and chord of the other.

63. If AD B C, Fig. 47, is a circle

in which two diameters A B and CD
are drawn at right angles to each other,

then, A O D, DOB, B O C, and CO A
are right angles. The circumference

is thus divided into four equal parts;

each of these parts is called a quad-
rant.

64. In geometry, angles are measured by the number
of right angles, or parts of a right angle, which they contain;

since in the circle, a right angle intercepts a quadrant, an

angle is also measured by the number of quadrants, or parts

quadrant, that it intercepts. The word " intercept" as

here used means the arc cut off by the sides of the angle.

65. An angle at the center is measured by its inter-

cepted arc.

Example.—If a circle is divided into six

equal sectors, how many quadrants, or parts

of a quadrant, are contained in the angle of

each a

v— In Fig. 48, ACFBDE is

a circle divided into six equal The
sum of all the quadrants in the circle

• of a quadrant in each
Fig. 48 Ans.
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An inscribed angle is one whose vertex lies on
the circumference of a circle and whose
sides are chords. It is measured by
one-half the intercepted arc. Thus, in

Fig. 49, ABC is an inscribed angle

and it is measured by one-half the

arc ADC
Example.—If in the figure the arc ADC

= f of the circumference, what is the measure
of the inscribed angle ABC?

Solution.—Since the angle is an inscribed angle, it is measured by
one-half the intercepted arc, or f X i = i of the circumference. The
whole circumference contains four quadrants ; hence, 4 X | = f of a

quadrant, or f of a right angle. Therefore, the measure of the

angle A B C is £ of a quadrant. Ans.

67. If a circle is divided into halves, each half is called

a semicircle and each half circumference is called a semi-

circumference.

68. Any angle that is inscribed in a semicircle and

intercepts a semi-circumference, as A B C, or A D C,

Fig. 50, is a right angle, since it is measured by one-half a

semi-circumference, that is, by a quadrant.

A
A,

Fig. 50 Fig. 51 Fig. 52

69. An inscribed polygon is one whose vertexes lie

on the circumference of a circle, and whose sides are chords,

as A BCD E, Fig. 51.

70. If, in any circle, a radius be drawn perpendicular

to any chord, it bisects (cuts in halves) the chord. Thus,

if the radius O C, Fig. 52, is perpendicular to the chord A B,

AD=DB.
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Example.—If a regular pentagon is inscribed in a circle and a

radius is drawn perpendicular to one of the sides, what are the lengths

of the two parts of the side, the perimeter of the pentagon being

27 inches?

Solution. — A pentagon has five sides, and since it is a regular

pentagon, all the sides are of equal length; the perimeter of the pen-

tagon, which is the distance around it, equals the sum of all the sides,

or 37 inches. Therefore, the length of one side = 27 -r- 5 = 5| inches.

Since the pentagon is an inscribed pentagon, its sides are chords, and

as a radius perpendicular to a chord bisects it, we have 5| -^- 2

,
inches for the length of each of the parts of the side, cut by a

radius perpendicular to it, Ans.

71. If a straight line be drawn perpendicular to any

chord at its middle point, it must pass through the center of

the circle.

Through any three points not in the same straight line, a

circumference can be drawn. Let A, B, and C, Fig. 53, be

any three points. Join A and B, and

B and C, by straight lines. At the middle

point of A B draw H K perpendicular

to A B; at the middle point of B C
draw EF perpendicular to B C. These

two perpendiculars intersect at 0. All

points on // K are equally distant from

A and B, and all points on EF are equally

distant from B and C ; their intersection is equally dis-

tant from A, B, and C. Then, with as a center and O B
as a radius, describe a circle ; it will pass through A, B, and C.

VI, A tangent to a circle is a straight line that

touches the circle at one point only; it is always perpen-

dicular to a radius drawn to that point.

Thus, in ., A //drawn perpendic-

ular to the radius E at its extremity E
is a tangent to the circle.

If a straight line is perpendicular to a

radius at it- .ity, it is tangent to

the -I, it A B is

perpendicular to the radius O E at E,

A B is tangent to the circle.

Fig. 53

40—20
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73. If two circles intersect each other, the line joining

their centers bisects at right angles

the line joining the two points of

intersection. If the two circles,

whose centers are O and P, Fig. 55,

intersect at A and />, the line O P
bisects at right angles the line A B

;

or A C = B C A B is thus per-

pendicular to O P.
Fig. 65

74. One circle is said to be

tangent to another circle when
they touch each other at one point

only, as in Fig. 56. This point is

called the point of tangency, or

the point of contact.

Fig. 56

75, When two or more circles are

described from the same center, as in

Fig. 57, they are called concentric

circles.

Fig. 57

76. If, from any point on the circumference of a circle,

a perpendicular be let fall upon a given diameter, this

perpendicular will be a mean proportional between the

two parts into which it divides the diameter.

If A B
y
Fig. 58, is the given diameter

and C any point on the circumference,

then is the perpendicular CD a mean
proportional between A D and D B, or

AD: CD=CD: DB.

Therefore,

and

CD =ADx DB
9

CD =\?ADxDB. Fig. 58
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Example 1.— If // A'= 90 feet and IB = 8 feet, what is the diameter

of the circle, // A" being perpendicular to A H ?

Solution.— 30 feet -f- 2 = 13 feet = I H.

B I : 111= III : I A, or 8 : 15 = 15 : IA.

1 "V-

Therefore, IA = -^- = =J- = 2s;- feet,
o o

and /. i -I- / B — 28£ -h 8 = 36} ft. = A B, diameter of circle. Ans.

Example 2.—The diameter of the circle A B is 3<ty feet and the dis-

tance B /is 8 feet; what is the length of the line HKl
Solution.—As the diameter of the circle is 36^ feet and as B /is

8 feet, /^ is equal to 36i - 8 = 28| feet. Hence, B I : IH = I II : I.I,

or 8 :///=/// : 28$. Therefore, I

H

'= |/8x 2*5 = 15 feet, and as

HK= IH+ IK, or 2 ///, //AT= 15 x 2 = 30 ft. Ans.

EXAMPLES FOR PRACTICE

1. If a circle is divided into ten equal sectors, what part of a quad-

rant is contained in the angle of each sector ? Ans. -§ of a quadrant.

2. An angle inscribed in a circle intercepts one-fourth of the cir-

cumference. What is the size of the angle ? Ans. 4 of a right angle.

3. The perimeter of a regular inscribed octagon is 100 inches long.

If a radius is drawn perpendicular to one of the sides, what are the

lengths of the two parts of the side ? Ans.

4. If, in Fig. 58, the diameter A B = 324 feet and the distance

IB = 8 feet, what is the length of the chord H A'? Ans

In Fig. 58, if the distance B I is 6 inches and HK 18 inches,

what is the diameter of the circle ? Ans. 19.5 in.

TRI€K)KOMETBT
7 7. Trigonometry is that branch of mathematics which

- of the solution of triangles.

ry triangle has six parts— three sides and three

angles. If any three of the parts are given, one of them
being a side, the other three can be found. The process of

finding the unknown parts from the given parts is called the

sol Ntioii of the trial

4
s
*. In trig ry, the circumfer ycircleis

supposed to be divid equal parts, railed degrees :
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Fig. 59

every degree is subdivided into 60 equal parts, called min-
utes ; and every minute is again divided into 60 equal parts,

called seconds. Degrees, minutes, and seconds are denoted

by the symbols °, ', ". Thus, the expres-

sion 37° 14' 44", is read 37 degrees 14

minutes 44 seconds.

Since one degree is -g^ of any cir-

cumference, it follows that the length of

an arc of one degree will be different in

circles of different diameters, but the

proportion of the length of an arc of one

degree to the whole circumference will always be the same,

viz., -3-^0- of the circumference.

Hence, in two given circles the length of an arc of 1° will

be proportional to the two radii. Thus, if A O £, Fig. 59,

is an angle of 1° on the larger circle, it is also 1° on the

smaller concentric circle, and the length of the arc A B is to

the length of the arc CD as the radius O B is to the radius

O D\ or, arcAB: arc CD= OB: OB.

Example.—If the arc C D = 2 inches, radius O D = 5 inches, and

radius O B = 9 inches, what is the length of the arc A B ?

9X2 OQSolution. A B:2 = 9:5,or A B = Ans.

79. In trigonometry, the arcs of

circles are used to measure angles. All

angles are supposed to have their ver-

texes at the center O of the circle (see

Fig. 60), one side of the angle lying to

the right of (9, and coinciding with the

horizontal diameter, as O B.

The point B on the arc is the starting

point in measuring an angle; the angle

is supposed to increase by moving around the circumference

in the direction indicated by the arrow until the number of

degrees, minutes, and seconds in the angle have been meas-

ured off on the arc. Suppose that it stops at the point H\
draw O H, and H O B will be the angle. If K had been the

stopping point, K O B would have been the angle.
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In practice, angles are most conveniently laid off by using

a protractor (sec Geometrical Drawing), which is usually

graduated to degrees and half degrees, minutes being

estimated by the eye.

80. Since a quadrant is a fourth part of a circle, the

number of degrees in a quadrant is one-fourth of 360°, or

90°. Hence, a right angle always contains 90°.

Example.—The earth turns completely around on its axis once every

day ; through how many degrees does it turn in 1 hour ?

Solution.—In 1 day there are 24 hours, and since the earth turns

through 360° in 24 hours, in 1 hour it will turn through 360° -s- 24

= 15°. Ans.

81. In adding two angles together, seconds are added

to seconds, minutes to minutes, and degrees to degrees; so,

also, in subtracting two angles, seconds are subtracted from

seconds, minutes from minutes, and degrees from degrees.

Example 1.—Add 75° 46' 17" and 14° 27' 34".

Solution.— 75° 46' 17"

14^ 27' 34"

Since 73' = 1° 13', the 1°

-itten 90° 13' 51". Ans.

89 73' 51"

is added to the \ and the sum is then

Example 2. — What is the difference between 126° 14' 20" and
45 38 18"?

Solution.— 126° 14' 80"

45° 28' 13"

Since 28' cannot be taken from 14', 1 (= 60') is taken from 126° and
added to the 14', and the above is written:

126 74 20"

45 28 13"

8 : . Ans.

Example 8.—Subtract 48 §6 11 from 90°.

Solution.—Since I = 00 and 1 = 60 , we can write 90° = 89° 59* 60",

and

49 36 i I

40 28 W". Ans.
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Example 4.—Add
Solution.—

15' 39" and 96° 44' 21".

83° 15' 39"

96° 44' 21"

179° 59' 60"

Since 60" = 1', add V to 59', making it 60' ; since 60' = 1°, add 1 to 179°

making it 180°.

Therefore, 83° 15' 39" + 96° 44' 21" = 180°, Ans.

EXAMPLES FOR PRACTICE

1. Add 43° 0' 59" and 10° 59' 40". Ans. 54° 0' 39".

2. From 180° 12' 20" subtract 3° 12' 56". Ans. 176° 59' 24".

3. From 84° take 83° 14' 10", and to the result add 14' 10". Ans. 1°.

THE TRIGONOMETRIC FUNCTIONS

82. A function of a quantity is another quantity-

depending on the first one for its value. The circumference

of a circle, for example, is a function of the diameter,

because the length of the circumference depends on the

length of the diameter.

83, In the right triangle A C B,

Fig. 61, right-angled at C, the size of

the angle A (and consequently, also,

of angle B) depends on the relative

lengths of the sides A C
9
A B, and

B C. No one of the sides can be

changed without altering the length of at least one other

side, and consequently changing the angles A and B, the

angle C remaining a right angle. For this reason the sides

are functions of the angles.

84. In Fig. 62, A CB is a right

triangle, right-angled at C. The
sides A B and A C have been pro-

duced to B' and C, respectively,

B' C being perpendicular to A C
and therefore parallel to B C. The
two triangles A C B and A C B' are

fig. 61

Fig. 62
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similar, since their corresponding angles are equal; hence,

their corresponding sides are proportional, and we have the

proporti

BC BC B'C
A B ~ A B ' A C~ A C

It is evident that, no matter what the lengths of the sides

r i -i • i i i
C B C

of these similar triangles may be, the ratios

B' C
A & A B" A C

- will always have the same value so long as the angles
A L

remain the same. Therefore, if we knew what the values

were for all angles, we could lay off any angle whatever.

then.For, suppose that the ratio -j—r was known to be -;

BC
AB ±or BC=\AB. If we call A B, 1, then BC = £

and the angle can be constructed as shown in Fig. 63. Take
A B as a radius and describe a circle;

draw the two diameters DH and EF
at right angles to each other. Lay off

A G = i (A B being 1), and draw GB
parallel to D C, intersecting the circle in

B. Then draw A B
y
and B A C is the re-

quired angle, since B C = A G = J A B.

In a similar manner we can construct

. . . . BC B'C
an angle when the ratio —r-^ or ., is known. Suppose

this rati 1 that A C be taken equal to 1. With A C
y

g 64, as a radius describe a circle and erect

a perpendicular at C. Make CB = j [A C
L being 1) and d: Then, B A C is the

lired angle.

85, Suppose, in Fig. 6'2, the distances

A C and IV C were known, but that they

it that it was imp to lay them off on a

dra that A wn and measured; al

that it v. know tile direction of the line A
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i. e., the angle A. Of course, a drawing could be made to a

reduced scale; the angle A could be measured with a pro-

tractor; and the length of A B' could be measured with a

scale. The results obtained in this manner would not, in

general, be accurate ; the method would be long and very

inconvenient, and facilities for doing this might not be at

hand. If, however, we had a table giving the values of the

ratio -r-f* for all angles, we could* find the value of the

ratio . r ,
(which equals the value of the ratio -j-^), and

then by looking in the table, find what angle had this value;

this angle would be the angle A. The length of A B' could

be found by adding the squares of A C and B' C and

extracting the square root (see Art. 50) ; an easier way
would be to look in a table giving the values of the

R C
ratios -*-& and divide B' C by the ratio corresponding to

R C
angle A. For representing the value of the ratio -j—n by ^>

we have

BC B'C „ , n , £'

C

From the foregoing, it will be perceived that the ratios

mentioned are extremely important—they constitute, in fact,

the foundations of trigonometry. These ratios, together

with several others not yet described, are called the trigo-

nometric functions.

86. There are eight trigonometric functions, the four

principal ones being the sine, cosine, tangent, and cotangent.

The remaining four are the secant^ cosecant, versedsine, and

coversedsine.

In some works on trigonometry and engineering, the trig-

onometric functions are treated as lines, while in others they

are treated as ratios. We shall therefore define them both

ways, so the student will have no difficulty in understanding

either method. These functions will now be defined.
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ST. In any right triangle, as O C . right-

angled at (T, considering the angle O. the

side A C is called the Bide opposite and

the side C the side adjacent
;

is, of course, the hypotenuse. Similarly,

C is the side opposite and A C the

side adjacent for the angle A. The
ratio of the side opposite to the hypote-

nuse is called the Bine; thai the fig

angle A O C
y

side opposite A C
Sine = —. — = ~^—r*hypotenuse OA

which is equal to A C. when A is taken as equal to 1. In

other words, if a circle whose center is is described with

of unit lengthy the perpendicular dropped from the

point where one side of the angle s vertex is at the cen-

ter of the circle) cuts the circle to the other side is the sine.

88. The cosine of an angle, as O, 1 is the ratio

of the side adjacent to the hypotenuse; therefore,

side adjacent C
Cosine =

OA'hypotenuse

which is equal to C%
when the radius O A = 1. In other

words, the cosine is the distance from the foot of the sine to

the center of the circle, when the radius is unity.

89. The tangent of an angle, as A 01 . the

ratio of the side opposite to the side adjacent ; therefore,

-, side opposite
Tangent = -r-z ^4-

side adjacent

DB
B %

which is equal to D B, when the radius

O B = 1. In other : a tangent is

drawn at the right extremity of the hori-

zontal diameter of a circle (described with

a unit radius), which ne side

angle, and the other side of the angl

prolonged to meet it, the dis pted by the two

side- .:igle is called ti: it of that ang

Fig. 66
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90. The cotangent of an angle, as A O B, Fig. 66,

is the ratio of the side adjacent to the side opposite; there-

fore, . 1 ,

.

^ r,

~ , side adiacent O B
Cotangent = — 1 — = —.

-

side opposite D B

The cotangent is represented by the line £ F, which is

tangent to the circle at E, for the triangles FE O and DB O
are similar, since they both have alright angle; the angles

EFO and DOB are equal (see Art. 28), and the angles

FOE and D B are also equal, being complements of the

same angle DOB (see Arts. 26 and 49). Therefore,

OB E F _ _„ .
t

-~-n = -t^-fv But E O is the radius, which we assumed toDB E
O R

be 1, and -j^-^ is the cotangent of D B; hence,DB
n ,

0B EF KnCotangent = -^ = -^ = EF,

when the radius E = 1. In other words, if a tangent is

drawn from the upper extremity of a vertical diameter of a

circle, whose horizontal diameter forms one side of an angle,

and the other side of the angle is produced until it meets

this tangent, the distance intercepted on this tangent

between the extremity of the vertical diameter and the pro-

duced line is called the cotangent of that angle, when the

radius = 1.

91. The secant of an angle is the ratio of the hypote-

nuse to the side adjacent; therefore, referring to Fig. 67,

Secant = hyPotermse = ° A = ° D = QD
side adjacent C OB '

when the radius B = 1. In other words, the secant is the

line included between the point of intersection of the tangent

with the inclined side of the angle and the center of a circle,

when the radius = 1. D is also the secant in Fig. 66.

92. The cosecant is the ratio of the hypotenuse to the

side opposite. Therefore, referring to Fig. 67,
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_ hypotenuse OA
Cosecant = .. —— = —r-r-

side opposite A C

But, since R X and OCA are similar right triangles,

the side O R corresponding to side .

OA OX n vCosecant = -j-~ — -y-^ = O -\ ,

when the radius B — 1. In other words, the cosecant is the

line included between the point of intersection of the cotan-

gent with the inclined side of the angle

and the center of a circle, when the

radius = 1. In Fig. 66, F is the

cosecant.

93. The versedsine and coversed-

sine are not generally treated as ratios.

The rersedslne is defined as 1 minus

the cosine. In Fig.
Fl:

O C
Versedsine = 1 — cosine = 1 — -y-j = 1 — C — C B,

when radius A = 1.

The versedsine might be defined as the ratio of C B to

O A B being in all cases the distance from the

foot C of the sine to the right extremity B of the horizontal

diameter.

The coveisedstne is equal to 1 minus the sine. In

Fig. 67, A E is parallel to OB; hence, E = sine of

angle A C, when radius A = 1. Therefore,

A C
Coversedsine = 1 — sine =1 y-j

= l-A C=l-£0=£R,
when radius A = 1.

94. The four functions last defined are but little used

except for special p ;
if required, they can be readily

found from a table giving the values of

tangents, and cotangents; hence, we shall here treat on1

the four functions first named.
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In Art. 87, the sine was defined as -: —
, or as

hypotenuse

A C
equal to -tj-j', in Art. 92, the cosecant was defined as

hypotenuse , OA _ .„

,

. , ,

-t4 :— , or as equal to -j-t*. It will be noticed that these
side opposite AC
two ratios are reciprocals* of each other, -~—j = n . = -^—?.UA U A UA

A C

In other words, the cosecant = -s— , and, hence, to find the
sine

cosecant of an angle, all that is necessary is to divide

1 by the sine of the angle. From this it follows that

dividing by the sine is the same as multiplying by the

cosecant.

Similarly, the secant is the reciprocal of the cosine; that is,

secant = :
— . Hence, if it is required to find the secant

cosine

of some angle, the secant may be found by dividing 1 by

the cosine of the angle. Therefore, dividing by the cosine

is equivalent to multiplying by the secant.

To find the versedsine of angle, find its cosine and sub-

tract it from 1 ; to find the coversedsine, find the sine of the

angle and subtract it from 1.

By comparing the ratios of the tangent and cotangent, it

will be noticed that the cotangent is the reciprocal of the tan-

gent ; likewise, the tangent is the reciprocal of the cotangent.

It may be readily shown that, by dividing the ratio for the

r • 1 S ine
sine by that for the cosine, the tangent is equal to :

—

.

J o i cosine

^••iii • 1 cosine __ -

Similarly, the cotangent is equal to —:
. Hence, having

given the sine and cosine of any angle, its tangent and

cotangent are easily found.

* The reciprocal of a number is 1 divided by the number. The
reciprocal of 4 is £, and 4 and i are said to be reciprocals of each other.

The reciprocal of a fraction is the fraction inverted ; thus, the recipro-

cal of | is f

.
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1 1 5 . The words cosine, cotangent, cosecant, and coversed-

sine are abbreviations for complement sine, complement

tangent, etc., which in turn are abbreviations for the

expressions "sine of complement," "tangent of comple-

ment." etc. In other words, the cosine of an angle is equal

to the sine of the complement of that angle; the cotangent

of an angle is equal to the tangent of its complement, etc.

That the cosine is equal to the sine of the complement is

readily seen by referring to Fig. 67. Here, A O B is the

given angle and A OR is its complement (see Art 26
A C is its sine and O C is its cosine. It is evident, from the

definition of the sine, that EA is the sine of the angle A O R.

But EA is equal to O C, since EA CO is a rectangle;

therefore, the cosine of A OB is equal to the sine c

:

complement A O R
Similarly, RN is the tangent of A OR and the cotangent

of A OB, and (XV is the secant of A OR and the cosecant

of A O B. The cosine of A O RisO E, which is equal to A
the sine of A O B. Therefore, the versedsine of A O R is

E R* the coversedsine of A O B. In other words, the

coversedsine of A OB is equal to the versedsine of A ORf

the complement of A OB.

96. In order to save time and space in writing, the names
of the functions are abbreviated as follows Sin for sine;

cos for cosine ; tan. for tangent ; cot for cotangent ; sec for

secant ; esc or eosec for cosecant ; vers for versedsine ; and
- or covers for coversedsine. These abbreviations are

used only when referring directly to angles ; when the names
are used in a general sense, they are written out in full.

Let A represent some angle; then, if it were desired to

refer to the sine, tangent, etc. of this angle, it would be

written sin A %
tan A % etc., and these expre— ould be

read i- sine
g

:c.

These abbreviations must always be pronounced in fulL

Th. pronounced cosine fourth
ninutes for: nds; tan 4o" is pronounced

ntforty
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97. To facilitate calculations, tables of the trigonometric

functions are employed. These tables give the sine, cosine,

tangent, and cotangent of the degrees and minutes in a

circle whose radius is 1. There are two kinds of tables

giving the trigonometric functions; viz., the table of natural

functions and the table of logarithmic functions. The table

of natural functions gives the actual values of the ratios,

while the table of logarithmic functions gives the

logarithms of the natural functions. Only the table of

natural functions is described in the present text.

98. From the definitions of the various trigonometric

functions we derive the following very useful rules for right

triangles:

~

.

side opposite
Sine = —j ^f- ; therefore,

hypotenuse

Rule 1.

—

Side opposite = hypotenuse X sine.*

side opposite
Rule 2.

—

Hypotenuse
sine

~ . side adjacent . .

Cosine = —j ; therefore,
hypotenuse

Rule 3.

—

Side adjacent = hypotenuse X cosine.

side adjacent
Rule 4.

—

Hypotenuse —
cosine

„ side opposite . ,

1 anient = —^

—

^-. :', therefore,d side adjacent

Rule 5.

—

Side opposite = side adjacent X tangent.

~ side adjacent . r
Cotangent= ., ; therefore,d side opposite

Rule 6.

—

Side adjacent = side opposite X cotangent.

* Since the quotient equals the dividend divided by the divisor the
dividend equals the product of the divisor and quotient.
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TRIGONOMETRIC TABLES

99. We shall now explain how to find the sine, cosine,

tangent, -and cotangent of an angle by means <>f the table

of natural trigonometric functions that accompanies this text.

It may here be remarked that the values of the functions are

never calculated directly*(except in making a table), because

the process is so long and laborious that it would require

considerable time to calculate even the value of one function

of a single angle, and there is no simple method of determi-

ning the angle corresponding to a given function, except by

aid of a table. As they are not necessary, the secants, cose-

cants, versedsines, and coversedsines are omitted entirely.

100. Given an angle, to find its sine, cosine, tan-

gent, and cotangent:

Example 1.—Let it be required to find the sine, cosine, tangent, and
cotangent of an angle of 37° 24'.

Solution.—Look in the table of natural sines along the tops of the

pages and find 87°. The left-hand column is marked ('), meaning that

the minutes are to be sought in that column, and hegin with 0, 1,2, 3,

etc., to 60. Glancing down this column until 24' is found, find opposite

this 24 in the column marked sine, and headed :>7 , the number .60738;

then. .60738 = sin :>7 '24'. In exactly the same manner, find opposite

24 in the column marked cosine, and headed 37°, the number .79441,

which corresponds to cos 37° 24'; or cos :'»7 34' = .79441. So, also, find

in the column marked tangent, and headed 37°, and opposite 24', the

number .76456; whence, tan 37 24' =.76456. Finally, find in the

column marked cotangent, and headed 87°, and opposite 24', the num-
ber 1.30795; whence, cot 8*3 24' = 1.307!):).

In most of the tables published, the angles run only from
0° to Jo ', at the heads of the columns; to find an angle greater

than 45 , look at the bottom of the page andglance upwards,
us"mi>- the extreme right-hand column to find minutes,
which begin with <> at the bottom and run upwards, 1, 2, 3,

etc., to 60.

Example 2.— Find the Bine, cosine, tangent, and cotangent of

;.:

Since this angle is greater than 45 , look along the

bottom of tin- tables, until the column marked sine at the bottom,
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and having 77" under it, is found. Glancing tip the column of minutes
on the right, until 43' is found, find opposite 43' in the column marked
sine at the bottom, and having 77° under it, the number .97711; this is

the sine of 77° 43', or s'*u 77° 43' = .97711. Similarly, in the column
marked cosme, and having 77° under it, find opposite 43', in the right-

hand column, the number .21275; this . is the cosine of 77° 43', or

cos 77° 43' = .21275. So, also, find that 4.59283 is the tangent of

7; 43', or tan 77° 43' = 4.59283. Finally, in the same manner, find

that the cotangent of 77° 43' or cot 77° 43' = .21773.

101. Let it be required to find the sine of 14° 22' 26".

Explanation.—The sine of 14° 22' 26" lies between the

sine of 14° 22' and the sine of 14° 23'. For a difference of

1 minute or less between two or more angles, it is correct to

assume that the differences in the values of the sine, cosine,

etc. of the angles are proportional to the differences in the

number of seconds in these angles. The difference in the

number of seconds between 14° 22' and 14° 22' 26" is 26",

and between 14° 22' and 14° 23' is 60". The sine of 14° 22'

is .24813 ; sine of 14° 23' is .24841. The difference between

the value of the sine of 14° 22' and the sine of 14° 22' 26" is

not known; hence, represent it by x. The difference

between the value of the sine of 14° 22' and the sine of

14° 23' is .24841 - .24813 = .00028, or 28 parts. Therefore,

we have the proportion

26"
: 60'W parts : 28 parts, or^ =^,

26
from which x parts = — X 28 = 12.1 parts.

Neglecting the .1, since .1 is less than .5, we must add

12 parts, or. 00012, to. 24813 to obtain the sine of 14° 22' 26".

Hence, sin 14° 22' 26" = .24813 + .00012 = .24825.

102. By referring to the table of sines, cosines, tangents,

and cotangents, it will be observed that, as the angles

increase in size, the sines and tangents increase, while the

cosines and cotangents decrease. In the above example, there-

fore, had it been required to find the cosine or the cotangent

of 11 22' 26", the correction for the 26" would have been

subtracted from the cosine or the cotangent of 14° 22' instead
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of added to it. The reason for this will be made apparent

on referring to Pig. 67. Here it will be seen that as the

sine and tangent increase, the cosine and cotangent decrei

and vice versa. From the foregoing we have, to find the

sine, cosine, tangent, or cotangent of an angle containing

seconds, the following ruk :

Kule 7.

—

Find in the table the sine, cosine, tangent
y
or

cotangent corresponding to the degrees and minutes of the

angle.

For the seconds, find the difference between this value and
the value of the sine, cosine, tangent, or cotangent of an angle

1 minute greater; multiply this difference by a fraction whose

numerator is the number of seconds in the given angle and
whose denominator is 60.

If the sine or tangent is sought, add this correction to the

value firstfound ; if the cosine or cotangent is sought, subtract

the correction.

Example.— Find the sine, cosine, tangent, and cotangent of 56 43 17 .

Solution.—Sin 66 43 =.83597. Sin 66 44 = - -
: 17

is greater than A less than 66 44 , the value of the sine of the

angle lies between .83597 and .83613; the difference = .83613 — .8

= .00016. Multiplying this by the fraction - = .( :..

nearly, which is to be added to .83597, the value first found, or .81

& Hen 13 17 = .83602. Ans.

Cos J$4; the difference = .6

- .548! 084, and .00024X ££ = .00007, nearly. Now, since the

cosine is sought, we must subtract this correction from cos 56° 43' or

.54878; subtracting, .54878 — .00" 871. Hence, cos 56° 43 17

971. Ans.

Tan 56 43 = L52332; tan 66 44 =1.52489; the difference = .0<"

and .7, nearly. Since the tangent is sought, we
must add, giving L52S Hence, tan 56 43 17

= 1
.-

5604 ; the difference = .00048, and
.nt is sought, we must

subtract, giving Heno 17'

lO.'J. Given the Bine, cosine, tangent, <>r cotangent,

to 1 1 1 1< 1 tin* angle corresponding i

40—21
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Example 1.—The sine of an angle is .47486; what is the angle ?

Solution.—Consulting the table of natural sines, glance down the

columns marked sine until .47486 is found opposite 21', in the left-hand

column, and under the column headed 28°. Therefore, the angle
whose sine = .47486 is 28° 21', or sin 28° 21' = .47486. Ans.

Example 2.—Find the angle whose cosine is .27032.

Solution.—Looking in the columns marked cosine, at the top of the

page, it is not found; hence, the angle is greater than 45°. Conse-

quently, looking in the columns marked cosine at the bottom of the

page, it is found opposite 19', in the right-hand column of minutes,

and in the column having 74° at the bottom. Therefore, the angle

whose cosine is .27032 is 74° 19', or cos 74° 19' = .27032. Ans.

Example 3.—Find the angle whose tangent is 2.15925.

Solution.—On searching the table of natural tangents, the given

tangent is found to belong to an angle greater than 45°, so it must be

looked for in the column marked tangent at the bottom. It is found

opposite 9', in the right-hand column of minutes and in the column
having 65° at the bottom. Therefore, tan 65° 9' = 2.15925. Ans.

Example 4.—Find the angle whose cotangent is .43412.

Solution.—From the table of natural cotangents, it is found that

this value is less than the cotangent of 45°, so it must be found in the

column marked cotangent at the bottom. Looking there, it is found

in the column having 66° at the bottom, and opposite 32', in the right-

hand column of minutes. Therefore, the angle whose cotangent is

.43412 is 66° 32', or cot 66° 32' = .43412. Ans.

104. Let it be required to find the angle whose sine is

.42531.

Explanation.—Referring to the table of sines, this num-
ber is found to lie between .42525, the sine of 25° 10', and

.42552, the sine of 25° 11'. The difference between these

two numbers is .42552- .42525 = .00027, or 27 parts; the

difference between .42525, the sine of 25° 10', and .42531,

the sine of the given angle, is .42531 - .42525 = .00006, or

6 parts. Representing by x the number of seconds that the

angle whose sine is .42531 exceeds 25° 10', we have the

proportion x" : 60" = 6 parts : 27 parts,

x" _ 6 parts
°r

W' ~ 27 parts
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from which r=60 < ,. = L3.3". Hence, the angle whose
'.

.

sine is .4253] is 35 1"' L3.3' .

The angle is found from the cosine, tangent, and cotan-

gent in exactly the same manner.

lO.l. To find the angle corresponding to a given sine,

ine, tangent, or cotangent, whose exact value is not

contained in the table:

Rule S.

—

Fin if the difference of the two numbers in the

tabic between which the given sine, cosine, tangent, or cotan-

gent falls, and use the number ofparts in this difference as

the denominator of a fraction.

Find the difference between the number belonging to the

smaller angle and the green sine, cosine, tangent, or

cotangent, and use the number ofparts in the difference just

found as the numerator of the fraction mentioned above.

Multiply this fraction by 60, and the result will be the )ium-
ber of seconds to be added to the smaller angle.

Example 1.—Find the angle whose sine is .57698.

Solution.—Looking in the table of natural sines, in the columns
marked sine, it is found between .57691 = sin 35 14 and .57715 = sin

35 15. The difference between them is .57715 — .57»» l > 1 -=.00034, or

24 parts. The difference between the sine of the smaller angle, or sin

1 1 , and the = .00007,

or 7 parts. Then, yT X *
. and the -equired angle is 35° 14' 11

or sin 36* 14' 17.5 ' =

Example 3.—Find the angle whose cosine

king in the table of it is found to belong to

a greater angle than 45 and, hence, must be sought for in the columns

mark . at the bottom of the page. It is found between the

numbers .

"

U i'.». The differ

the two numb irts. The
ne of the smaller angle, or 74 18', ind the differ.

eeo this and t
; or 8 parts.

\ X 60 = 17.1, nearly, and the angle whose cosine is .27052

- 17.1" = .27052 Ans.

Find the angle w! t is 8. 15841.

NN ' 88 8 and 3.15925

— ta • mbers is L5925 - 0. 15760
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= .00165, or 165 parts. 2.15841 - 2.15760 = .00081, or 81 parts. Hence,

r%V X 60 = 29.5", nearly, and the angle whose tangent is 2.15841

= 65° 8' 29.5", or tan 65° 8' 29.5" = 2.15841. Ans.

Example 4.—Find the angle whose cotangent is 1.26342.

Solution.— 1.26342 falls between 1.26395 = cot 38° 21' and 1.26319

= cot 38° 22'. The difference between these numbers is 1.26395

-1.26319= .00076. 1.26395 - 1.26342 = .00053. ff X 60 = 41.9, nearly,

and the angle whose cotangent is 1.26342 = 38° 21' 41.9", or cot

38° 21' 41.9" =1.26342. Ans.

EXAMPLES FOR PRACTICE

1. Find the (a) sine, (b) cosine, and (c) tangent of 48° 17'.

Ua) .74644.

Ans. ](£) .66545.

( (c) 1.12172.

2. Find the (a) sine, (b) cosine, and (c) tangent of 13° 11' 6".

((a) .22810.

Ans. ](£) .97364.

( (c) .23427.

3. Find the (a) sine, (b) cosine, and (c) tangent of 72° 0' 1.8".

t (a) .95106.

Ans. } (b) .30901.

( (c) 3.07777.

4. (a) Of what angle is .26489 the sine ? (b) Of what is it the

cosine? ((a) 15° 21' 37.2".

( (b) 74° 38' 22.8".

5. (a) Of what angle is .68800 the sine? (b) Of what the cosine ?

(0 Of what the tangent ? t (a) 43° 28' 20".

Ans. -| (b) 46° 31' 40".

(0 34° 31' 40.5".

THE SOLUTION OF TRIANGLES

RIGHT TRIANGLES

106. As previously stated, every triangle has six parts,

three sides and three angles, and if any three parts are given,

one of them being a side, the other three may be found.

In right triangles, it is only necessary to know two parts

in addition to the right angle, one of which must be a side.
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Rules 1 to 8 and the defi:. - f sine, cosine, tangent,

and cotangent are sufficien ving all cases of right

triangles. The method is best illustrated by examples.

There are two cas

107. < iase I.— When the two given parts are a side and

an a 1.

Example 1.—In Fig. 6^, the length of the hypotenuse A B of the

right triangle A C Bx
right-angled at C, is B

24 feet, and the angle A is 2 rind the

sides A C and B C and the angle *£,

•:.—When working examples of this

kind, construct the figure and mark the known
parts. This is a great help in solving the ex-
ample. Hence, in the figure, draw the angle A
to represent an angle of 29 31 and complete the right triangle A C B,
right-angled at C, as shown. Mark the angle A and the hypotenuse,
as is done in the figure.

- >lutiow.—Referring to Art. 40, angle B =

To find A C, use rule 3; viz.. A C, or side adjacent = hypotenuse

X cosine = 24 x cos 2 »-89 feet, nearly.

To find B C use the same rule: thus, B C = 24 x c< 24'

X .49268 =11.82 feet, nearly. To find B C, rule 1 could also have been

used. viz.. side opposite = hypotenuse X sine, or B C = 24 X sin 29

arly. - Angle B =
Ans. - Side A C =

Fig 68

Side BC=U -

?le 2.—One side of a right triangle A C B, right-angled at C,

/;
Fig. 69. is 37 feet 7 inches long; the angle

opposit- What are the lengths

of the hypotenuse and the side adjacent, and
what is the other angle ?

— Angle B = 9<» —25 :33 7

= 64

To find the hypotenuse, use rule 'J.

side opposite
Hypo*.

Since the side 1 given in feet and inches, both must be
reduced t-

1

Therefore, the hypoteni

; feet.

.early.
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To find the side A C, use rule 3 ; side adjacent = hypotenuse

X cosine = 87.133 X cos 25° 33' 7" = 87.133 X .90219 = 78.61 feet= 78 feet

7± inches, nearly. / Angle B = 64° 26' 53".

Ans. \AC= 78 ft. 7£ in.

lA B=S1 ft. 2 in.

The work involved in finding the sine and cosine of 25° 33' 7", in the

above example, is as follows: Sin 25° 33' = .43130; sin 25° 34' = .43156;

difference = .00026; .00026 X & = 00003. Hence, sin 25° 33' 7' = .43130

+ .00003 = .43133.

Cos 25° 33' = .90221; cos 25° 34' = .90208; difference = .00013;

.00013 X e\ = -00002, nearly. Hence, cos 25° 3fe 7" == .90221 - .00002

= .90219.

108. Case II.— When two sides are given:

Example 1.—In the right triangle A C B,

Fig. 70, right-angled at C, A C = 18 and

BC=16; find A B and the angles A
and B.

Solution.—As neither of the two acute

angles is given, one of the angles must be

found by making use of the definition of

one of the functions of the angle. Con-

sidering the angle A, we have : side oppo-

site equals 15 and the side adjacent equals 18; hence, we may use the

definition of either the tangent or cotangent. Using the definition

of the tangent,

tan ^ = sideo£gosite = 15^83333.
side adjacent 18

To find the angle whose tangent is .83333, we have: Tangent of next

less angle is .83317 = tan 39° 48'; tangent of the next greater angle is

.83366; difference is .00049. The difference between .83317, the tan-

gent of the smaller angle, and .83333, the given tangent, is .83333

- .83317 = .00016. Hence, £f X 60 = 19.6", and the angle whose tan-

gent is .83333 = 39° 48' 19.6" = angle A.
Angle B = 90° - 39° 48' 19.6" = 50

c
11' 40.4".

To find the hypotenuse A B, use rule 2 or 4 ; using rule 2,

Hypotenuse = side opposite _ 15 15

sine sin 39° 48' 19.6" .64018
23.43.

(Angled = 39
c 48' 19.6".

Ans. ] Angle B = 50° 11' 40.4".

\AB = 23.43.

Example 2.—In the right triangle A C B, Fig. 71, right-angled

at C\ A C= .024907 mile and A />' = .04792 mile; find the other parts.
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Solution.—Here the hypotenuse and the

side adjacent are given; hence, using the defi-

nition of the cosine.

.52101.
side adjacent _ .024967

hypotenuse ~~ .04792

The angle whose cosine is .52101 = 58 OT

wangle A. Angle B = 90° - 58° 36' = 81 24'.

To rind side B C, use rule 5.

opposite A = side adjacent X tan A, or

BC = .024967 x 1.68826 = .0409 mile.

i Angle A = 56

Ans. - Angle B = 31 24'.

( #C=.0409mi.

Example 3.—In the right triangle A C B,

Fig. 72, right-angled at C, A B = 308 feet

and B C = 234 feet ; find the other parts.

Solution.—Here the hypotenuse and the

side opposite are given ; hence, using the defi-

nition of sine,

, side opposite 234 --,,-.
sin A = . y z=—- = .75974

hypotenuse

The angle whose sine is .75974 = 49 .

nearly, = angle A. Angle B = 90° - 49 26 28
P,GW

-=40

To find A C, rule 1, 3, 5, or ft may be used. Using rule 6,

side adjacent angle A = side opposite X cot A, or AC— 234 x v

= 200.27 feet.

Angled =49
-' Angle B = 40 33

A C=. 200.27 ft.

1 \ VM'M.I - FOB l»B v< TK E

1. In the right triangle A C

B

%
right-angled at C, the hypotenuse

A />' = 40 inches and angle A = 28 14 14 . Solve the triangle.

Angle B = 9\ 45 46 .

Ans. - AC— 35.24 in.

\BC- ta92 in.

In a right triangle A C

B

%
right-angled at C, the side BC

— 10 feet 4 inches. If ang hat do the other parts

equal? / Angle B = <;:; 51 ,

Ans. - ../ />' n., nearly.

I ./ '

' = 2(i it. 3* in., nearly.
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3. In a right triangle A C B, the hypotenuse A B = 60 feet and
the side A C =22 feet. Solve the triangle.

r Angle A = 68° 29' 22.2".

Ans. ] Angle B = 21° 30' 37.8".

( BC= 55.82 ft.

4. In a right triangle A C B, right-angled at C, side A C= .364

foot and side B C = .216 foot. Solve the triangle.

( Angle A = 30° 41' 7.5".

Ans. } Angle B = 59° 18' 52.5".

(AB = .423 ft.

OBLIQUE TRIANGLES

109. When three parts of any triangle are given, one

being a side, the remaining parts can be found by drawing a

perpendicular from one angle to the opposite side, thus

forming two right triangles. The parts of these right tri-

angles can then be computed, and from them the parts of

the required triangle can be found.

110. Caution.— When dividing the triangle into two

right triangles, care must be taken that the perpendicular be

so drawn that one of the right triangles zvill have two known
parts besides the right angle; otherwise the triangle cannot

be solved.

111. Case I.— When the three known parts are a side

and two angles, or two sides and the included angle:

Example 1.—In Fig. 73, the angle A — 46° 14', the angle B
= 88° 24' 11", and the side A B = 21

inches ; find AC, B C, and the angle C.

Solution.—Since the sum of all the

angles of any triangle is 2 right angles,

or 180° (Art. 48), we can find the angle C
by adding the two known angles and

*C subtracting their sum from 180°.

88° 24' 11" + 46° 14' = 134° 38' 11".

180° - 134° 38' 11" = 45° 21' 49" = angle C.

From the vertex B, draw />' D perpendicular to A C. The tri-

angle A B C is now divided into two right triangles A D B and B D C,

both right-angled at D.
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In the right triangle A P />', the angle A, the right angle P, and the

hypotenuse A B are known; find B P and ./ A Using rule 1, side

opposite, or B D, = 21 X sin 46° 14' = 21 X .72216= 15.17 inches, nearly.

Using rule 3, side adjacent, or A D y
=21 x cos 40' 14' =21 X .69172,

or A D = 14.5:5 inches marly.

In the right triangle B D C, the angle C and the side opposite.

or />' D, are known ; find B C and D C.

Using rule 2, hypotenuse, or

BC = sin4f-£'49"
=SS = 21 - 82 inCh6S

'

nearly '

Using rule 3, side adjacent, or CA = 21.82 X cos 45° 21' 49" =21.82

X .70201 = 14.98 inches.

SinceAD + DC = AC, we have 14.53 + 14.98 = 29.51 inches = A C
rA C- 29.51 in.

Ans. ] BC- 21.32 in.

( Angle C- 45° 21' 49".

If, in the above example, the angle C had been given

instead of the angle A, the dividing line should have been

drawn from the angle A to the side B C, as in the following

example:

Example 2.—In the triangle ABC, Fig. 74, given A B = 18 inches,

angle B= GO , and angle C= 38° 42'; find the

other three parts.

Solution —In the triangle ABC, we have

angle A = 180° - (60
D + 38° 42) = 81° 18'.

From the vertex A, draw the line A D per-

pendicular to B C, thus forming the right tri-

angles A D B and A D C
In the triangle A D />', two parts (the

Pio. 74

side A /?and angle B)a.re known besides the right angle. To find B Dt

use rule 3. B D = 18 x cos 60° =18 X .5= 9 inches. To find . / P,

use rule 1. A D = 18 X sin 60° = 18 x .86608 L5.59 inches.

In the right triangle A DC, A D and the angle Care known.
To find A C, use rule i>.

AC=-i^^ ';
,

)

;
,

;'

(

: 24.98 inches.

To obtain D C, use rule .'5.

D C = A C X cos C = 24 - 19.46 inches.

Since BC=BD +DCt BC=Q 19 16 28 Winches.

t
./ C 24.98 in.

Ans.

ji4C 24 98 in.

i. ] /»' r 28.46 in.

(Angle ,4=81 18'.



42 GEOMETRY AND TRIGONOMETRY §6

Example 3.—In Fig. 75, A B = 19 inches, A C = 23 inches, and the

B included angle A = 36° 3' 29" ; find the

other two angles and the side B C.

Solution.—From the vertex B, draw
B D perpendicular to A C

y
forming the

two right triangles A D B and B D C.

C In the right triangle A D B, A B is

known and also the angle A. Hence,

by rule 1,

B D = 19 x sin 36° 3' 29" = 19 X .58861 = 11.18 inches, nearly.

By rule 3, A D = 19 x cos 36° 3' 29" = 19 x -80842 = 15.36 inches. .

AC-AD = 23- 15.36 = 7.64 inches = D C.

In the right triangle B D C, the two sides B D and D C, about the

right angle, are known ; hence, from the definition of tangent,

tan C— BD 11.18

D C

Applying rule 2,

BC =

7.64
= 1.46335, and angle C = 55° 39' 10".

BD 11.18 = 13.54 inches.
sin 55° 39' 10" .82564

Angle B = 180°- (36°3' 29"+ 55° 39' 10") = 180° - 91°42'39":= 88° 17' 21".

t Angle C = 55° 39' 10".

Ans. ] Angle B = 38° 17' 21".

( SideBC= 13.54 in.

112. Case II.— When the three known parts are two

sides and an angle opposite one of them :

For this case there are, in general, two solutions. This

is readily seen by referring to Fig. 76. Suppose the given

parts are the sides A B and

B C and the angle A opposite

the side B C. We construct

the triangle by first draw-

ing the lines A E and A F in

such a manner that the angle

A shall be of the required a
size, and then lay off the dis-

tance A B along A E to rep-
FlG

'

76

resent the length of the side A B. To draw the side B C,

we take the point ^asa center, and with a radius equal to

the length of B C, we describe the arc C C and draw B C
and BC f

. The required triangle may be either A B C or
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A B C . In practice, thecondi;ions will indicate to us which

triangle to select; but when the two sides and the angle

opposite one of them only are given and no other condition

I, it is necessary to solve both triangles, which is

readily done as follows.

First solve the triangle A B C. To do this, find the length

of the perpendicular BD by applying rule 1 to angle A
(/> D = A B X sin A) ; find angle B CD by applying defini-

tion of sine to angle (sin B CD = t^tt); find CD by

applying rule 3 (CD — CB X cos B CD) ; find A D by apply-

ing rule 3 (A D = A B x cos A). We now know all that is

nece- determine the unknown parts of both triangles.

. the angle A CB is the supplement (see Art. 27 ) of the

angle BCD, and is therefore equal to ISO
3 — angle BCD;

the angle A B C = 180° - (angle BA C+ angle A CB) ; the

side A C = A D — C D; since C B C is an isosceles triangle,

angle B CD = BCD and C'D= CD; A C' = AD+C'D;
and, finally, angle A B C = 180° - (angle A + angle

113. While, in general, there are two solutions to

examples falling under Case II, there may be no solution or

only one solution, depending on the length of the side B C.

a. If B C is less than the perpendicular B D, the arc c

will not touch the side A F ot the angle, and no triangle can

be formed; hence, in this instance there is no solution.

b. If B C is just equal to B D, the arc CO will touch

at only one point ; only one triangle can be formed—

a

triangle—and there is one s

^reater than B D and less than A B, the arc

will cut A I n A and l\ and also to the right of

D\ this itions.

(1. I: equal to A />. the are CO will cut A F
a point at a distano the right of D\ this

triangle and one solution.

s greater •. the a' n ill not cut

A FbtX I D
t
but will cut .*l

/' at a point
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right of D\ hence, but one triangle can be formed and there

is but one solution.

Example.—In Fig. 76, A B = 88 feet 6 inches, BC=M feet, and
angle A = 35° 0' 38" ; find the other parts.

Solution.—Applying the various steps in the order given in

Art. 112, we have by rule 2, B D = 88 feet 6 inches X sin 35° 0' 38"

= 88.5 X .57373 = 50.78 feet.

SinBCD —BD 50.78 = .89088 ; whence, angleBCD = Q2° 59' 4.3".BC 57

By rule 3, CD = 57 X cos 62° 59' 4.3" = 57 x .45423 = 25.89 feet.

By rule 3, A D = 88.5 X cos 35° 0' 38" = 88.5 x .81905 = 72.49 feet.

We now have the data necessary for obtaining the required parts of

the triangle ABC. Since the angle B CD = 62° 59' 4.3", the adjacent

angle A CB = 180° - 62° 59' 4.3" = 117° 0' 55.7". Also, angle ABC
= 180° - (35° 0' 38" + 117° 0' 55.7") = 180° - 152° 1' 33.7" = 27° 58' 26.3".

Since A D = 72.49 feet and CD = 25.89 feet, A C = 72.49 - 25.89

= 46.6 feet.

For the triangle A B C, angle C = 62° 59' 4.3" and angle ABC
= 180° - (35° 0' 38" + 62° 59' 4.3") = 82° 0' 17.7". A C = 72.49 + 25.89

98.38 feet. f Angle C = 117° 0' 55.7".

Angle B = 2V 58' 26.3".

Side .4 C= 46.6 ft.

Angle A BC - 82° 0' 17.7".

Angle C = 62° 59' 4.3".

I Side A C = 98.38 ft.

Ans.

114. Case III.

the angles:

- When the thj-ee sides are given, to find

This case is solved by drawing a line

from the vertex of the angle opposite

the longest side, perpendicular to that

side, as B D in Fig. 77. The parts m
and n of the side A C are then deter-

mined from the following proportion:

m + n (or A C) : a -f- b = a — b : in — n.

This gives the value of m — n. The value of m + n = A C
is already known, and from the two, m and n may be deter-

mined by the principles of arithmetic, as explained below.

Having m and n, therefore, the right triangles A B D and

CB D may be solved.

Fig.
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Having found the value of /// — ;/ and knowing the value

of /// -f //. the values of /// and // may be determined as fol-

a principle of arithmetic that if the sum of two

numbers and their difference be given, thi r of the

is equal to one-half the sum of their sum
the:

'

:,-e, and the L equal to one-half

the eir sum and th

example, suppose that the sum of two number- . . and

their difference is B. Then, the greater number is (2*2 -|- 8)

-^- 2 = 15, and the less number is v. — -
. = :. There-

fore, letting ;// be the greater number and // the

number, ;;/ -f- ;/ represents their sum and /// — // their dif-

ference; whence,
(m + n) + (/// -

/;/ = -
.

—
. — —

- "
o

'

Example —Given, a triangle whose sides are 17 feet 3 inche-

and 32 feet long. Find the ar. g

Solution.— m — «. the longc-

.\ the sum of the two shorter sides. =81 + 17.% 8.35 :eet.

a — b, the difference of the two shorter sides = I 75 feet. Hence,

:-n, or m-n=— — J feet

Then, m = ^ = - = 1&2

(m + n) - (/;. .

and n = -^
=

3
= 13. f6 teet.

eferring to the last figure, we have, in the triangle A D Bt

side a = 21 feet and m = IS. 24 feet; whence, by definition of c

cos.^ =1|^*= M8G7.or : .

In triangle CB D, side b — ind n = 13.76 feet; whr

a

Angle A BC'= 18 - .

Ans. - Angle B = 111



46 GEOMETRY AND TRIGONOMETRY § 6

EXAMPLES FOR PRACTICE

1. Given, an oblique triangle ABC, in which side A B = 21 feet,

angle A = 22° 10' 16", and angle B = 78° 24' 24". Find the other parts.

(Angle C=79° 25' 20".

AnsJ A C = 20.93 ft.

KB C= 8.06 ft.

2. Given, a triangle ABC, in which ^4 i? = 32 inches, angle B
= 54° 16', and angle C = 58° 18' 9". Find the other parts.

c Angle ^ = 67° 25' 51".

Ans.
-j
A C= 30.53 in.

IB C= 34.73 in.

3. In a triangle A B C, A B = 20 feet 6 inches, B C=16 feet, and
angle B = 46° 40' 42". Find the values of the other parts.

f Angle A = 50° 42' 51".

Ans. -j Angle C = 82° 36' 27".

\AC= 15.04 ft.

4. In a triangle A B C, A C = 100 feet, B C = 60 feet, and angle y4

Angle # = 34° 45' 7.5", or

angle .# = 145° 14' 52.5".

Angle C= 125° 14' 52.5".

A B = 143.268 ft., or A B
-44.67 ft

5. In a triangle A B C, A B = 98 inches, i? C = 140 inches, and A C
= 210 inches. Compute the angles A, B, and C.

A = 34° 2' 52 5".

•^ = 122° 52' 40. 2".

C =23° 4' 27.3".

MENSURATION
115. Mensuration is that part of geometry which

treats of the measurement of lines, surfaces, and solids.

= 20°. Solve the triangle.

Ans.

MENSURATION OF PLANE SURFACES

116. The area of a surface is expressed by the number
of unit squares it will contain.

117. A unit square is the square whose side is equal

in length to the unit. For example, if the unit is 1 inch, the

unit square is the square whose sides measure 1 inch in

length, and the area would be expressed by the number of

square inches that the surface contains. If the unit were
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1 foot, the unit square woul<

:

* 1 foot on each side
?
and

the area would be the number of square feet that the surface

contains. Phc sq nch on

called a fi ot on a

side is called a square foot, square inch and square foot

are abbreviated to sq. in. and sq. ft., or are indicated

a'

11^. Rule.— Tk z's one-half the

id the altith

Letting b be the bas altitude, and A the area.

bh

the triangle is a rig gle, one of the short sides

may be taken as the base, and the other shor: - the

altitude ; hence, the \> is equalto one-half

Example.—What is the area of a triangle whose base is 18 feet and

Sol — 1 - = :=£foot; hence

m &h Ifl 7£ mmm .

1 I 9L The area of gle may be found, when the

f the following for-

mula, in which a
t
b % and c represent the lengths of lb

s ha m of the le: the area of the triar_

A — \~s\s — a\ \s — b\ is — t). where s = -
.

—

.

area of a triangle having two sides II -

- called ar b% or c. Applv-

rmuia, s = — —- = 33.S. the half sum;

taking b and — a — % B —
- -':
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THE QUADRILATERAL,

120. A parallelogram is a quadrilateral whose oppo-

site sides are parallel. There are four kinds of parallelo-

grams: the square , the rectangle, the rhombus, and the

rhomboid.

121. A rectangle, Fig. 78, is a paral-

lelogram whose angles are all right angles.

Fig. 78

122. A square, Fig. 79, is a rectangle, all

of whose sides are equal. .

Fig. 79

Fig. 80

123. A rhomboid, Fig. 80, is

a parallelogram whose opposite

sides only are equal and whose

angles are not right angles.

124. A rhombus, Fig. 81, is

a parallelogram having equal

sides and whose angles are not

right angles.

Fig. 82

Fig. 81

A 125. A trapezoid, Fig. 82, is

\ a quadrilateral which has only two

of its sides parallel.

126. A trapezium, Fig. 83,

is a quadrilateral having no two

sides parallel.

Fig. 83
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1'iT. The altitude of a parallelogram, or of a trape-

zoid, is the perpendicular distance between the parallel si

dotted line in F -1. and Si

L28. A diagonal is a straight line drawn from the ver-

tex of any angle of a quadrilateral to the verte^of the angle

opposite; a diagonal divides a quadrilateral into two tri-

g - See Figs. ', 8 an
A diagonal divides a parallelogram into two equal and

similar triangles.

VIS), To find the area of a parallelogram :

Rule.

—

The area of any parallelogram equals the product

of the base and the altitude.

Let b be the base, // the altitude, and A the area; then,

A = b h.

Example.—What is the area of a parallelogram whose base is 12 feet

and altitude 7J feet ?

Solution.—Applying the formula,.4 = bh — 1*2 X ^\ — 90 sq. ft. Ans.

If the area and one dimension are given, the other may be

found by dividing the area by the known dimension. If the

parallelogram is a square, and its area is given, the length

of a side is found by extracting the square root of the area
;

that is, b = \

1 .'JO. To find the area of a trapezoid :

Bole.

—

The area of a trapezoid equals one-half the sum of

the parallel sides multiplied by the altitude.

Let a and b represent the lengths of the parallel sides and

// the altitude; then.

I i

-What is the area of a trapezoid whose parallel sides are

altitude

3 I rsing the formula,

,/ = (";-'' „. ft. Ans.

40—22
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THE CIRCLE

131. To find the circumference, diameter, or radius of

a circle:

Rule.— The circumference of a circle equals the diameter

multiplied by 3.11^16.

Rule.— The diameter of a circle equals the circumference

divided by3.lJj.16; the radius equals the circumference divided

by 2x3.14.16.

Let d be the diameter, r the radius, and c the circum-

ference, c = 7zd=%7:r;

c c
and d= - ; or r = £—•

TC 2 7T

Example 1.—What is the circumference of a circle whose diameter

is 15 inches ?

Solution.—Using the formula, c = nd = 3.1416 X 15 = 47.12 in.

Ans.

Example 2.—What is the diameter of a circle whose circumference

is 65.973 inches ?

c 65 973
Solution.—Using the formula, d = - = ' „ = 21 in. Ans.&

7r 3.1416

The number 3.1416 is the ratio of the circumference of a

circle to its diameter; it is represented very frequently by

the Greek letter w, pronounced "pi." Its value has been

calculated to over 700 decimal places, but the value here

given is the one most generally used, four decimal places

being sufficient for all practical purposes. The values J tc.

or .7854, and £?r, or .5236, are frequently used farther on.

132. To find the length of an arc of a circle:

Rule.— The length of an arc of a circle equals the circum-

ference of the circle ofwhicJi the arc is a part multiplied by the

number of degrees in the arc and the product divided by 360.

Let / be the length of arc, c the circumference, d the

diameter of the circle, and n the number of degrees in the

arc ; then

._ it dn
~ 360"'
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he length of an arc of 24
s
, the radius of the

circle being IS inch

Solution.— 18 X 2 = 36 inches, the diameter of the circle. Using

. , . . :./» 3.1416 x 36 x 24 „ . ^uthe formula, / = , = == = ».5i in. , length of arc.
SOU B0U

133. When only the chord of the arc and the height of

segment (that is, A B and CD - -
1 are given, the fol-

lowing closely approximate formula may be used :

Let c be the length of chord, // the height of segment,

and / the length of arc ; then,

,_ \\ r - ±h* -c

Example—If A B, Fig : and CD is 1 foot, what is the

length olarcADB?
—

- .

4^** + 4* -c 4^25 4-4-5 __ - ,
/ = — k = = = 5L51 ft Ans.

o

When the quotient obtained by dividing the chord by the

height is less than 4.8, that is, when j is less than 4.8. the

formula does not work well, the results not being sufficic

exact. In such a case, bisect the arc and then apply the

formula.

1 \ \ 4. To find the area of a circle :

multip.
squa*

Let A be the area ; then,

A= - 1416 r*.

M diameter is 15 inc

& rmula. A = >

1
'•>'*. e, to find its diamet

Bale.—/
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Expressed as a formula, the rule is

d =^^= 1.1384^ = s]~-
Example.—The area of a circle — 17,671.5 square inches. What is

its diameter in feet ?

Solution.—Using the formula,

d =
\/-jjj^i

= l/
17^' 5

= 1A2M V^Wl.S = 150 inches.

150
-2^- = 12£ ft. diameter. Ans.

136. To find the area of a flat circular ring:

Rule.—Subtract the area of the smaller circle from that

of the larger; the difference is the area of the ring.

Let d equal the longer diameter, d
x
the shorter diameter,

and A the area of ring; then,

A = .7854 d 2 - .7854 4* = .7854 (d'-d^).

Example.—What is the area of a ring whose longer and shorter

diameters are 6.5 feet and 4 feet, respectively ?

Solution.—Applying the formula,

A = .7854 (6.5 2 - 42
) = .7854 X 26.25 = 20.62 sq. ft. Ans.

If one diameter and the area of the ring are known, the

other diameter may be found by adding to or subtracting

from the area of the given circle that of the ring, and finding

the diameter corresponding to the resulting area.

137. To find the area of a sector:

Rule.—Divide the number of degrees in the arc of the

sector by 360. Multiply the result by the area of the circle of

which the sector is a part.

Let n be the number of degrees in the arc, A the area of

circle, d the diameter of circle, and A' the area of sector;

then,

A' = ?4 = . 0021817 </*».
ooO
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Ex \mi-i i '. -The number of degrees in the angle formed by drawing

radii from the center of a circle to the extremities of the arc of the

circle is 75. The diameter of the circle is 12 inches; what is the area

of the sector ?

Solution.— 12'- x .7854 = 113.1 square inches, nearly, area ol circle.

Applying the formula.

A' =
11 A
300

5 X 113.1
56 sq. in. Ans.

138. If the length of arc and radius of a sector are

given, the following rule may be used:

Rule.— The area of a sector is equal to one-half the product

of the radius and length of arc.

Let / be the length of arc, r the radius, and A' the area;

then,

A' = Ir

Example.— If the radius of an arc is 5 feet and the length of arc is

4 feet, what is the area of the sector ?

Solution.—Applying the formula,

I r 4x5 ._ ,

A' = -5- = —£— = 10 sq. ft. Ans.

1»>9. To find the area of a segment of a circle:

Rule.—Draw radii from the center of the circle to the

extremities of the arc of the segment; find the area of the

sector thus formed, subtract from this the area of the triangle

formed by the radii and the chord of the

are of the segment; the result is the area

of the segment.

In problems requiring the area of the

tent, the chord A />\ Fig. 84, maybe
i, or the height of the segmenj (

' /\

or the angle V\ if any one of these three

/en and the radius of the circle is

known, the area can be found.

Also, if any two are given, the radius can be found.
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Example 1.—If the diameter of the circle is 10 inches and the chord

of the segment is 7 inches, what is the area of the segment ?

Solution.—In the above figure, suppose that the chord A B
= 7 inches and the diameter = 10 inches; draw O A, OB, and

a radius perpendicular to the chord, thus dividing A B into two

equal parts (see Art. 70). The triangle A O B is now divided

into two equal right triangles A CO and B CO, in which the hypot-

enuse = radius = -1/ = 5 inches, and one side A C'
= B C — f , or

3£ inches.

Sin COB =^ = ^ = .70000, and angle CO B = 44° 26', nearly.

Angle A O B = 44° 26' X 2 = 88° 52'. CO = O B X cos CO B = 5

X .71407 = 3.57 inches.

OQ52
Area of sector = 102 X .7854 X -»££ = 19-39 sq. in., nearly.

7 X 3 57
Area of triangle = ^— = 12.5 sq. in., nearly.

19.39 — 12.5 = 6.89 sq. in., the area of segment. Ans.

Example 2.—Given the chord of the arc of a segment = 7 inches

and the height of the segment = 1.43 inches, to find the radius.

Solution.—Suppose that in Fig. 85, A CBE
is a circle struck with the required radius, that

the chord A B — 7 inches, and that the

height CD of the segment = 1.43 inches.

Join C with A and B, and the right tri-

angle A DC= B DC.

Tan CBD =^ =w = - 40857 -BD 3.5

Angle CBD = 22° 13V, nearly.

Since CB D or its equal CB A is an inscribed angle (see Art. 66)
it is measured by one-half the intercepted arc A C; hence, the numbei
of degrees in arc A C = 22° 13^' X 2 = 44° 27', or the number of degree?

in the angle A C.

In the right triangle ADO,

.„ side opposite AD 3.5
fAO = —:

a r\ n = ~

—

a -» ^ = <~^,^k = o in., nearly. Ans.
sin A O D smAOC .70029

' y

Note.—The principles explained in the two preceding examples
may be used in solving problems relating to length of radius, chord,
sub-chord (chord, as A C, of half the arc A B), height of segment, etc.

These all involve the principle of the right triangle.
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EtEGUXAB POLYGONS

140. A regular polygon may be divided into as many
equal isosceles triangles as there arc sides, by drawing

lines from the (-cuter to the angles. Bach of the angles

formed at the center is equal to 360° divided by the number
( f sides.

To find the area of a regular polygon:

Bole.—Multiply together the number of sides, the square

of the length of a side, and the cotangent of one-naif the

central angle, and divide the product by 4- The result will

be the area of the regular polygon.

Let A be the area, n the number of sides, /the length of

a side, and x one-lialf'the central angle included between two

lines drawn from the center to the extremities of a side;

then,

A
n /' cot ^r

Example.—What is the area of a regular decagon having sides

5 feet long ?

Solution.—Here ;/ is 10; / is 5 feet; x is *££ -=- 2 = 18°; cot 18°

= 3.07768; whence,

. n /» cot x 10x5x5x3.07768A = j
=

j
= 192.35 sq. ft. Ans.

1 II. The area of a regular polygon whose sides are

known may also be found in the following manner:

Rule.—Square the length of a side and multiply by the

proper multiplier in the subjoined table.

X ime. Multiplier. Name.
Sides

Multiplier.

Equilateral

Triangle

Square

8

4

8
-

.. i:

1.01 II 111

1.7205

5961

( Octagon

Nonagon
igon

Undecagon. . .

.

1 dodecagon ....

10

11

12

! 828 I

8

Pentagon

jot!

8942

9.8658

11.18
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Example.—What is the area of a regular octagon having sides

8 feet long ?

Solution.— 8- = 64; multiplying 64 by the corresponding tabular

number, 4.8284, the area is found to be 64 X 4.8284 = 309.02 sq. ft. Ans.

THE ELLIPSE

142. An ellipse is a plane figure bounded by a curved

line, to any point of which the sum of the distances from two

fixed points within, called the foci, is equal to the sum of

the distances from the foci to any other point on the curve.

In Fig. 86, let A and B be the foci and let C and D
be any two points on the

perimeter. Then, according

to the above definition, A C
+ CB = AD + jDB,and both

these sums are also equal to

the long diameter F E.

The foci may be located

from G or D as a center by

striking arcs cutting F E at A and B, using a radius equal

to one-half of F E.

The long diameter of an ellipse, as F E, Fig. 86, is called

the major axis ; the short diameter, as G D, is called the

minor axis.

143. To find the periphery (perimeter) of an ellipse:

There is no exact method, but the following formula gives

values very nearly exact. In the formula,

7r = 3.1416;

C — periphery,

a = half the major axis;

b = half the minor axis;

a — bD =
a + b'

C=n (a + b)
64 - 3 D %

64- 16 IF

Example.—What is the periphery of an ellipse whose axes are

10 inches and 4 inches ?
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) — z
.Hon.—Applying the formula, a = 5, b = 2, D — = =

64
Then, C= 8.1416 ^J;. = 28.014 in. Ans.

111. To find the area of an ellipse:

Rule.— The area of an ellipse is equal to theproduct of its

two diameters multiplied by . ,

Let 4 1 be the longer diameter, or major axis
; B the shorter

diameter, or minor axis; and S the area; then,

S= l*AB=.7SMA£.
Example.—What is the area of an ellipse whose diameters are

10 inches and 6 inches ?

Solution.—Applying the formula, S= .7854 A B = .7854 x 10 X 6

= 47.12 sq. in. area, Ans.

EXAMPLES ion PRACTICE

1. What is the area in square feet of a rhombus whose base is

84 inches and whose altitude is 3 feet ? Ans. 21 sq. ft.

J. One side of a room is 16 feet long. If the floor contains 240 square

feet, what is the length of the other side ? Ans. 15 ft.

3. How many square feet in a board 12 feet long, 18 inches wide at

one end and 12 inches wide at the other end ? Ans. 15 sq. ft.

4. How many square yards of plastering will be required for the

ceiling and walls of a room 10 ft. X 15 ft. and 9 feet high ? The room
contains one door 3J ft. X 7 ft., three windows 3^ X ft., and a base

lies high. Ans. 58.5 sq. yd.

5. What is the area of a triangle whose base is 10 feet 6 inches long

and whose altitude is 18 feet? Ai ft.

The area of a triangle is 16 square inches. If the altitude is

4 inches, what does the base measure ? Ans. 8 in.

T The npp ium is 16 inches long and the lower

side 14 inches. If the t.. livided into two triangles by a diag-

onal iwn from their vertexes to the two given s

ire 17 inches and 8 incl ly, what is the area of

the trapezium ? Ans. 157 sq. in.

Find the ar aches in diami

Ai.
;

ft.

to make 71- turns while going

irds. What Ans. 1 ft., nearly.
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10. Required, the diameter of a circle whose area is 2,004 square

inches. Ans. 50.51 in.

11. Required, the area of a regular pentagon inscribed in a circle

whose diameter is 20 inches. Ans. 237.77 sq. in.

12. The number of degrees in the angle formed by drawing radii

from the center of a circle to the extremities of the arc of the circle is

84. The diameter of the circle is 17 inches; what is the area of the

sector? Ans. 52.96 sq. in.

13. Given, the chord of the arc of a segment = 24 inches and the

height of the segment = 6.5 inches, to find (a) the diameter of the

circle, and (b) the area of the segment. ( (a) 28.654 in.

I (b) 109.87 sq. in.

14. (a) What is the perimeter of an ellipse whose axes are 15 inches

and 9 inches, and (b) what is the area ? A^ j (a) 38.29 in.

I (b) 106.03 sq. in.
Ans.

145. To find the area of any plane figure bounded by

straight or curved lines

:

Rule.— The area of any planefigure may be found by divi-

ding it into triangles, quadrilaterals, circles or parts of cir-

cles, and ellipses, finding the area of each part separately and
adding them together.

Example 1.—The diagonal of a trapezium is 15 feet. The altitudes

drawn from the vertexes of the two triangles to this diagonal as a base

are 6 feet 8 inches and 4 feet 9 inches, respectively. What is the area

of the trapezium ?

Solution.— 8 inches = T
8^ foot = $ foot. —^—- = 50 square feet

= the area of one triangle.

15 X 4|
9 inches = ^ foot = £ foot. jr— = 35.63 square feet = the area

2

of the other triangle.

The area of the trapezium equals 50 + 35.63 = 85.63 sq. ft. Ans.

Example 2.—What is the area of a flat circular

ring, Fig. 87, whose outside diameter equals

10 inches and whose inside diameter equals

4 inches ?

Solution.—The area of the large circle = 10s

X .7854 = 78.54 square inches; the area of the

small circle = 42 X .7854 = 12.57 square inches.

Fig. 87 78.54 — 12.57 = 65.97 sq. in., or the area. Ans.
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Example 3 —What is the exact area in square inches of Fig. 88?

So: - Divide the

figure into rectangles, tri-

angles, and parts of a circle,

wn by the dotted lines,

then the total area equals

8-inch circle — 4-inch cir-

cle — segmen: rect-

angle A B G F— 2 times the

triangle CDE + 2 times the

triangle R S mes
the rectangle D E S R

e rectangle H IK L
— 8 times the rectangle

L M X P - 2 times the

triangle MC I

8* X 7S->4 = V. -27 =

4*X-7<>4 = lv!o:z .

The chord AB=S inches

and the radius of the circle

= 4 inches : hence, the sine

of one-half the angle at

center = ~ = .375. andone-

*

half the angle at center

or angle at

I2
-

u *

center = , of sector
44.05

-
'

The altitude of the triangle = 4 X cos 5 71 inches.

The area of the triangk 5.56a".

The area of the segment = 6. 15 — 5.5

The area of the rectangle A B G 1

In the triangle CD E.

tan C=- = .5.143 =

Hence, inch.

area of the triang:

= twice the are.. triangle CDE Since,

the triangle R > T. -pendicular to C R and 1
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perpendicular to C E, the angle S— angle C\ hence, tan S =.57143

= ^r^= ?-L
; therefore, R T= .57143 X .5 = .29 inch, nearly.

6i? .5

Area RST= 29 * 5 = .07 d ", nearly.
a

Twice the area of the triangle R S T= .01 x% = .14 n".

Since tan C= .57143, C = 29° 44' 42".

In the rectangle DESR, D R = C T - (CD + R T). But C T

= - on aa> a*» = mPi^ = 10 - 08 inches.
sin 29 44 42 .49614

C D + R T= .875 + .29 = 1.16. I? R = 10.08 - 1.16 = 8.92. 8.92

-2 = 4.46 a" = the area of DESR.
Twice the area of the rectangle D ESR — 4.46 X 2 = 8.92 ".

The area of the rectangle H IKL — 14 x H = 21 d ".

The area of the rectangleLMNP = ('
14 ~ 11

j X 3 = 1J- X 3 = 4J n ";

and 4£ X 2 = 9 n ".

The area of the triangle MON= (^-^ X s) -*- 2 = 1.5n ".

Twice the area of the triangle M O N = 1.5 inches X 2 = 3 d ".

Then, 50.27 + 33.87 + 0.44 + 0.14 + 8.92 + 21 + 9 + 3 = 126.64
n"

12 57 + 0.59 = 13.16 c ". 126.64 - 13.16 = 113.48 n ".

Therefore, the area of the figure = 113.48 d ". Ans.

THE MENSURATION OF SOL.IDS

146. A solid, or body, has three dimensions: length,

breadth, and thickness. The sides which enclose it are

called the faces and their intersections are called edges.

147. The entire surface of a solid is the area of the

whole outside of the solid, including the ends.

148. The convex surface of a solid is the same as the

entire surface, except that the areas of the ends are not

included.

149. The volume of a solid is expressed by the num-
ber of times it will contain another volume, called the unit

of volume. Instead of the word volume, the expression

cubical contents is frequently used.



GEOMETRY AND TRIGONOMETRY

1 in: PRISM w i> I rUB DKB

1 ."><>. A prism re equal pol

and parallel to each other and whose sides are parallelo-

grams.

151. A parallelopiptMion. :-"•_

prism whose bases (ends) are parallelograms.

7

i

i

i

152. A cube. Fig. 90, is a parallelopipedon

whose faces and ends are squares.

fig. 90

1 53. The cube, whose edges are equal to the unit of

length, is taken as the unit of volume when finding the

volume of a solid.

Thus, if the unit of length is 1 inch, the unit of volume

will be the cube each of whose edL -ures 1 inch, or

1 cubic inch; and the number of cubic inches the solid con-

tains will be its volume. If the unit of length is 1 foot, the

unit of volume will be 1 cubic foot, etc. Cubic inch, cubic

foot, and cubic yard are abbreviated to cu. in., cu. ft., and

cu. yd., respeetiv

1 5 4. Prisms take their names from their bases. Thus
a triangular prism is one whose bases are triangles; a pen-

nalprism is one whose bases are pentagons, etc.

1 55. A cylinder, ind body of

uniform diameter with circl Is.
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156. A right prism, or right cylinder, is one whose
center line (axis) is perpendicular to its base. In this section

all of the solids will be considered as having their center

lines perpendicular to their bases.

157. The altitude of a prism or cylinder is the per-

pendicular distance between its two ends.

158. To find the area of the convex surface of any right

prism, or right cylinder:

Rule.—Multiply the perimeter of the base by the altitude.

Let / be the perimeter of the base, h the altitude, and

>S the convex surface ; then,

S = ph.

Example 1.—In a right prism whose base is a square, one side of

which is 9 inches and whose altitude is 16 inches, what is its convex

area ?

Solution.— 9 X 4 = 36 = the perimeter of the base. Applying

the formula,

S =p h = 36 X 16 = 576 ", the convex area. Ans.

To find the entire area, add the areas of the two ends to

the convex area:

Example 2.—What is the entire area of the parallelopipedon men-

tioned in the last question ?

Solution.—The area of one end = 92 = 81 ". 81 X 2 = 162 ", or

the area of both ends. 576 + 162 = 738 a ", the entire area of the par-

allelopipedon. Ans.

Example 3.—What is the entire area of a right cylinder whose base

is 16 inches in diameter and whose altitude is 24 inches ?

Solution.— 16 X 3.1416 = 50.27 inches, or the perimeter (circum-

ference) of the base. 50.27 X 24 = 1,206.48 a ", the convex area.

16* X .7854 X 2 = 402.12 ", the area of the ends.

1,206.48 + 402.12 = 1,608.6 ", the entire area. Ans.

159. To find the volume of a right prism, or cylinder:

Rule.— The volume of any right prism or cylinder equals

the area of the base multiplied by the altitude.
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Let -1 be the area of the base, // the altitude, and /'the

volume; then,
]'= A h.

If the given prism is a cube, the three dimensions are all

equal and the volume equals the cube of o\\Kt of the edg

Hence, If the volun* a, the length of an edge is found

by extracting- the cube root.

If the volume and area are given, the altitude = — If

the cylinder or prism is hollow, the volume is equal to the

area of the ring or base multiplied by the altitude.

Example 1.—What is the volume of a rectangular prism whose base

is 6 in. X -1 in. and whose altitude is 12 inches ?

Solution.—The base of a rectangular prism is a rectangle. Hence,

6 X4= 24 z , the area of the base. Applying the formula l'= A h
— 24 x 12 = 888 cu. in., or the volume. Ans.

Example '2.—What is the volume of a cube whose edge is 9 inches ?

Solution.— 93 = 9 x 9 x 9 = 7*29 cu. in., the volume. Ans.

Example 3.—What is the volume of a cylinder whose base is

7 inches in diameter and whose altitude is 11 inc'

7854 : 38.48 the area of the base. Applying
the formula, V — A h = - - 11= 42o.O^ cu. in., the volume. Ans.

THE PYRAMID AM> ( o\ i:

160. A pyramid, Fig solid

wh<>sc k and whose sides

are triangles uniting at a common point

called the vertex.

K>1. A cone. Pig. 93, is a solid whose

and w\ - irface

tapers uniformly toa point called the vertex.

Fig. 93
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162. The altitude of a pyramid or cone is the perpen-

dicular distance from the vertex to the base.

163. The slant height of a pyramid is a line drawn

from the vertex perpendicular to one of the sides of the

base. The slant height of a cone is any straight line drawn
from the vertex to the circumference of the base.

164. To find the area of a right pyramid or right

cone:

Rule.— The convex area ofa right pyramid or cone equals

the perimeter of the base multiplied by one-half the slant

height.

Let/ be the perimeter, s the slant height, and C the con-

vex area; then,

Example 1.—What is the convex area of a pentagonal pyramid, if

each side of the base measures 6 inches and the slant height equals

14 inches ?

Solution.—The base of the pentagonal pyramid is a pentagon, and,

consequently, it has five sides.

6 X 5 = 30 inches, or the perimeter of the base.

Applying the formula,

^ ^ 30x14 n„ „ ,C — <— = —-— = 210 d , the convex area. Ans.
2 6

Example 2.—What is the entire area of a right cone whose slant

height is 17 inches and whose base is 8 inches in diameter ?

Solution.— 8 x 3.1416 = 25.1328 inches, the perimeter.

25.1328 X V- = 213.63 ", the convex area.

82 X .7854 = 50.27 d ", the area of base.

Sum = 263.90 ", the entire area. Ans.

165. To find the volume of a right pyramid or cone:

Rule.— The volume of a right pyramid or cone equals the

area of the base multiplied by one-third of the altitude.



GEOMETRY AND TRIGONOMETRY

A be the area of the base, 1i the altitude, and V the

volume; then,

Ah
3

'V

If the base of the pyramid is a regular polygon, its area

may be found by the rules in Arts. 1 IO and 141.

Example 1.—What is the volume of a triangular pyramid, the edges

of whose base each measure 6 inches and whose altitude is v

SOLUTI i equilateral triangle, hence, applying the

rule in Art. 141, the area is 6* X .433 = 15.59 . Applying the

formula,
/ // _ 15.59 x 8

3 ~ 3
r = = 41.57 cu. in. Ans.

Example 2.—What is the volume of a cone whose altitude is

hes and whose base is 14 inches in diamet

- >lution.— 14- x .7854 = 153.94a . the area of the base. Apply-

ing the formula,

.-/ // _ 153.94 X 18

3 ~ 3
V= 4 cu. in., the volume. Ans.

THE FRUSTUM OF A PYRAMID uli < OJTE

166. If a pyramid be cut by a plane paral-

lel to the bas two

parts, the lower part is called the frustum
the pyramid.

HIT. [fa cut in a similar manner,

as in . is ailed the frus-

tum
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168. The upper end of the frustum of a pyramid or

cone is called the upper base, and the lower end the

lower base. The altitude of a frustum is the perpen-

dicular distance between the bases.

169. To find the convex area of a frustum of a right

pyramid or right cone:

Rule.— The convex area of a frustum of a right pyramid
or right cone equals one-half the sum of the perimeters of its

bases multiplied by the slant height of the frustum.

Let p be the perimeter of the lower base, /' that of the

upper base, s the slant height, and C the convex area; then,

Example 1.—Given, the frustum of a triangular pyramid, in which

each side of the lower base measures 10 inches, each side of the upper

base measures 6 inches, and whose slant height is 9 inches; find the

convex area.

Solution.— 10 inches X 3 = 30 inches, the perimeter of the lower

base.

6 inches X 3 = 18 inches, the perimeter of the upper base.

Applying the formula,

C= I
9 ) s= —s X 9 = 216 d ", the convex area. Ans.

Example 2.—If the diameters of the two bases of a frustum of a

cone are 12 inches and 8 inches, respectively, and the slant height is

12 inches, what is the entire area of the frustum ?

(12 X 3. 1416) + (8x3. 1416) w , _. QQ „ .

.

Solution.— i -^ X 12 = 376.99 , the area
a

of the convex surface.

8 2 X .7854 = 50.27 a".

122 x.7854 = 113.1n".

113.1 + 50.27 = 163.37 ", the area of the two ends.

376.99 ;- 163.37 = 540.36 l ", the entire area of the frustum. Ans.

1 70. To find the volume of the frustum of a pyramid or

cone:

Rule.—Add the areas of the upper base, the lower base,

and the square root of the product of the areas of the two

bases; multiply this sum by one-third of the altitude.
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Let A be the area of lower base, a the area of upper

base, k the altitude, and /'tin* volume; then,

If the base is a regular polygon, the area may be found by

the rules in Arts. MO and 1.41.

Example 1.—Given, a frustum of a hexagonal pyramid, each edge

of the lower base measuring 8 inches and each

of the upper base 5 inches, and whose alti-

tude is 14 inches, what is its volume?

- .UTION.—A hexagonal pyramid is one whose

base is a regular hexagon, as shown in Fig. 96.

Hence, using the formula in Art. 140,

. n i* cot a- 6x8x8x1- 73205 pR 0Q „A = —. = 1 = lbo.zo n .

4 4

In a similar way, find the area of the upper

base to be 64.95 a ". Then, applying the formula,

166.28 + 64.95+ \ L66.38 64.95 = 166.28 + 64.95 + 103.92 = 335.15.

335.15 X V = 1.W4.03 cu. in. = the volume. Ans.

Example *2.—What is the volume of a frustum of a cone whose
upper base is 8 inches, the lower base is 12 inches in diameter, and
whose altitude is 15 inches ?

Solution.—The area of the upper bas - >"; 50.27d".

The area of the lower base is 12s X .7854 = 1 13. 1 . nearly.

The square root of their product is \ 50.27 x 113.1 = 75, 1.

50.21 - 113.1 + 75.4= 238 T\

8.77 X V = M98.85 cu. in., the volume. Ans.

Tin: SPHERE

171. A sphere. Fig, 97, is a solid

bounded by a uniformly curved sun

ry point of which is equally distant from

;t within, called the center

The word ball i^ commonly used in

of sphere.
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17*£. To find the area of the surface of a sphere:

Rule.— The area of the surface of a sphere equals the

square of the diameter multiplied by 3.1J+16.

Let 5 be the surface and d the diameter ; then,

S=-d\
Example.—What is the area of the surface of a sphere whose diam-

eter is 14 inches ?

Solution.—Applying the formula, S=ir d'2 = 3.1416 X 142 = 3.1416

X 14 X 14 = 615.75 ", the area. Ans.

173. To find the volume of a sphere:

Rule.— The volume of a sphere equals the cube of the

diameter multiplied by .5236.

Let Vbe the volume and d the diameter; then,

V— ±7rd 3 = .5236 d\

Example.—What is the weight of a lead cannon ball 12 inches in

diameter, a cubic inch of lead weighing .41 pound ?

Solution.—Applying the formula, V = .5236 aT 3 = .5236 X 12 X 12

X 12 = 904.78 cubic inches, the volume of the ball. 904.78 X .41

= 370.96 lb. Ans.

The volume of a spherical shell or hollow sphere is equal

to the difference in volume between two spheres having the

outer and inner diameters of the shell.

174. To find the diameter of a sphere of known volume:

Rule.

—

Divide the volume by .5236 and extract the cube

root of the quotient. The result is the diameter.

Example.—The volume of a sphere is 96.1 cubic inches. What is

its diameter?

Solution.—Applying the formula,

d =S £ ^^ = 1.2407^961 = 5.68+ in. Ans.
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Till. ( VLINDIMCAL \USii

175. It any solid be sliced ill pieces whose adjacent sur-

faces are flat, any piece is called a plane section of the solid.

Plane sections are divided into three classes : Longitu-

dinal sections, cross-sections, and right sections. A Longi-

tudinal section is any plane section taken lengthwise

through the solid. Any other plane section is called a

cross-section. If the surface exposed by taking- a plane

section of a solid is perpendicular to the center line of the

solid, the section is called a right section. The surface

exposed by any longitudinal section of a cylinder is a rect-

angle. The surface exposed by a right section of a cube is

a square; of a cylinder or cone, a circle; an oblique cross-

section of a cylinder is an ellipse. The lower half of a right

section of a cone or pyramid is called a frustum of the cone

or pyramid.

176. To find the convex area of a

cylindrical ring:

A cylindrical ring is a cylinder

bent to a circle. The altitude of the

cylinder before bending is the same as

the length of the dotted center line D,

Fig. 98.
fo Fig. 98

177. The base will correspond to a cross-section on

the line A B drawn from the center 0. Hence, to find

the convex area, multiply the circumference of an imagi-

nary cross-section on the line A B by the length of the

center line D.

Example.—A piece of round-iron rod is bent into circular form to

make a ring for a chain
;

if the outside diameter of the ring is 12 inches

and the inside diameter is 8 inches, what is its convex area ?

ilution.—The diameter of the center circle equals one-half the

sum of the inside and outside diameters = —=— = 1<», and 10 X 8. 1 116
4

I
ll<; inches, the length of the center line. The radius of the inside

; the outside circle ''» inches; therefore, tin- diameter

of t
; on on the line ./ />' is 2 inches. Then, 2 > 3.1416

= (i/J«:W inches, and 0.2832x31.416 L97.4 i",or the convex area. Ans.
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118. To find the volume of a cylindrical ring:

The volume will be the same as that of

a cylinder whose aliihide equals the length

of the dotted center line I), Fig. 00, and
whose base is the same as a cross-section of

the ring on the line A B, drawn from the

center O. Hence, to find the volume of a

cylindrical ring, multiply the area of an

imaginary cross-section on a line A B by

the length of the center line D.

Example.—What is the volume of a cylindrical ring whose outside

diameter is 12 inches and whose inside diameter is 8 inches ?

Solution.—The diameter of the center circle equals one-half the
-JO i Q

sum of the inside and outside diameters =—^

—

— 10.
2

10 X 3.1416 = 31.416 inches, the length of the center line.

The radius of the outside circle = 6 inches, of the inside circle

= 4 inches ; therefore, the diameter of the cross-section on the line A B
— 2 inches.

Then, 2'2 x .7854 = 3.1416 d ", the area of the imaginary cross-section.

And 3.1416 X 31.416 = 98.7 cu. in., the volume. Ans.

EXAMPLES FOR PRACTICE
1. Find the weight of an iron bar 16 feet long and 2 inches in diam-

eter, the weight of iron being taken at .28 pound per cubic inch.

Ans. 168.89 1b.

2. What is the area of the entire surface of a hexagonal prism

12 inches long, each edge of the base being 1 inch long?

Ans. 77.196 sq. in.

3. What is the volume of a triangular pyramid, one edge of whose
base measures 3 inches and whose altitude is 4 inches ? Ans. 5.2 cu. i-n.

4. Find the volume of a cone whose altitude is 12 inches and the

circumference of whose base is 31.416 inches. Ans. 314.16 cu. in.

. round tank is 8 feet in diameter at the top (inside) and 10 feet

at the bottom, if the tank is 12 feet deep, how many gallons will it

hold, there being 231 cubic inches in a gallon ? Ans. 5,734.2 gal.

6. Required, the area of the convex surface of the frustum of a

square pyramid whose altitude is 16 inches, one side of the lower base

being 28 inches long and of the upper base 10 inches. Ans. 1,395.18 sq. in.

7. What is the volume of a sphere 30 inches in diameter ?

Ans. 14,137.2 cu. in.
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8. How ma in the surface of the sphere of

example 2 -q. in.

9. Required, the -face of a circular ring, the

le diameter of the ring being 10 inches and the inside dia:

7$ in- Ads |. in.

10. Find the cubical

u. in.

11 . cubic inches; required, the

area of the convex surf„ -lant hei j .ches and

the diameter of whose base : :he diameter of the sp:

iq. in.

12. me of the frustum of exampl

Ans. 6,20* cu. in.

F

PROJE* I IONB

17t>. .: perpendiculars be drawn from the extremities

of a line

asH K,

own in the fL at

portion of H K included be-

en the foot of each perpen-

dicular is called the proj

of A B upon H K. Thus, CD H
e projection of A B upon

HK% the point C is the pro

tion of the point A upon //A', and the point D is the projec-

tion of the point B upon H K.

The nd by

drawing a perpendicular from E to H A\ and the point where

perpendicular i

case the point F is the
|

the point E upon H K.
-

the proje -traight line upon

lering the

ed line as the

• that

found by
mi the

fig. ioi ngle that it makes with
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F
Fig. 102

the other line; thus, A D is the projection of A B upon

the horizontal line A C and B D is its projection on a

vertical line.

It makes no difference

whether a line is straight

or curved, the method of

finding the projection is

exactly the same.

-K In a similar way, a sur-

face is projected upon a

flat surface.

Thus, it is desired to project the irregular surface a b d c,

Fig. 103, upon the flat

surface A BD C. Draw
the lines aa\ b b' perpen-

dicular to the flat surface

;

join the points a' and b'

where these perpendicu-

lars intersect the flat sur-

face A BDC by a straight

line a' b\ and a' b' is the

projection of a b upon

ABDC. The projection of the surface abdc upon the

plane A BD C is in this case the quadrilateral a' b' d' c'

.

Fig. 103

SYMMETRICAL A]^D SIMILAR FIGURES

180. An axis of symmetry is any line so drawn that,

if the part of the figure on one side of

the line be folded on this line, it will

coincide exactly with the other part,

point for point and line for line. Thus,

in Fig. 104, if the upper half be folded

over on the diameter CD, it will coin-

cide exactly with the lower half; also,

if the part on the right of the diam-

eter A B be folded over on A B, it will

coincide exactly with the part on the left of this line.
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It is evident from the above that a circle may have any
number of axes of symmetry. In certain cases, however, a

figure may be symmetrical with regard to only one axis.

Thus, the isosceles triangle A B Cy Fig.

^metrical with regard to the axis B D, ?

because the part BCD would coincide with /;\

the part BA DM folded over on the line BD;
j

\
but no other axis of symmetry could be / \
drawn. A rectangle has two axes of sym- V,
metry at right angles to each other. A D

hexagon has six axes of symme I

181. 81ml lar figures are those which are alike in

form. As in the case of triangles, which have been con-

sidered, two figures, to be similar, must have their corre-

sponding sides in proportion, and the angles of one equal to

the corresponding angles of the other. ) circles or

any two regular polygons of the same number of sides are

similar.

L82. The areas of two similar figures are to each other

as the squares of any one dimension. Thus, a parallelo-

gram 10 inches long and -1 inches wide contains 40 square

inches. A similar parallelogram 20 inches long would be

8 inches wide and would contain 160 square inches, while

the two areas would be to each other as the squares of the

corresponding sides of the parallelograms. That is,

160 = 10* : 20\
or I =

E ~cle 10 inches in diameter contains 7S.54 square

inches: what is the area of one 12 inches in diamett

S- he area of the larger circle. Then.

54 : x = 10s : 12*. or 11&0976 sq. in. Ans.

1 B3L The cubical contents (and weights) of

-e to each other as the cubes of any one dimension.

v£plb 1.—

1

iron ball 9 inches in diameter weighs

100 pounds, what would one 15 inches in diameter weigh ?
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Solution.— 100 : x — 9 3
: 153

,

or x — r.''
' = 4C2.96 lb., the weight of larger ball. Ans.

Example 2.—A regular hexagon has sides 5 inches long; how much
greater will the area of another regular hexagon be whose sides are

30 inches long ?

Solution.— 30 *- 5 = 6, or the length of a side of a 30-inch hexa-

gon is 6 times as great as the length of a side of a 5-inch hexagon ; the

area will be 6- = 36 times as great. Ans.

This example may also be solved by letting 1 represent the area of

the 5-inch hexagon. Then,.

1 :.r = 5 2 :302
, or x =^ = 36.

184. The principles given in Arts. 182 and 183 are

extremely useful and find many applications in practice,

especially in drafting-room practice. Draftsmen almost

invariably make their drawings to scale, as it is termed;

that is, the size of the paper they are using prevents them
from drawing the machine or other object full size, and they

are obliged to draw them one-half size, one-quarter size, one-

twelfth size, etc. ; in other words, each line or dimension on

the drawing is -|, J, y
1
^, etc. the length of the corresponding

line or dimension on the object. For example, the object

represented in Fig. 88 is only
-J-

the actual size, i. e., the

length of each line or dimension in the cut is only
-J-

as long

as it would be were the drawing made full size. Suppose

there were no dimensions given, but we knew that the

drawing was £ the actual size, and we wanted to know the

actual area of the figure. We could measure such lines and

dimensions as were necessary and calculate the area of the

figure as represented on the drawing. Then, knowing that

this figure is similar in outline to the object itself, and that

any line or dimension on the object is 8 times as long as the

corresponding line or dimension on the drawing, we could

find the area of the object by multiplying the area of figure

by S
2

, or 04. The multiplier 8
2

is obtained from the pro-

portion (see Art. 182),

area of figure : actual area of object = V : 8
2

,

or actual area of object = 64 X area of figure.
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From the foregoing, it will be readily seen that if we
know the area of any figure, no matter what its shape, the

area of any similar figure may be found by finding the ratio

of any two lines or dimensions similarly placed and squaring

tlii ratio. Also, if the volume of any solid is known, the

volume (A a similar solid may be found by finding the ratio

of any two lines or dimensions similarly placed and cubing

the ratio. For example, suppose the area of a certain figure

is known to be L,024 square inches and it is desired to find

the area of a similar figure, the ratio of any two correspond-

ing dimensions being 5 ; 4 or \\ : 1. The area desired is

obtained by multiplying the known area by (1^)*, or by

squaring the ratio 5 : 4, obtaining %5 : 1<>; putting this in the

fractional form —, and multiplying L,024 by this fraction, we

25
get 1,024 X — = 1,600 square inches.

Again, if the volume of a certain solid is known, the

volume of a similar solid that is, say, with dimensions $ as

large, may be readily found by multiplying the known
volume by (£)

3 = J-.
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ARITHMETIC.
(SECTION 1.)

EXAMINATION QUESTIONS.

(1) What is arithmetic ?

1 2 i What is a number ?

(3) What is the difference between a concrete number
and an abstract number ?

(4) Define notation and numeration.

(5) Write each of the following numbers in words:

(a) 980; (b) G05
;

(c) 28,284; [d) 42; (e) 850,-

317,002; (/) 700,004.

(6) Represent in figures the following expressions-:

n thousand six hundred. | Eighty-one thousand

four hundred tv.
|
Five million four thousand seven.

One hundred eight million ten thousand one. (t) Eight-

een million six. (/) Thirty thousand ten.

What is the sum of 3,290 +604+ 865,403+

J

: + 3
'. Ans. -

5+ 300+ 909 = what 5

Ans. 8,407,

('.>) Find the difference between the following:

(a)
| 10,001 and 15,339.

I

(')

For notice of c<

6
i
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(10) (a) 70,968-32,975 = ? (b) 100,000-98,735 = ?

(a) 37,993.
1

{b) 1,265.

(11) The greater of two numbers is 1,004 and their differ-

ence is 49; what is their sum ? Ans. 1,959.

(12) From 5,902 + 8,471 + 9,023 take 3,874 + 2,039.

Ans. 17,543.

(13) A man willed 8125,000 to his wife and two children;

to his son he gave $44,675, to his daughter $26,380, and to

his wife the remainder. What was his wife's share ?

Ans. $53,945.

(14) Find the products of the following:

(a) 526,387X7; (b) 700,298 X 17; {c) 217 X 103 X 67.

( {a) 3,684,709.

Ans.
-j

(b) 11,905,066.

( (c) 1,497,517.

(15) If your watch ticks once every second, how many
times will it tick in one week ? Ans. 604,800 times.

(16) If a monthly publication contains 24 pages in each

issue, how many pages will there be in 8 yearly volumes ?

Ans. 2,304.

(17) An engine and boiler in a manufactory are worth

$3,246. The building is worth three times as much, plus

$1,200, and the tools are worth twice as much as the build-

ing, plus $1,875. (a) What is the value of the building and

tools ? (b) What is the value of the whole plant ?

. ( (a) $34,689.
'

(
(b) $37,935.

(18) vSolve the following by cancelation:

, . 72X48X28X5 %
... 80x60x50x16x14

96X15X7X6 w 70X50X24X20

{

(a) 8.

i
(6) 32.
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(19) If a mechanic earns $1,500 a year for his labor, and

his expenses arc $968 per year, in what time can he save

enough to buy 28 acres of land at $133 an acre ?

Ans. 7 yr.

A freight train ran 3G5 miles in one week, and 3

times as far, lacking' 246 miles, the next week; how far did

it run the second week ? Ans. 849 mi.

(21) If the driving wheel of a locomotive is 16 feet in

circumference, how many revolutions will it make in going

from Philadelphia to Pittsburg, the distance between which

is 35-4 miles, there being 5,280 feet in one mile?

Ans. 116,820 rev.

(22) What is the quotient of:

(.?) 589,S24^576? (I?) 369, 730, 620-*- 43,911?
--505? (d) 4,961,794,302 -^-1,234?

Ans.

(23) A man paid $444 for a horse, wagon, and harness.

If the horse cost 8264 and the wagon 8153, how much did

the harness cost ? Ans. $27.

(24) What is the product of:

(tf) 1,024X576? (b) 5,005x505? (c) 43,911x8,420?

( (a) 589,824.

Ans. J

(/;) 3,527,525.

( (c) 369,730,1

(25) If a man receives 30 cents an hour for his wages,

how much will he earn in a year, working 10 hours a day
and averaging 25 days per month ? Ans. 8900.

11? (<•) 2,527,-

(") 1,054.

(*) 8,130.

w 5,005.

w 1,020,903.

40—24





ARITHMETIC.
(SECTION 2.)

EXAMINATION QUESTIONS.
(26) What is a fraction ?

(27) What are the terms of a fraction ?

(28) What does the denominator shov

) What does the numerator show ?

)
How do you find the value of a fraction ?

(31) Is ^ a proper or an improper fraction, and why ?

(32) Write three mixed numbers.

(33) Reduce the following fractions to their lowest terms:448 3 2 Am 1 1 1 J

(34) Reduce 6 to an improper fraction whose denomina-

tor is 4. Ans. ^.

(35) Reduce 7 J, 13^-, and lOf to improper fractions.

Ans. ¥> \\

(3G) What is the value of each of the following: i£, y,
6 9 16 6 7? A no Cl 41 A S Oil

: ) Solve the following:

(*) ! (*) A-3;
(0 "

(0 Y-9; (</) w
roo 112.

«
Ans. «{ (r)

.w
For notice of copyright, sec page immediately following the title page.
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(38) i + f+ f = ? Ans. 1.

(39) i + | +A = ? Ans. {I

(40) 42+ 31f+ 9^ = ? Ans. 83^.

(41) An iron plate is divided into four sections: the first

contains 29J square inches; the second, 50f square inches;

the third. 41 square inches; and the fourth, 69T
3
¥ square

inches. How many square inches are in the plate?

Ans. 190^- sq. in.

(42) Find the value of each of the following

:

^ i±-3
( (a) 37^

{*)L; 0)2. W .tf« Ans.

16 8

(43) The numerator of a fraction is 28, and the value of

the fraction £; what is the denominator ? Ans. 32.

(44) What is the difference between (a) § and ^ ? (b) 13

and 7^ ? (c) 312^ and 229^ ? ( (a) ft.

Ans.
\

(b) 5ft.

[(c) 83i|.

(45) If a man travels 85T
5
2- miles in one day, 78ft- miles

in another day, and 125|-J miles in another day, how far did

he travel in the three days ? Ans. 289|-^ mi.

(46) From 573f tons take 216£ tons. Ans. 357ft- T.

(47) At f of a dollar a yard, what will be the cost of

9\ yards of cloth ? Ans. 3|-f dollars.

(48) Multiply f of f of ft of if of 11 by f of £ of 45.

Ans. 109TW
(49) How many times is -§ contained in f of 16 ?

Ans. 18 times.

(50) Bought 211 \ pounds of old lead for If cents per

pound. Sold a part of it for 2|- cents per pound, receiving

for it the same amount as I paid for the whole. How many
pounds did I have left ? Ans. 52|f lb.



ARITHMETIC,

EXAMINATION QUESTIONS,
(51) Wi following v

.131, .0001, .<MK* 1

How do you place decim

traction?

e for multiplies: als.

a rule for division of decimals.

(56) State how to reduce a fractic

Reduce the following fractions to ec

mals: £, |, &, tV* and iW*-

.1*5.

Solve the for

:

589+ -8
.

- —

:

. -1
W - ; ( ) B.87+ 8.53—

C



8 ARITHMETIC. § 1

(60) What decimal part of a foot is -^ of an inch ?

Ans. .015625.

(61) A cubic inch of water weighs .03617 of a pound.

What is the weight of a body of water whose volume is

1

,

")( \0 cubic inches ? Ans. 54.255 1b.

(62) If by selling a carload of coal for $82. 50, at a profit

of $1.65 per ton, I make enough to pay for 72.6 feet of

fencing at $.50 a foot, how many tons of coal were in the

car ? Ans. 22 T.

(63) Divide 17,892 by 231, and carry the result to four

decimal places.
.

Ans. 77.4545+-

(64) What is the value of the following expression carried

to three decimal places:

74. 26 X 24 X 3. 1416 X 19 X 19 X 350

33,000X12X4
= ? Ans. 446.619-

(65) Express: (a) .7928 in 64ths; (&) .1416 in 32ds;

(c) .47915 in 16ths.
(

(a) 51

Ans. -I (b)
jff.

<W tV
(66) Work out the following examples:

(a) 709.63 -.8514; (3)81.963-1.7; (*)18-.18; (d)

1-.001; (e) 872.1 -(.8721 + .008) ; (/) (5.028 + .0073)

(6.704-2.38).
r
(a) 708.7786.

Ans. <

(67) Work out the following:

(*) 80.363.

w 17.82.

id) .999.

w 871.2199.

l(/) .7113.

la -.807; (b) .875-1; (c) (A + -^5) - (T%\ - .07),

{d) What is the difference between the sum of 33 millionths

and 17 thousandths, and the sum of 53 hundredths and 274

thousandths? f (#) .068.

Ans i
{b) - 5 -

A
(c) .45125

(d) .780967.
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(68) What is the sum of \ .9, and

A:

(69) - =
An& : .

|
Add 17 thousandths, 2 tenths, and 47 millionths.

7 1 ) Find the products of the following expressions

:

(a) .013X.107; (f>) 2 (3.16

a -31.96);-

(a) .0013

. (*) €

w
(</) 14

i Solve the following":

(a) (rV--13) X^25T| ; W GfX.21)- fe); (r) (^
+ .013-2.17)X13J-T -V. (

(a) .384371

A:.-.
(
(*) 38437S

-I (£) .1209375.

( (r) 6.

Solve the following:

Ana -J (5) 1.75.

(74:j Find the value of the following on:

'-•'
• X3

87+ 11X8
Ans. 21Of

m 1 plus .001 take .01 plus .000001.





ARITHMETIC.
(SECTION 4.)

EXAMIXATIOX QUESTIONS.

(1) What is 25 per cent of 8,428 lb.? Ans. 2,10T lb.

(2) What is 1 per cent, of 8100 ? Ans. -SI.

(3) What is ± per cent, of 635,000 ? Ans. $1 i 5.

(4) What per cent, of 50 is 2 ? Ans. 4 .

What per cent, of 10 is 10 ?

(0) Solve the following:

{a) Base rr £2,522 and percentage = 1176.54. What is

the rate ? (/>) Percentage — and rate = 8 per cent.

t is the base? (c) Amount = 21G.T025 and base = 21

What is the rate? (J) Difference = 201. S25 and base

= 207. What is the ra:

Ans.

w
(*) 212.

w
('0

A farmer gained 15^ on his farm by selling it f< »r

'0. What did it cost him ? Ans

nan receives a salary of He pays 24^ of it

for board, 12H of it for clothing, and 17^ of it for other

exp- Howmuch does he save in ayear? A:i<. 1441.75.

jr cent, of a number is 3, what is the

numi A
For notice of copyright, see page imn



2 ARITHMETIC. § 2

(10) A man owns | of a property. 30$ of his share is

worth 81,125. What is the whole property worth?

Ans. $5,000.

(11) What sum diminished by 35$ of itself equals $4,810 ?

Ans. $7,400.

(12) A merchant's sales amounted to $197.55 on Monday,

and this sum was 12|$ of his sales for the week. How much
were his sales for the week? Ans. $1,580.40.

(13) The distance between two stations on a certain rail-

road is 16.5 miles, which is 12|# of the entire length of the

road. What is the length of the road ? Ans. 132 mi.

(14) After paying 60$ of my debts I find that I still owe
$35. What was my whole indebtedness ? Ans. $87.50.

(15) Reduce 28 rd. 4 yd. 2 ft. 10 in. to inches.

Ans. 5,722 in.

(16) Reduce 5,722 in. to higher denominations.

Ans. 28 rd. 4 yd. 2 ft. 10 in.

(17) How many seconds in 5 weeks and 3.5 days ?

Ans. 3,326,400 sec.

(18) How many pounds, ounces, pennyweights, and

grains are contained in 13, 750 gr. ?

Ans. 2 lb. 4 oz. 12 pwt. 22 gr.

(19) Reduce 4,763,254 links to miles.

Ans. 595 mi. 32 ch. 54 li.

(20) Reduce 764,325 cu.in. to cu.yd.

Ans. 16 cu.yd. 10 cu.ft. 549 cu.in.

(21) What is the sum of 2 rd. 2 yd. 2 ft. 3 in. ; 4 yd. 1 ft.

9 in. ; 2 ft. 7 in.? Ans. 3 rd. 2 yd. 2 ft. 1 in.

(22) What is the sum of 3 gal. 3 qt. 1 pt. 3 gi. ; 6 gal.

1 pt. 2 gi. ; 4 gal. 1 gi. ; 8 qt. 5 pt.? Ans. 16 gal. 3 qt. 2 gi.

(23) What is the sum of 240 gr. 125 pwt. 50 oz. and 3 lb.?

Ans. 7 lb. 8 oz. 15 pwt



ARITHMETIC. 3

What is the sum of IV 16' 12'; 13° W
25'; 26' 29'; 10° IT' 11 ? An-

hiat is the sum of 130 rd. 5 yd. 1 ft. 6 in. ; 215 rd.

2 ft. 8 in. ; 304 rd. -i yd. 11 in. ? Ans. 2 mi 10 rd. 5 yd. \

What is the sum of 21 .ch. 3 sq.rd. 21 sq.li.

;

H .".. 78 sq.ch. 2 sq.rd. 23 sq.li.; 4 sq.ch. 2 sq.rd.

-q.rd. 16 sq.li.; 9 sq.ch.

3 sq.nL 23 sq.li. ; 46 A. 75 sq.ch. 2 sq.rd. 21 sqJ

Ans. 255 A. 3 sq.ch. 1-1 sq.rd. 122 sq.li.

I From 20 rd. I :. 9 in. take 300 ft

Ans. 2 rd. 1 yd. 2 ft. 9 in.

om a farm containing 114 A. 80 sq.rd. 25 sq.yd.,

sq.rd. 30 sq.yd. are sold. How much remains ?

L 9 sq.rd. 25J sq.yd.

From a hogshead of molas gaL 2 qt. 1 pt. are

sold at one time, and 20 gal. 3 qt at another time. How
much remains ? qt. 1 pt.

(30) If a person were born June If ow old would
he be August 3, 1892 14 da.

(31) A note was given August 5. nd was paid

Jun •_ . . What length of time did it re

An?. 1 ;.-. 9 mo. 28 da.

What length of time elapsed from 16 min. past

4, 1883, to 22 min. 1 'clock p. m.,

Ans 5 mo. 8 da. 9 hr. 22 min.

If 1 iron rail is ] . how long would
51 rails be, if placed end to end ? Ans. 53 rd. 1£ yd. 9 in.

(34 iply 3 qt. 1 pt. 3 gi.

A: 2 qt 1.7 gl

Mv.ltr

BT-



4 ARITHMETIC. § 2

(36) How many bushels of apples are contained in 9 bbl.,

if each barrel contains 2 bu. 3 pk. 6 qt. ?

Ans. 26 bu. 1 pk. 6 qt.

(37) Multiply 7 T. 15 cwt. 10.5 lb. by 1.7.

Ans. 13 T. 3 cwt. 67.85 lb.

(38) Divide 358 A. 57 sq.rd. 6 sq.yd. 2 sq.ft. by 7.

Ans. 51 A. 31 sq.rd. 8 sq.ft.

(39) Divide 282 bu. 3 pk. 1 qt. 1 pt. by 12.

Ans. 23 bu. 2 pk. 2 qt. £ pt.

(40) How many iron rails, each 30 ft. long, are required

to lay a railroad track 23 mi. long ? Ans. 8,096 rails.

(41) How many boxes, each holding 1 bu. 1 pk. 7 qt.,

can be filled from 356 bu. 3 pk. 5 qt. of cranberries ?

Ans. 243 boxes.

(42) If 16 square miles are equally divided into 62 farms,

how much land will each contain ?

Ans. 165 A. 25 sq.rd. 24 sq.yd. 3 sq.ft. 80+ sq.in.



ARITHMETIC
(SECTION 5.)

(43

(44

(45

(46

(47

(48

(49

(50

(51

(52

(53

(54

(65

(56

(57

(58

EXAMINATION QUESTIONS.

What is the square of 108? Ans. 11,664.

Find the fifth power of 9. Ans. 59,049.

What is the value of .0133
s
? Ans. .000002352637.

Extract the square root of 90. Ans. 9.4868.

Find the value of (3f)
3

. Ans. 52*1, or 52.734375.

What is the cube root of 92,416? Ans. 45.211.

Find the value of \502,681. Ans. 709.

What is the value of if?? Ans. f.

What is the value of iff? Ans. .72112.

Find the square root of .7854. Ans. .88623.

What number multiplied by itself equals 114.9184?

Ans. 10.72.

Extract the square root of 3,486,784. Ans. 1,867.3.

Find the square root of .00041209. Ans. .0203.

Find the fourth root of 2,490.31. Ans. 7.0642.

Find the fifth root of 6,039,065, 134. Ans. 90.405.

Find the fifth root of .127. Ans. .66185.

For nor ;.;e immediately following the title page.





ARITHMETIC.
(SECTION C.)

Find

(59)

(60)

w

(61)

10

150

(62)

(63)

(64)

(,;,)

(66)

(67)

(68)

For

EXAMINATION QUESTIONS.
the value of x in the following:

11.7 : 13 :: 20 : x. Ans. 22.22+.

(a) 20 + 7 : 10 + 8 :: 3 : x\ (&) 12
a

: 100 2
:: 4 : x.

Ans \
{a) 2 '

U&) 277.7+.

. ,4 7 /JA x 8 , . 2 x .,. 15 60

Mi ; : H ; W 24
=:

16
; W l0

=:
100

; (^45 =
* ;

;

(tf) X = 12.

(£) * = 12.

Ans.-! (O jt = 20.

\d) x = 180.

\e) x = 40.

Ans. 10$.

Ans. 18.

Ans. 20.

Ans. 3G.

Ans. 29.7.

Ans. 23,

Ans. 14.

600'

x : 5 :: 27 : 12.5.

45 : 60 :: * : 24.

x : 35 :: 4 : 7.

9 : * :: : 24.

0X000 : f'1,331 = 27 : x

04 : 81 = 21
a

: x\

7 + S : 7 = 30 : jr.

notice of copyright, see page immediately following the title page



S ARITHMETIC. § 2

(69) A man whose steps measure 2 ft. 5 in. takes 2,480

steps in walking a certain distance. How man}7 steps of

2 ft. 7 in. will be required for the same distance ?

Ans. 2,320 steps.

(70) If a horse travels 12 mi. in 1 hr. 36 min. , how far

will he travel at the same rate in 15 hr. ? Ans. 112.5 mi.

(71) If a column of mercury 27.63 in. high weighs .76 of

a pound, what will be the weight of a column of mercury

having the same diameter, 29.4 in. high ? Ans. .808+ lb.

(72) If 2 gal. 3 qt. 1 pt. of water will last a man 5 da.,

how long will 5 gal. 3 qt. last him, if he drinks at the same

rate ? Ans. 10 da.

(73) Heat from a burning body varies inversely as the

square of the distance from it. If a thermometer held 6 ft.

from a stove shows a rise in temperature of 24°, how many
degrees rise in temperature would it indicate if held 12 ft.

from the stove ? Ans. 6°.

(74) If a pile of wood 12 ft. long, 4 ft. wide, and 3 ft. high

is worth $12, what is the value of a pile of wood 15 ft. long,

5 ft. wide, and 6 ft. high? Ans. 837.50.

(75) If 100 gal. of water run over a dam in 2 hr., how
many gallons will run over the dam in 14 hr. 28 min. ?

Ans. 723^ gal.

(76) If a cistern 28 ft. long, 12 ft. wide, 10 ft. deep holds

798 bbl. of water, how many barrels of water will a cistern

hold that is 20 ft. long, 17 ft. wide, and 6 ft. deep ?

Ans. 484i bbl.

(77) If a railway train runs 444 mi. in 8 hr. 40 min., in

what time can it run 1,060 mi. at the same rate of speed ?

Ans. 20 hr. 41.44 min.

(78) If sound travels at the rate of 6,160 ft. in 5J sec,

how far does it travel in 1 min. ? Ans. 67,200 ft.



ARITHMETIC.

») If 5 men by working 8 hours a day can do a certain

amount of work, how many men by working lo hours a day

can do the same wo: Ans. 4 men.

If a man travels 540 miles in 20 days of 10 hours

each, how many hours a day must he travel to c

C30 mile Ans. 9£ hr.

Referring to example 4, Art. 168, Arithmetic. \
'..

what is the horsepower of an engine wh nder is

nches in diameter, piston speed, 660 feet per minute,

and mean effective pressure, 42 pounds per square inch ?

Ans. 594 horsepower.

B2) The weight of a cubic inch of cast iron is .201 pound.

Referring to Art. 104, Arithm :. what is the weight

of a solid cast-iron cylinder whose diameter is 12 inches and

length is CO inches? Ans. 1,771.11 lb.

S3) Referring to Art. 16T, Arithmetic. \ :. what is

the centrifugal force of a 40-pound body revolving in a

circle having a radius of 10 inches, at a speed of IS feet per

second ? Ans. 4S4. T lb.

40—25





ELEMENTS OF ALGEBRA
(PART 1)

EXAMINATION QUESTIONS
(1) Divide 3tf" +2 - 4*' + la + %a* - oa' + 10a' by rt

s

_ i _ a * _ 2.7. Ans. ^?
3 - 'lev - 3d - 2

(•2) Multiply: (tf) 2 + 4* - 5a1 - 6*' by ?<?
3

; (£) -Lr
a

- 4y
3 + 6j 2 by &r> ; (O 36 + be - W by to.

f (u) 14^ + 2&i4 - 35<7
5 - 4^ 8

Ans. \ \d) \%x*y - U ey + 18.r>~2

I (*) ISab + Soac - lW
(3) Translate the following algebraic expressions into ordi-

,
/a+ d+ c

, /- £ + c . ,——J . <:

nary language: y \- tfa -\ — + \<a + o + -

+ (a + 6)c+a+ be.

(4) From a* - b
K take oa'b - 7a*P+ 5aP, and from the

result take 3a* - ±a*b + tia'b* + oab 3 - U\
Ans. - %aA - a%

b + *V - lOab 3 + W
i.',) [a) Give an illustration, not contained in the text,

that will explain the difference between positive and nega-

tive quantities, (b) In what respects are addition and sub-

traction different in algebra from addition and subtraction

in arithmetic ?

i (a) What is the value of a*l (b) What does tf" * a~ l

equal ?



2 ELEMENTS OF ALGEBRA § 3

(7) (a) What is the reciprocal of f|? (b) Of what
number is 700 the reciprocal ?

(8) (a) From Za - 2b + '3c take 2a — 7b — c — b. (b)

Subtract x*+y* — xy* from 2;r
3 — &x*y -f- 2xy

3
. (c) From

Ua + ±b-6c -3d take 11a - 2b + ic - ±d.

((a) a + 6b + 4<:

Ans. J (£) *3 - 3;r> + xy* + 2*/ -/
{ (c) da + 6£ - 10* + aT

(9) Find the numerical values of the following expres-

sions when a = 16, b — 10, and x — 5: (a) (ab
2x -j- 2abx)4=a;

(b) Z^-^+ tzJL. {c) {b-^)(**-b*)(a*-b>).

((a) 614,400

AnsJ (J) i
[(c) 23,400

(10) Find the sum of the following: (a) kxyz — Zxyz

— bxyz, 6xyz — %xyz + 3xyz; (b) da 2 + 2a£ + 4b\ ha? — Sab

+ /,
2

?

- ^ 2 + 5tf£ - b\ 18# 2 - 20tf£ - 19£2
, and 14tf

2 - 3tf£

+ 20£2

;
(c) ±mn + dab — 4<r, 3;r — ±ab + 2mn, and dm9 — 4/.

f (rt) — ^xyz

Ans. J (£) 39a a - 2±ab + bb2

{ (c) 6mn — ab — ±c + 3x + 3/;z
2 — 4/

(11) («) Explain in your own words the difference

between a coefficient and an exponent, (b) How are coeffi-

cients and exponents treated in multiplication, and how in

division ? (c) What is the law of signs in multiplication ?

(12) State how you would read the following expres-

sions: (a) d2x 2 + 2a 3
b

b - (a + b); (b) ]/x+y(a - n 2
)%;

(c) (m + n) (m — n)
9tm — -I.

(13) (a) Write a monomial; a binomial; a polynomial.

(/;) In the expression a + 2ab — b
2

, why cannot the indicated

addition and subtraction be performed ? (c) What opera-

tion is indicated between the quantities mkac'd'i



ELEMENTS OF ALUKBRA

(14) Remove the symbols of agj n from the

following

0?)
'- + [4c -4.7-1 .

1 + [3a - b+ c\
| ;

' - [{2a - 5 • 4a]\
;

{<)<*-{ M + [dc - da - (a+ &)] ;
[2a -(b + c)][.

f
(a) 6a - 3c

Ans. < (b)

[(c) Za — %c

(1 5) fa) Arrange *V;» + %abc + 3 - 7a*£' + fc***
1 accord-

to the decreasing powers of a\ (b) according to the

increasing powers of b. (c) With cf + 1 + &*" + ax arranged

g to the increasing powers of a, should the 1 be

placed first or last, and why ?

(16) Multiply. y x — 1; (/;) x*

- \ax + c by ;
and (c) — a* + 3tf^ — 2P by 5tf

2 + 9tf£.

f(a) 2x* - lx+ •:

Ans.
«j (£) 2.r

3 - ; . -.r - 4tf«jr + ac

L (r) - 5aa + 6tf
4

£ + a7fl"^ - 10*V -

(17) Divide: (a) 3.r» + ,r + 9.r
8 - 1 by &r— 1;(4) tf

3

- 2*^ 4- Z>
3 by d - /;; (r) T.i

3 + 58-r - 24*1 - 21 by 7* - 3.

[(a) 3*»+ fcr + l

Ans.
«j (/0 a*+ at— b*

[(c) x*-3x+1

(IS) Why are letters used in algebra, and in what way?
do they differ from figur-





ELEMENTS OF ALGEBRA
(PART

EXAMINATION QUESTIONS
(1) How may the signs of all the terms of the denomi-

r of a fraction be changed from -j- to — or from — to -}-

without altering the value of the fraction ?

Find the products of:

is. 4

(b) 3ax+4: and - 16V l
y

' 3 - i

,^ t> , cia 4- ft 4- cd
(3) Redi: e : to its simplest form.w (a-

j —
. Ans.

-b - c

-

^ctor the numerators and denominators before
multiplying.

(6) Change the fraction — — :hat the sign
-b) *

before the dividing line will be -}-.
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(7) Resolve into their factors: (a) 45;r
7

jj/

10 — 9(Xry
:;i:<).ry

;
(b) a%b* + %abcd+ c*d*

;
(c) {a + by - (c - d)\

Ans. (r) (rt + £ + <:- df) (# + £ — c + d)

(8) Perform the indicated additions:

x
K

' x —y y — x ' xr - +
x

x+l 1

'da - U 2a- b + c 13a- &
(C) ~T~ 3 12 '

(a)

Ans. -\ (b)

(0

7
JF — Jf

3-r
2

* 2 -

1

11a - 20b - 56g

84

(9) Factor the following : (a) 9x4 + VZx*y* + 4/ ; (£) 49tf
4

- 154tf
2
£

2 + 12l£ 4

; (<:) 64*y + 64^y + 16-

(10) (a) Reduce 1 -f-
2^ = to a fractional form.

ox

(b) Change "2"

, A
to a mixed quantity.

X+4:

Ans.
w 10** + ^ + 4

5^r

(£) 3;r - 10 +
41

* + 4

(11) What are the factors of: (a) x* + 8 ? (£) ;r
3 - 27/ ?

and (c) xm — #*# -\- xy — ny ? Ans. (<:) (.r — n) (in -j-y)

(12) Factor: (a) x*y2 - Mxy*
;

(b) a*- b* - c* + 1 - 2a

+ 2bc; (c) l-16a* + $ac-c\
( (a) xy(x + 2) (x - 2) (;r

2 + 2* + 4) (x2 - 2x + 4)

Ans.
j (£) (# — 1 + b — f) (0 — 1 — b -J- c)

( (c) (1 + ±a -c) (1 -4a + *)

(13) Raise to their indicated powers:

(2a*bc
z

)\ (
- da'b

2
c)

b and ( - Infnx*?)*
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(H) Find the values of the following:

(<•-«)-»; (mf?)-*\ (ft-')*

(15) (a) Express with radical sigi
;
Zxijrl; &r*y-ls*.

ar a~ l
fa-\———7 +(;;/ — ;/)

_1— _, of negative

(, ) Express with fractional exponents: tfx*;

I

;

; \J/¥j?\\





ELEMENTS OF ALGEBRA
(PART 3)

EXAMINATION QUESTIONS
(1) A man performed a journey - liles in a certain

number of hours, but if he had traveled -t miles more each

hour, he would have performed the journey in 6 hours less

time. How many miles did he travel per hour ?

- -4 miles

(•2) Solve: | &r— % = : :— 4);

(*) <&=** = ^~*^-»

: = 6 or 2}
£%ns

- \(i) x = (a + by or - (a - b)
%

Solve:

(b) (x - . -4) - S - 1 - = 0.

= 6 or ~ '

(4) Solve by substitution

5-r - .

- = - :



2 ELEMENTS OF ALGEBRA § 5

(5) Solve the following equations: (a) 2x* — %7x = 14;

(£) ^_^£ + J_ - o; (c) x* + ax = bx + ab.

( (a) x = 14 or — |-

Ans. Mb) x = | or £
( (<;) # = $ or — #

(G) A crew that can pull at the rate of 12 miles an hour

down the stream finds that it takes twice as long to row a

given distance up stream as it does down stream. What is

the rate of the current ? Ans. 3 miles per hour

(7) Solve the following equations, eliminating by addition

or subtraction:

+ 3j/ = 100.) ix = 8

-7r = 4 f

Ans-1 J = 4

llx+ty = 100.

±x

(8) Solve the following equations:

x + y = 13. l
Ang

ix = 9, y =
xy — 36. J

'

( x = 4, j =

(9) Find the values of ;tr in the following:

(,) 5^-9 = 2^ + 24; (J) ^-^J-
f! _ *' - 1Q

7 _ 50 + ^2

W
5 15 ~ ?

25 '

Ans.

= ±\f~M

2

X = ± o

(10) Solve by comparison

4tx -

by -
h3j
-3*

= 48. i

= 22. f

(11) Solve

2*-7-3
5

-4 = 0.1

3? +
x — 2

3
-9 -a

Ans.
-J

* ~= 6

y = 8

(y = 3
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rson has two I :id a saddle

:e saddle be put on the fir

double that of the second; but ddle be put on the

second horse, his value will not araoun:

horse Wha: ach hor

ould the

than B; bu: 15

would be #*20 more than four times B's. How much in

did each ha

.

An.

?) Solve the fc' quatior-

(a) Xs - 6x = 16; - : = -
; c) 9S - l&r = *L

x — B or — 2

x = - or — 1

x = ^ or - :

A wine mercha: rth

90 cents a quart, and the oth How
much of each must be put :hat

the mixture may be wor

.

wine

-cent wine

it fraction is that - being

doubled, and denominator being in due

becomes f ; but the denominator being doubled, and the

numerator increased =>. \

Wlien 4 is added the g -. the

greater number Jded to

the less, the alf the greater

numbers I A: 1 16





LOGARITHMS

EXAMINATION QUESTIONS
(1) Solve, using logarithms,

x = 351.36 X 100 X 24[1 - (Hf)~"].

Note.— In logarithmic work, negative quantities are used as though
they were positive, the sign of the result being determined independ-
ently.

Ans. .r = - 188

(2) What are the logarithms of the following numbers:

(a) 2,376? (b) .6413? (c) .0002507?

(3) Divide the following by using logarithms:

(a) 755.4 * .03324; (b) .05555 -5- .0008601; (c) 4.62 + .6448.

[(«) 233,1-50.

Ans. \(b) 64.584.

[(c) 7.1

(4) Find the value of xt
by using logarithms, in

,„ = 238 X 1,000
X

.0042-" 01
'

Ans. x = 2,432,700,000.

( 5 ) Divide \.00743 by >'^006.

(6) Multiply together the following by using logarithms:

1,728, .00024, .7402, 302.1, and 7.6094. Ans. 711.40.

,-v r . . _ _. . - V5.954 X \61.19
( t ) Calculate the value of -

34

Ans. 3.

(8) Calculate the value of v Ans. .6578

(9) Obtain the values of: (a) 32"; (b) .76
s
"; (c) .84*".

{(a "~~.000.

Ans. \(b) .37028.

[(c) .93590.



2 LOGARITHMS §5

(10) Calculate the value oiyl^a ^Wr Ans * -49950 -

(11) Find the numbers corresponding to the following

logarithms: .81293, 2.52460, 1.27631.

(12) Find the value of v x in pv*'*
1 = A^i

14
\ when

p = 134.7, v = 1.495, and p x = 16.421. Ans. 6.6504.-

(13) What is the value of

s /7.1895 X 4,764.2
2 X .00326 6

?

\ .000489 X 457 3 X .576
2

* Ans. .020786.

/2.18

(14) In the formula p = 960,000y-, find the value of A
when t = A, / = 120, and d = 2j. Ans. 92.480.

(15) Referring to example 14, what is the value of t,

when p = 160, / = 132, and d = 2? Ans. .23863,



Geometry and Trigonometry

EXAMINATION QUESTIONS
Note.—In solving the following examples, the student will fine?

that he will understand them much better if he draws a diagram for

each, showing the given conditions and results sought.

(1) If one of the angles formed by one straight line

meeting another straight line equals f of a right angle, what

is the other angle equal to ? Ans.
1-J-

right angles.

(2) If a triangle has two equal angles, what kind of a

triangle is it ?

(3) The perimeter of a regular decagon is 40 inches;

what is the length of a side ? Ans. 4. in.

(4) What is one angle of a regular dodecagon equal to ?

Ans. If right angles.

(5) A triangle has three equal angles; what is it called ?

(6) A certain triangle has two equal angles. If, from

the vertex of the other angle, a perpendicular is drawn to

the side opposite, which is 7 inches long, what are the

lengths of the two parts of the side thus divided by the

perpendicular ?

(7) The shortest distance from a given point to a given

line is 9 inches; the distances from this point to the two
extremities of the line are L2 inches and lo inches; what

is the length of the line ? Ans. L9.94 in

What is one of the angles of an equiangular octagon

equal to? Ans. i .', right angles.

jtice of copyright, see page immediately following the title page
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2 GEOMETRY AND TRIGONOMETRY § 6

(9) Given three points A, B, and C, and the distance

from A to B equal to \\ inches, from B to C 1 \ inches, and

from C to A 2 inches; pass a circle through these three

points.

(10) The chord of an arc in a circle whose radius is

6 inches is 4 inches long; what is the length of the chord of

half the arc ? Ans. 2.03 in.

(11) The length of a perpendicular from the center of a

circle to a chord is 5J inches; if the diameter of the circle is

17 inches, what is the length of the chord ? Ans. 12.52 in.

(12) The sides of an inscribed angle intercept three-

fourths of the circumference; how many quadrants are there

in the angle ? Ans. \\ quadrants.

(13) How many equal sectors are there in a circle, if

each sector measures f of a right angle ? Ans. 14 sectors.

(14) If the perimeter of a regular inscribed octagon is

24 inches and the length of the perpendicular from the

center to one of the sides is 3.62 inches, what is the diameter

of the circle in which the octagon is inscribed ?

Ans. 7.84 in.

(15) What part of a circle is an arc of 19° 19' and 19" ?

Express it decimally. Ans. .053672 of a circle.

(16) In a triangle A B C, A B = 26 feet 7 inches, AC
= 40 feet, and the included angle A = 36° 20' 43" ; find the

remaining parts. r C= 40° 16' 52".

Ans. ]
B = 103° 22' 25".

[BC = 24: ft. 4.4 in.

(17) In a triangle ABC, the side A B = 16 feet 5 inches,

the side B C .- 13 feet 6^- inches, and the angle A = 54°

(B = 42° 19' 36", or

27° 50' 36".

C = 82° 45' 30", or

97° 14' 30".

A C= 11 ft. If in.,

or 7 ft. 8| in.

54' 54" ; find the remaining parts.

Ans.
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If one-third of an angle of a certain triangle = 14°

4T 10 , what are the angles, one of the other two being two

and one-half times the given ani;

(19) In a right triangle A B Cy
the two sides are 43? feet

and : in length; find the hypotenuse and the two

acute angles?

( 904 ft. 6f in.

) In a triangle ABC, angle A .ngle C
= ; nd the side A /— 31 feet 10 inches; find

the other three parts. ( B t
* = 1 ft. 3 in.

. )aB=3'2 ft. 3 in.

(B =

1) (a) The area of a circle is 89.4*2 square inc

what is its diameter and circumference ? (£) What is the

length of a side of the largest regular hexagon that could be

ibed in >. (b) 5.335 in.

The distance between two parallel sides of a

wrought-iron octagon bar is '2 inches ; what is the weight of

a bar 10 feet long, a cubic inch of wrought iron weighing

;x>und ? . oz.

The outside and inside diameters of a cast-iron

spherical shell are 16 inches and 1*2 inches; what is

weight, a cubic inch of cast iron weighi: )und ?

1 lb.

The length of an arc of a circle is 5^| inches by.

measuremer. .e number of degrees in the a:

what is the diameter of the circ in.

the area of a circle whose diameter is

.e length of an arc

in the above circle ? .«4 in.

the area of an ellipse wh< - are

:hes and S inches ? (&) ijerime;

in.

in.
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(27) What is the entire surface of a cone whose base k

7 inches in diameter and whose altitude is 11 inches ?

Ans. 165.41 sq. in.

(28) What is the height of a cone having the same vol-

ume and diameter as a 10-inch sphere ? Ans. 20 in.

(29) What is the height of a cylinder having the same

volume and diameter as a 12-inch sphere ? Ans. 8 in.

(30) (a) What is the area of a triangle whose base is

9^ inches and whose altitude is 12 inches ? (b) If the angle

which one side forms with the base is 79° 22', what is the

perimeter of the triangle ? Ans. (b) 35.73 in.

(31) The diagonal of a trapezium is 11 inches; the lengths

of the perpendiculars from the opposite vertexes upon this

diagonal are 4^ inches and 7 inches; what is the area of the

trapezium ?

(32) The length of a chord of a segment in a circle whose,

diameter is 10 inches is 6| inches; what is the area of the

segment and the number of degrees in its arc ?

(84° 54' 28.6"

(33) What is the volume and entire area of a frustum

of a cone whose upper base is 12 inches and lower base is

18 inches in diameter and whose altitude is 14 inches ?

(2,506.997 cu. in.
Ans. '

,
6.074 sq. in.

Ans. '

J3,
(1, 042.38 sq. in.

(34) What is the area of the surface of a sphere 27 inches

in diameter ? Ans. 2,290.2 sq. in.

(35) What is the volume of an engine cylinder, in cubic

feet, whose diameter is 19 inches and whose stroke is

24 inches ? Ans. 3.938 cu. ft.

(36) The chord of the arc of a segment is 14 inches long

and the height of the segment is 2 inches; what is the

radius ? Ans. 13^ in.

(37) {a) What is the volume of a cylindrical ring whose

outside diameter is 16 inches and inside diameter 13 inches?

(b) If made of cast iron, what is its weight ?

Ans. (b) 21 lb
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The altitude of a parallelopipedon is 18 in<

base is a square, one edge measuring 5£ inches; wh

convex area, entire area, and volume ? in.

sq. in.

l in.

the convex area and entire area of a hex-

agonal pyramid, the slant height be: jet and one edge

of the base measuring 12 ft.

ft.

•) If the altitude of the pyramid in the last problem

had been 37 feet, what would have been its volume ?

A

(41) What is the area of a sector if the chord of the arc

ong and the diameter of the circle is 10 inc

in.

What is the area in square feet of a parallelogram

whose I inches long, if the shortest distance

between the base and side opposite is ? feet ?

The parallel sides of a trapezoid are 15 feet 7 inches

and "21 feet 11 inches long; the altitude B inches.

What is the area of the trapezoid ? A::>. 143.75 sq. ft.

What would be (a) the length of a side of a square

having the same area as the trapezoid in the last problem ?

(b) the diameter of a cir 1 1 >w much shorter is the

circumference of the circle than the perimeter of the square ?

((*
Ans 134 &.

\(c\ 6 in.

In a triangle A B= 24 =11 feet

3 inches, and A C = : required, the three ang





A KEY
TO ALL THE

QUESTIONS AND EXAMPLES

CONTAINED IN THE

EXAMINATION' QUESTIONS

Included in this Volume.

The Keys that follow have been divided into sections cor-

responding to the Examination Questions to which they

refer. The answers and solutions have been numbered to

correspond with the questions. When the answer to a ques-

tion involves a repetition of statements given in the Instruc-

tion Paper, the reader has been referred to a numbered
article, the reading of which will enable him to answer the

question himself.

To be of the greatest benefit, the Keys should be used

ingly. They should be used much in the same manner
as a pupil would go to a teacher for instruction with regard

to answering some example he was unable to solve. If I

in this manner, the Keys will be of great help and assist-

ance to the student, and will be a source of encouragement
to him in studying the various papers composing the Course,





ARITHMETIC.
(QUESTIONS 1-75. SEC. 1-3.)

(1) See Art. 1.

{>) See Art. 3.

(:}) See Arts. 5 and 6.

(4) See Arts. 10 and 11.

30 = Nine hundred eighty.

= Six hundred five.

.
-4 = Twenty-eight thousand two hundred eighty-four,

42 = Xine million six thousand forty- tv

= Eight hundred fifty million three hundred

seventeen thousand two.

; ,004 = S en hundred thousand four.

S ven thousand six hundred =
Eighty-one thousand four hundred two = 81,44

Five million four thousand seven = 5,004,1

One hundred eight million ten thousand one = 108,-

010,001.

hteen million six = 18.000,006.

thousand ten = 30,010.

(^ i In adding whole numbers, place

the numbers to be added directly under I -t

each other so that the extreme right- 8 6 5 I

hand figures will stand in the same i I

umn, regard!' f those 8 1

at the left. Add the lumn of fig- !

urcs at the extreme right, which equals 8 7 13 5 'J Ans.
19 units, or 1 ten and '. units. We pi

• page immediate

61





ARITHMETIC.
(QUESTIONS 1-75. SEC. 1-3.)

(1) See Art. 1.

(2) See Art. 3.

(3) See Arts. 5 and 6.

(4) See Arts. 10 and 11.

(5) 980 = Nine hundred eighty.

605 = Six hundred five.

28,284 = Twenty-eight thousand two hundred eighty-four,

9,006,042 = Nine million six thousand forty- two

850,317,002 = Eight hundred fifty million three hundred

seventeen thousand two.

700,004 = Seven hundred thousand four.

(»'.
) Seven thousand six hundred = 7,600.

Eighty-one thousand four hundred two = 81,402.

Five million four thousand seven = 5,004,007.

One hundred eight million ten thousand one = 108,-

010,001.

Eighteen million six = 18,000,006.

Thirty thousand ten = 30,010.

(7) In adding whole numbers, place 3 2 00
the numbers to be added directly under 504
each other so that the extreme right- 8 6 5 4 <» 3

hand figures will stand in the same col- ', 1

umn, regardless of the position of those 8 1

at the left. Add the first column of fig- 7

ures at the extreme right, which equals 8 7 13 5 9 Ans.
19 units, or 1 ten and '.t units. We place

•
' v follow:-

§1



2 ARITHMETIC. § 1

9 units under the units column, and reserve 1 ten for the

column of tens. 1+ 8+ 7 + 9 = 25 tens, or 2 hundreds and

5 tens. Place 5 tens under the tens column, and reserve 2

hundreds for the hundreds column. 2+4+ 5 + 2 = 13

hundreds, or 1 thousand and 3 hundreds. Place 3

hundreds under the hundreds column, and reserve the 1

thousand for the thousands column. 1+2 + 5 + 3 = 11

thousands, or 1 ten thousand and 1 thousand. Place the

1 thousand in the column of thousands, and reserve the

1 ten thousand for the column of ten thousands 1+6 = 7

ten thousands. Place this 7 ten thousands in the ten

thousands column. There is but one figure, 8, in the hun-

dreds of thousands place in the numbers to be added,

so it is placed in the hundreds of thousands column of the

sum.

A simple (though less scientific) explanation of the same

problem is the following: 7 + 1 + 4 + 3 + 4 + = 19; write

the 9 and reserve the 1. 1 + 8 + 7 + + + 9 = 25 ; write

the 5 and reserve the 2. 2 + 0+4+5 + 2 = 13; write the

3 and reserve the 1. 1+2 + 5 + 3 = 11; write the 1 and

reserve 1. 1+6 = 7; write the 7. Bring down the 8 to

its place in the sum.

(8) 7 9

8 3 4 7 2 5

3 9 1

1003 02
3 00
9 9

8 4 7 3 3 6 Ans.

(9) (a) In subtracting whole.numbers, place the subtra-

hend, or smaller number, under the minuend, or larger

number, so that the right-hand figures stand directly under

each other. Begin at the right to subtract. We cannot

subtract 8 units from 2 units, so we take 1 ten from the 6

tens and add it to the 2 units. 1 ten = 10 units, so we
have 10 units+ 2 units = 12 units Then 8 units from 12

units leaves 4 units We took 1 ten from 6 tens, so only 5
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tens remain. 3 tens from 5 tens I

tens. In the hundreds column *

hundreds from 9 hundreds hun-

dreds. We cannot subtract 3 thousands 4 T 6 '-i 4 Ans.

from thousands, so we take 1 ten thou-

sand fr nds and add it to the thousands.

D thousand = 10 thousands, and 10 thousands -j- thou-

sands = 10 thousands. Subtracting, we have 3 thousands

from 10 thousands 1 thousands. We took 1 ten thou-

sand from 5 ten thousands and have 4 ten thousands

remaining. Since there are no ten thousands in the subtra-

hend, the 4 in the ten thousands column in the minuend is

brought down into the same column in the remainder,

because from i 4.

(b) 1

10

3 Ans

{a) 3 B {£) 1

- : 3 5

3 ; Ans. 12U Ans.

(11) We have given the minuend or greater number
.:id the difference or remainder (49). Placing t

in the usual form of subtraction, we have in which

the dash ( ) represents the number sought. This num-
ber is evidently less than 1.004 by the difference 40, hence,

I — 49 = 955, the smaller number. For the sum of the

two numbers we then ha

1 9 i

Or, this problem ma If the gt
of two nurr nd the dinV :i them

'. then it lent that the smaller number must be
equal to the difference 1

and the difl . 1,004— 49 = 955, the smaller
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number. Since the greater number equals 1,004 and the

smaller number equals 955, their sum equals 1,004 -f- 955

= 1,959. Ans.

(12) The numbers connected by the plus (+) sign must
first be added. Performing these operations we have

5902 3874
84 7 1 2 3 9

9 2 3 5913 sum.

2 3 4 5 G sum.

Subtracting the smaller number (5,913) from the greater

(23,456), we have
2 3 4 5 6

5 9 13

17 5 4 3 difference. Ans.

(13) $ 4 4 6 7 5 = amount willed to his son.

2 6 3 8 = amount willed to his daughter.

%\ 10 5 5 = amount willed to his two children.

8125000 = amount willed to his wife and two
children.

7 10 5 5 = amount willed to his two children.

$ 5 3 9 4 5 = amount willed to his wife. Ans.

(14) In the multiplication of whole numbers, place the

multiplier under the multiplicand, and multiply each term

of the multiplicand by each term of the multiplier, writing

the right-hand figure of each product obtained under the

term of the multiplier which produces it.

l„\ r o a o q iv
7 times 7 units = 40 units

>
or

(a) 5 2 6 3 8 7 A .

, n ., Txrv

^ 4 tens and 9 units. We write
7

the 9 units and reserve the 4
3 6 8 4 7 9 Ans. tens ? times g tens __ 5(

.

tens;

56 -h 4 tens reserved = 60 tens, or 6 hundreds and tens.

Write the tens and reserve the 6 hundreds. 7x3 hundreds

= 21 hundreds; 21 + 6 hundreds reserved = 27 hundreds,

or 2 thousands and 7 hundreds. Write the 7 hundreds and

reserve the 2 thousands. 7x6 thousands = 42 thousands
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housands reserved = 44 thousands, or 4 ten thou-

sands and 4 thousands Write the 4 thousands and

the 4 ten thousand- l thousands =14 ten thou-

sands; 14 -f 4 ten thousands reserved = IS ten thousands,

or 1 hundred thousand and 8 ten thousand-. Write the 8

ten thousands and reserve the 1 hundred thousand. 3

hundred thousands = 35 hundred thousands; 35 + 1 hun-

dred thousand : = : thousands. Since

there are no more figures in the multiplicand to be multi-

plied, we write the 36 hundred thousands in the product

This completes the multiplication.

A simpler (though. entific) explanation of the same
problem is the following:

ite the 9 and reserve the 4. 7 times
- = -ved = .theOandr. e 6.

rite the 7 and

reserve the 2. 1 \ 6 = served = 44 - the

4 and reserve 4. — 14; 14 — 4 reserved = IS; write

the 8 and reserve the L 7X5 =
write the

In this case the multiplier is ,7 X

ittts, or 1 ten and t units, so
7

that the product is obtained by -

adding two partial products,

namely, 3 and I
l—

The actual opera- 1 1 An S-

tion is performed as follows

:e the 6 and reserve the imes 9

- 14; 14— rite the and

1 = 2; v i

the rite the

T times 7 = 4

To multiply by the 1 te-

and write partial produe:

:t-hand .e multiplier 1.

d products; their sum equals the entire

product
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(c) 2 17 Multiply any two of the numbers
10 3 together and multiply their product by

5 5 1 the third number.

2 170
2 2 3 5 1

QJ
15 457

13 4 10 6

14 9 7 5 17 Ans.

(15) If your watch ticks every second, then to find how
many times it ticks in 1 week, it is necessary to find the

number of seconds in one week.

6 seconds = 1 minute.

6 minutes = 1 hour.

3 6 seconds = 1 hour.

2 4 hours = 1 day.

14400
7200
8 6 4 seconds = 1 day.

7 days = 1 week.

6 4 8 seconds in 1 week, or the number of times that

your watch ticks in 1 week. Ans.

(16) If a monthly publication contains 24 pages, a yearly

2 4 volume will contain 12 X 24, or 288 pages,

1 2 since there are 12 months in one year; and

2 8 8 eight yearly volumes will contain 8 X 288,

8 or 2,304 pages.

2 3 4 Ans.

(17) If an engine and boiler are worth $3,246, and the

building is worth 3 times as much, plus $1,200, then the

building is worth
$ 3 2 4 6

X 3

9 7 3 8

+ 12

$10 9 3 8 = value of building.
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If the tools arc worth twice as much as the building, plus

$1,875, then the tools are worth

I 1 9

X 2

2 18 7 6

+ 18 7 5

5 3 7 5 1== value of tools.

Value of building

Value of tools

=$10938
= 2 3 7 5 1

Value of engine and

boiler

Value of building and

tools

$34689 =

= $ 3 -I 4 6

= 3 4 6 8 9

- value of the building

and tools, (a) Ans.

$ 3 'J 'J 3 5 = value of the whole

plant, (b) Ans.

(18) (a) (72 X 48 X 26 X 5) -h (96 X 15 X 7 X 6).

Placing the numerator over the denominator the problem

becomes
72X48X28X5 _
96X15X7X6

The 5 in the dividend and 15 in the divisor are both divis-

ible by 5, since 5 divided by 5 equals 1, and 15 divided by 5

equals 3. Cross off the 5 and write the 1 over it; also, cross

off the 15 and write the 3 under it. Thus,

1

72 X 48x28
96xJ0x7x6 ~~

3

The 5 and 15 are not t<> be considered any longer, and, in

fact, may be erased entirely and the 1 and .3 placed in their

-'1, and treated as if the 5 and the lo never existed. Thus,

~
• !

6 ™
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* 2 in the dividend and 06 in the divisor are divisible by

12, since 72 divided by 12 equals 6, and 96 divided by 12

equals 8. Cross off the 72 and write the 6 over it; also, cross

off the 06 and write the 8 under it. Thus,

6

y?x48x28xl _

£0x3x7x6 ""

8

The 72 and 96 are not to be considered any longer, and, in

fact, may be erased entirely and the 6 and 8 placed in their

stead, and treated as if the 72 and 96 never existed. Thus,

6 X 48 X 28 X 1 _
8X3X7X6

~~

Again, 28 in the dividend and 7 in the divisor are divisible

by 7, since 28 divided by 7 equals 4, and 7 divided by 7 equals

1. Cross off the 28 and write the 4 over it; also, cross off the

7 and write the 1 under it. Thus,

4
6x48x^x1 _

8x3x^x6
1

The 28 and 7 are not to be considered any longer, and, in

fact, may be erased entirely and the 4 and 1 placed in their

stead, and treated as if the 28 and 7 never existed. Thus,

6X48X4X1 _
8X3X1X6

~

Again, 48 in the dividend and 6 in the divisor are divisible

by 6 since 48 divided by 6 equals 8, and 6 divided by 6

equals 1. Cross off the 48 and write the 8 over it; also, cross

off the 6 and write the 1 under it. Thus,

6X^X4X1
8X3X1X0

1
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The 48 and 6 are not to be considered any longer,

and, in fact, may be erased entirely and the 8 and 1 pL.

in their stead, and treated as if the 48 and 6 never existed.

Thus,
6X8X4X1 _
6X3X1X1

""

^ain, G in the dividend and 3 in the divisor are divisible

by 3, since 6 divided by 3 equals 2, and 3 divided

equals 1. Cr< ss off the G and write the 2 over it; also, cross

off the 3 and write the 1 under it. Thus,

_

<8x4xl _
Bx^xlxl

~

l

The G and 3 are not to be considered any longer, and,

in fact, may be erased entirely and the 2 and 1 placed

in their stead, and treated as if the 6 and 3 never existed.

Thus,
2X8X4X1
8X1X1X1

.nceling the 8 in the dividend and the

1

2x8x4x1 2x1x4x1
gxlxlxl "' lxlxlxl
1

Since there are no two remaining numbers (one in the

dividend and one in the di visible by any number
pt 1, without a remainder, it is impossible to cancel

further.

Multiply all the uncanceled numbers in the dividend

ind divide their product by the product

all the un^ suit

will be the product of all the uncanceled

numbers in th ; 1x4x1 = E

40-
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product of all the uncanceled numbers in the divisor

equals 1 X 1 X 1 X 1 = 1.

„ 2X1X4X1 8 Q AHence, -—-———- = - = 8. Ans.
1X1X1X1 1

2 1

jT2x^x?j&xj& 8

l 1

1 1

"
1

Or, aa lr n a = ? = 8 -
AnS -

(b) (80 X CO X 50 X 16 X 14) -5- (70 X 50 X 24 X 20).

Placing the numerator over the denominator, the problem

becomes
80x60x50x16x14
70X50X24X20 ~*

The 50 in the dividend and 70 in the divisor are both divis-

ible by 10, since 50 divided by 10 equals 5, and 70 divided by
10 equals 7. Cross off the 50 and write the 5 over it; also,

cross off the 70 and write the 7 under it. Thus,

5

80x60x^0x16x14 _
70x50x24x20 ~

The 50 and 70 are not to be considered any longer, and, in

fact, may be erased entirely and the 5 and 7 placed in their

stead, and treated as if the 50 and 70 never existed. Thus,

80X60X5X16X14
7 X 50 X 24 X 20 ~~

Also, 80 in the dividend and 20 in the divisor are divisible

by 20, since 80 divided by 20 equals 4, and 20 divided by 20

equals 1. Cross off the 80 and write the 4 over it ; also, cross

off the 20 and write the 1 under it. Thus,

4
$0x60x5x16x14 _

7x50x24x^0
1
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The 80 and 20 are not to be considered any longer, and,

in fact, may be erased entirely and the 4 and 1 placed in

their stead, and treated as if the 80 and 20 never existed.

Thus,
4X60X5X16X14 _
7X50X24X1

Again, 16 in the dividend and 24 in the divisor are divisible

by 8, since 16 divided by 8 equals 2, and 24 divided by 8

equals 3. Cross off the 16 and write the 2 over it; also, cross

off the 24 and write the 3 under it. Thus,

2

4x60x5x;j$Xl4
7x50xi4xl ""

8

The 16 and 24 are not to be considered any longer, and, in

fact, may be erased entirely and the 2 and 3 placed in their

stead, and treated as if the 16 and 24 never existed. Thus,

4X60X5X2X14 _

7 X 50 X 3 X 1 ~

Again, 60 in the dividend and 50 in the divisor are divis-

ible by 10, since 60 divided by 10 equals 6, and 50 divided

by 10 equals 5. Cross off the 60 and write the 6 over it;

also, cross off the 50 and write the 5 under it. Thus,

6

4x^x5x2x14 _

7x/tyx3xl ~
5

The 60 and 50 are not to be considered any longer, and, in

fact, may be erased entirely and the 6 and 5 placed in their

stead, and treated as if the 60 and 50 never existed. Thus,

4X6X5X2X14 _

7X5> >xi
~

The 14 in the dividend and 5 in the divisor are divisible by
DCe 1 \ divided by T equals 2

t
and 5 divided by T equals 1.
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Cross off the 14 and write the 2 over it; also, cross off the 1

and write the 1 under it. Thus,

2

4x6x5x2x# _

/fx5x3xl
1

The 14 and 7 are not to be considered any longer, and, in

fact, may be erased entirely and the 2 and 1 placed in their

stead, and treated as if the 14 and 7 never existed. Thus,

4X6X5X2X2 _
1X5X3X1

~~

The 5 m the dividend and the 5 in the divisor are divisible

by 5, since 5 divided by 5 equals 1. Cross off the 5 of the

dividend and write the 1 over it; also, cross off the 5 of the

divisor and write the 1 under it. Thus

1

4x6x^x2x2 _
1X^X3X1

~~

1

The 5 in the dividend and 5 in the divisor are not to be

considered any longer, and, in fact, may be erased entirely

and 1 and 1 placed in their stead, and treated as if the 5 and

5 never existed. Thus,

4X6X1X2X2 _

1X1X3X1
~~

The 6 in the dividend and 3 in the divisor are divisible by

3, since 6 divided by 3 equals 2, and 3 divided by 3 equals 1.

Cross off the 6 and place the 2 over it; also, cross off the 3

and place the 1 under it. Thus,

2

4x0x1x2x2 _

lXlX^Xl
1

The 6 and 3 are not to be considered any longer, and,

in fact, may be erased entirely and 2 and 1 placed in
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their stead, and treated as if the 6 and 3 never existed.

Thus,

4X2x1x2 32 ., . A—

;

; ; ;— = -T- = 32. Ans.
1X1X1X1 1

Hence,

2 1

4 '> 2 2
' )0x f)0xli)X l4 _ 4x2x1x2x2 _ 32 _

7" ;.->0Xl'4 lxlXlXl 1

'' = *'" nS "

7 •'. 3 1

1 1 1

28 acres of land at $133 an acre would cost

28 <$133 = *-.k:u

2 8

10 6 4

2 6 6

j : 2 4

If a mechanic earns $1 . 5i >< I a year and his expenses are $968

per year, then he would save $15 — 1 . >er year.

9 6 8

3 2

If h< in 1 year, to save $3,724 it would take as

many years ntained times in $3,724, or * years.

5 3 2 ) 3 7 2 4 ( *i years. Ans.

2 1

If the freight train ran 365 miles in one week, and

3 times as far lacking 246 miles the next week, then it ran

miles the second week.

Thus,
3 6

3

1

a i e

Ans.
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(21) The distance from Philadelphia to Pittsburg is 354

miles. Since there are 5,280 feet in 1 mile, in 354 miles

there are 354X5,280 feet, or 1,860,120 feet. If the driving

wheel of the locomotive is 1G feet in circumference, then in

going from Philadelphia to Pittsburg, a distance of 1,869,120

feet, it will make 1,869, 120 -r- 16, or 116,820 revolutions.

16)186 9 120(116820 rev. Ans.

1 6

26
1 6

10 9

9 6

13 1

1 28

32
32

(22) (a) 576)589824(1024 Ans.

5 7 6

13 82
115 2

2 3 04
2 3 04

{b) 43911)369730620(8420 Ans.

3 5 12 8 8

18 4426
17 5 6 44

8 7 8 2 2

87 82 2

(c) 505)2527525(5005 Ans.

2 5 2 5

2 5 2 5

2 5 2 5
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(33) To reduce a fraction to its lowest terms means to

change its form without changing its value. In order to do

this, we must divide both numerator and denominator by the

same number until we can no longer find any number (except 1)

which will divide both of these terms without a remainder.

To reduce the fraction |- to its lowest terms, we divide

both numerator and denominator by 4, and obtain as a result

4 — 4 4—4
the fraction ?,. Thus, - —

f-;
similarly, — ' = \\

o -£- 4 16 -f- 4

_8_-4 _ 21-2
_ x

32-8 _ 4-4
32^_4 -

8 ^.2 ~ ?; 04-8 ~ 8-4 ~~ *" '

(34) When the denominator of any number is not

expressed, it is understood to be 1, so that
-f-

is the same as

6 -s- 1, or C. To reduce
-f-

to an improper fraction whose

denominator is 4, we must multiply both numerator and

denominator by some number which will make the denomi-

nator of 6 equal to 4. Since this denominator is 1, by multi-

6x4
plying both terms of

f-
by 4 we shall have - = -2^, which

1 X ^fc

has the same value as 6, but has a different form. Ans.

(35) In order to reduce a mixed number to an improper

fraction, we must multiply the whole number by the

denominator of the fraction and add the numerator of

the fraction to that product. This result is the numerator

of the improper fraction, of which the denominator is the

denominator of the fractional part of the mixed number.

\ l means the same as 7 + 1. In 1 there are §-, hence in 7

there are 7 X f = ^ ; ^ plus the J of the mixed number
= -V

s + J = -6/, which is the required improper fraction.

13 T
_ (13X16) +5 _ QQX 4) + 3

16
~ '

1G "' 4 ~ " 4 - "4-

(36) The value of a fraction is obtained by dividing the

numerator by the denominator.

To obtain the value of the fraction -^ we divide the

numerator, 13, by the denominator, 2. 2 is contained in 13,

6 times, with 1 remaining. This 1 remaining is written
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over the denominator, 2, thereby making the fraction .V,

which is annexed to the whole number, 6, and we obtain i'..
1

,

as the mixed number. The reason for performing this

operation is the following: In 1 there are | (two halves), and

in \r (thirteen halves) there are as many ones (1) as 2 is

contained times in 13, which is ('», and
J
(one-half) remain-

ing. Hence, 1

.,

:

'- = 6+ -J
= 6J, the required mixed number.

17 _ 4.1. 69 __ A 5 . 18 — •> • 6.7 — 1 _3 A n ^

(37) In division of fractions, invert the divisor (or, in

other words, turn it npside down) and then proceed as in

multiplication.

(*) J0 • i6 — 1 x- 3
- —

1
— 5 — it,.;. Ans.

(*)
9 V 1

9 _t_Q — 9_i_3_ 9 y 1 — ^ ^ l _ o _ 3 A nc.

16 * *» — 16 * 1 ~ 1G A 3 — 16X3 ~~~ 4!* ~~ ""=>•

(0
17 yl

17_r_Q — 17^.0 — 17 vl — -L '^ x __ 17 AlK
2 •

v — 2 -l — 2" A y — 2X9 — 1 ^'

(<0

113

ii3. 7 _ in Y i6 - X lb _ 1808 _ 452 _ n .

81 "16 — 6
4^7 — ()4 X 7 — 4TS" — l12 — _2~5

~'

28 ) 1 1 3 ( 4¥V Ans.

1 1 2

1

(e) 15J-i-4§ = ? Before proceeding- with the division,

reduce both of the mixed numbers to improper fractions

Thus, 15f =
Q*Xp± = ™±-3 = ¥. and 4| = <±*|>±-3

4 4 8

32 4- 3= —±— = y. The problem is now JV'^V = ? As

before, invert the divisor and multiply; 8£.-±-&g = j: j'
! X A,

.
,;:: < S = 104 - W - L2« - U~ 4X35 " m ™ "

' r ' 5 ) 1 8 ( 3f. Ans.

3

(38) t+*+ i =- =| = 1. Ans.

When the denominators of the fractions to be added are

alike, we know that the units are divided into the same
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number of parts (in this case eighths) ; we, therefore, add the

numerators of the fractions to find the number of parts

(eighths) taken or considered, thereby obtaining f or 1 as

the sum.

(39) When the denominators are not alike we know that

the units are divided into unequal parts, so before adding

them we must find a common denominator for the denomi-

nators of all the fractions. Reduce the fractions to fractions

having this common denominator, add the numerators, and
write the sum over the common denominator.

In this case, the least common denominator, or the least

number that will contain all the denominators, is 16; hence,

we must reduce all these fractions to 16ths and then add

their numerators.

\ -f- 1 -f f
5

e
= ? To reduce the fraction J to a fraction

having 1G for a denominator, we must multiply both terms

of the fraction by some number which will make the

1x4
denominator 1G. This number evidently is 4; hence, —

J 4X4

Similarly, both terms of the fraction § must be multiplied

3x2
by 2 to make the denominator 1G, and we have -

rt = TVy ' 8X2 16

The fractions now have a common denominator, 16 ; hence,

we find their sum by adding the numerators and placing

their sum over the common denominator, thus: x\ -j- n + ts

= 4+0+5
16 10

(40) When mixed numbers and whole numbers are to be

added, add the fractional parts of the mixed numbers sep-

arately, and if the resulting fraction is an improper fraction,

reduce it to a whole or mixed number. Next, add all the whole

numbers, including the one obtained from the addition of the

fractional parts, and annex to their sum the fraction of the

mixed number obtained from reducing the improper fraction.

42+ 31f+ 9^ = ? Reducing f to a fraction having a

5x2
denominator of 16, we have - = |f. Adding the two

8x2
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fractional parts of the mixed numbers, we have ; — ."

.10+ 7

~ 16 "" w "" **'

The problem now becomes 4-2 — 31+9 + 1-f = \

4 2 Adding all the whole numbers and the number
obtained from adding the fractional parts of the

mixed numbers, we obtain SoT\ as their sum.

8 oyL- Ans.

- 5x - - M U4-1.4- " - 1 -- 1"- : ' - u - 1A

The problem now becomes 2 +5 +41+ — : T
'- = ?

square inches.

square inches.

4: 1 square inches.

6 9 square inches.

lj^- square inches.

1 'j Uy^- square inches. Ans.

(48) 00 ^-=:- i
-
TV=*X- !

;-
='-".- : = "' = ' Ans.

T¥ °

The line between 7 and -^ means that the 7 is to be divided

by A.

W J-tf-T- ttX t - _ - - Ans.

4
4+3

_ I = __*— =?= -^ = A- (S 181.

I = value of the fraction, and 28 = the numerator,

rind that 4 multipli 88, so multiplying 8, the

denominator of the fracti« >n, by 4, we : for the reqi:

denomi- = ; Ho the required dene

nator. Ans.
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(44) (a) J
— T

7
g- = ? When the denominators of frac-

tions are not alike, it is evident that the units are divided into

unequal pails; therefore, before subtracting, reduce the frac-

tions to fractions having a common denominator. Then,

subtract the numerators and place the remainder over the

common denominator.

<X*_ 14 14 7 _i!^_ 7 Ans
8X2 ~ 1G ' 1G 1G ~ 1G " 1G '

(b) 13 — 7^ = ? This problem may be solved in two

ways:

First: 13 = 12fg-, since tf = 1, and 12f| =:12+ ff = 12

+ 1 = 13.

1 2f£ We can now subtract the whole numbers separately,
* 7 and the fractions separately, and obtain 12 — 7 = 5,

i c »7

5t-
9
7t o-nrl 10 _ 7 _ ' _ 9 * I 9 _ K9 A n(;16 anQ T¥ Tg —

J(7—
— To- °TT6 - °T6- /lns -

Second: By reducing both numbers to improper fractions

having a denominator of 1G.

,o n..!!Xl6.. I0J „ 7 . (7XlC) + 7 __ 112 + 7
1 " l ~

1 X16 ~ 1(i " Tu ~ ~
16 " ~ 1G

1_1_9— "16"'

Of)Q lift

Subtracting, we haveW~W =
16

= H and ft'

= 1 6 ) 8 9 ( Oy9^ the same result that was obtained by the

8 first method. Ans.
~~9

(c) 312-& -229^ = ? We first reduce the fractions of

the two mixed numbers to fractions having a common
0X2

denominator. Doing this, we have y
9
^ = — = £}. We

lb X 4>

can now subtract the whole numbers and fractions separately,

and have 312-229 = 83, and J|
18 - 5

: »3, aaatf—A = -t^—

3 1 21*

22 9A 83 + if = 88tf. Ans.
•l 8
'::2

— 1A— 32-

8 :;
l:;
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(45) The man evidently traveled 85^+ 78^+ 1

miles. Adding the fractions separately in tl

9 117— 5 IS 117 — !"'-> + '

!
"'

! + "'" [ — • ' — I— Tin is?; — ft* — x1

Adding the whole numbers and the mixed num- S 5

ber representing the sum of the fractions, the sum 7 8

Ans. 1 2

To find the least common denominator, we have

5 ) 12, 5, 35 28

7)12, 1, 7

12, 1, 1, or 5X7X12 = 420.

(46) 5 7 3i tons. i = Jf

2 16? tons. f = f§

difference 3 5 7^ tons. Ans. T
7^ = difference.

(47) Reducing 9^ to an improper fraction, it becomes -3
7
7
-.

Multiplying ^ by f, ^xf = Vr = 3H dollars. Ans.

(48) Referring to Arts. 11-4 and 116,

f of f of & of If of 11 multiplied by J of £ of 45

3

2x3x7x19x11x7x5x45 7x10x7x5x3 _ 1

£x4xllx20xlx8xt)Xl 4x4x8 128

= 109^. Ans.

6

(40) -J
of 16 = ^x

1

^ = 12. 12-5-i = Sx| = 18. Ans.

211JXl| = J
;

'
: \ Y "-educing the mixed numbers

to improper fractions. — cents = amount

paid for the lead. The number of pounds sold is evide:

^i 1- ' - -, ™,
-r-2f = —,,.— X - = -

-,
. = l'>Y',; pounds. The
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. 0111 1eo , 845 2,535 3,380
amount remaining- is 211^ — 158^ = — ——- =

2,535 845 ,oia , A
4 16

—— = —- = o2|f pounds. Ans.

•= ^

(51) .08 = Eight hundredths.

(11 •-!

•u j; +j

13 1 = <9;z<? hundred thirty-one thousandths.

.G

C 5 o tf

1 = 0«* ten-thousandth.

5 2
o
5 *

3 -c

*-> ,e +j +-> ,c a

2 7= Twenty-seven millionths.

c ilpin '^

. a? y o

v 5 o a
<u £ .C <u

10 8 = <9«<? hundred eight ten-thousandths.

* -o

93.0 1 1 = Ninety-three, and one hundredone ten-thousandths.
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In reading decimals, read the number just as you would if

there were no ciphers before it. Then count from the deci-

mal point towards the right, beginning with tenths, to as

many places as there are figures, and the name of the last

figure must be annexed to the previous reading of the figures

to give the decimal reading. Thus, in the first example

above, the simple reading of the figure is eighty and the name
of its position in the decimal scale is hundred t lis, so that

the decimal reading is eight hundredths. Similarly, the

figures in the fourth example are ordinarily read twenty*

n ; the name of the position of the figure 7 in the decimal

scale is million tlis, giving, therefore, the decimal reading

as twenty-seven milllonths.

If there should be a whole number before the decimal

point, read it as you would read any whole number, and read

the decimal as you would if the whole number were not

there; or, read the whole number and then say, "and" so

many hundredths, thousandths, or whatever it may be, as

"ninety-three, and one hundred one ten-thousandths."

(52) See Art. 139.

(53) See Art. 153.

(54) See Art. 160.

(55) A fraction is one or more of the equal parts of a unit,

and is expressed by a numerator and a denominator, while a

decimal fraction is a number of tenths, hundredths, thou-

sandths, etc. of a unit, and is expressed by placing a period

(.), called a decimal point, to the left of the fig-ures of the

number, and omitting the denominator.

(56) See Art. l<>r>.

(•o ) To reduce the fraction -\ to a decimal, we annex one

cipher to the numerator, which makes it LO. Dividing L.O,

the numerator, by 2, the denominator, gives a quotient i

the decimal point being placed before the one figure of the
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quotient, or .5, since only one cipher was annexed to the

numerator.

7

8)7.000
5

•875 32) 5.000 00 (.1 5 62 5 Ans.

Since .65 = -Ah
32

TU"0>

then, y
6^ must equal 18

.65. Or, when the 1 6 °

denominator is 10, 2

100, 1,000, etc., point 19 2

off as many places 3

in the numerator as (34

there are ciphers in 16
the denominator.

Doing so, yW = .65.

Ans.

•tffo = .125. Ans.

1 6

(58) (a) This example, written in the form of a frac-

tion, means that the numerator (32.5 + -29 + 1.5) is to be

divided by the denominator (4.7 -f- 9). The operation is as

follows

:

32.5 + . 29 + 1.

5

4.7 + 9

3 2.5

+ .2 9

+ 1.5

1 3.7 ) 3 4.2 9 ( 2.5 2 9 Ans.

4.7 2 7 4

+ 9.0 6 8 9

13.7 r; 8 5

4

27 4

12 6

1 2 3 3

27
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Since there icimal places in the dividend, and 1 in

the divisor, there are 5 — 1 or 4 places to be pointed off in

the quotient. The fifth figure of the decimal is evidently

less than

(/>) Here again the problem is to divide the numerator,

which is (1.2 -5), by the denominator, which is "-3. 03.

The operation is as follows:

1^X8 + 5 g-— „

1.2 8 3

X 13

3 B 4 9

12 8 3

7 900 0(6.34 1 8 Ans.

15 7 8

8 9 9

7 8 9

110
10 5-2

480
2 6 3

2 1 7

2 104
6 6

:»v'-+ 27x163 --8
10

25 + 39
~*

1 • 3

- 8

5 - 15 5

4- '- > x <; l c

I 6

'.» 3

9 5 4*0
40—28
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6 4)9 5 4 8 0.0 0(1 4 9 1.8 7 5

4

25 3 14
+3 9 2 5 6

64 5 88
5 76

12
There are three decimal 6 4

places in the quotient, since 5

three ciphers were annexed 5 12
to the dividend. 48

448
3 20
3 20

{d)
40. 6 + 7. IX (3. 029 -1.874)

6.27 + 8.53 — 8.01

4 0.6

+ 7.1

4 7.7

6.2 7

+ 8.5 3

1 4.8

- 8.0 1

6.7 9)5 5.0 9 3 5 0(8.1 1 3 9 Ans.

0.7 9

decimal places in the

dividend — 2 decimal places

in the divisor = 4 decimal

places to he pointed off in

the quotient.

3.0 2 9

-1.8 7 4

1.1 5 5

X 4 7.7

8 8 5

80 8 5

46 20

5 5.0 9 3 5 0(8.1 13 9

54 3 2

7 7 3

6 7 9

9 4 5

6 7 9

2 6 6

2 3 7

6 2 30
6 111

1 1 9
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= I of a foot

1 foot = 12 inches.

J of 1 foot = ' X 5- — V = 1" inches Ans.
8

1
- -

. inches = 1 foot

1^ of an inch = £ 4-12 = = g"j of a foot

4

1

Ans.

Point off 6 decimal places in

3 - the quotient, since we annexed

4 :•: ciphers to the dividend, the

"divisor containing- no decimal

I places ; hence, • — =6 places

to be pointed off.

If 1 cubic inch of water weigh- t a

pound, the weight of I ubic inches will be

lb.

1
•-

18081
M

5 4.2 5 5 00 lb. A

>f fenci:

5

I mak be as
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of coal in the car as 1.65 is contained times in 36.30, or 22

tons.

1.6 5 ) 3 6.3 ( 2 2 tons. Ans.

3 30

(63) 2 3 1

330
3 30

1789 2.0 0000 ( 7 7.4 5 4 5 4, or 77.4545

16 17 to four decimal

17 22 places. Ans.

16 17

10 50
9 24

12 60
115 5

10 5

9 24

12 6

115 5

105

(64) 37.13 % .0952

,74. 20 X %l X %Ml? X 19 X 19 X 350

1,000 %

37. 13 x. 0952x19x19x350 446,618.947600

1,000 1,000

= 446.619 to three decimal pi aces. Ans.

3 7.1 3 1 9 3 6 1 3.5 3 4 7 7 6

.0952 1 9 3 5 12 3 5

742 6 1 7 1 18 5 176738800
18 5 6 5 1 9 10 8 3 10604328

3 3 4 17 3 6 1 12 6 3 5 21208656
3.5 347 7 6 7 069552

35 347 7 6

44 6 6 1 8.9 4 7 6 00
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• •. 1 7 i. Applying rule in Arl 1 7 5,

(a) .7928X

(b) .1416Xff = ^||^ = A- An *-

(r) .47015X1 - = A = i. Ans.

In subtraction of decimals, place the decimal points

directly under each other, and proceed as in the subtraction

(a) 7 9 6 3
°f Wh°le numbers

' PlacinS the

' '

c -
i j.

decimal point in the remainder
'— directly under the decimal points

*°« Ans
- above.'

In the abo\*e example we proceed as follows: We cannot

subtract 4 ten-thousandths from ten-thousandths, and as

there are no thousandths, we take 1 hundredth from f

hundredths. 1 hundredth = 10 thousandths — 100 ten-thou-

sandths. 4 ten-thousandths from 100 ten-thousandths leaves

.-n-thousandths. 96 ten-thousandths = 9 thousandths + 6

ten-thousandths. Write the 6 ten-thousandths in the ten-

thousandths place in the remainder. The next figure in the

subtrahend is 1 thousandth. This must be subtracted from

the 9 thousandths, which is a part of the 1 hundredth taken

previously from the 3 hundredths. Subtracting, we have

1 thousandth from 9 thousandths leaves 8 thousandths, the 8

being written in its place in the remainder. Next we :

to subtract 5 hundredths from 2 hundredths (1 hundredth

having been taken from the 3 hundredths makes it but 2 hun-

dredths now). Sine .nnot do this, we take 1 tenth

from G tenths. 1 tent" hundredths) +2 hundredths

= 12 hundredth- ndredths from 12 hundredths lea

7 hundredths the hundredths place in

remaind :t we have to so nths

nths now, becav. from t:

Since this cannot be done, we take 1 unit from the 9 units.

1 unit = *• = 15 tenths, and 8

tenths from 15 Write the
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tenths place in the remainder. In the minuend we now
have 708 units (1 unit having been taken away) and units

in the subtrahend. units from 708 units leaves 708 units

;

hence, we write 708 in the remainder.

(d) 8 1.9 6 3 (c) 18.0 (d) 1.0

1.7 .1 8 .0 1

8 0.2 6 3 Ans. 17.82 Ans. .9 9 9 Ans.

(e) 872. 1 - (. 8721 + . 008) = ? In this problem we are to

subtract (.8721 + .008) from 872.1. First 87 2 1
perform the operation as indicated by the

o 8
sign between the decimals enclosed by the :

parenthesis.
' 8 8 ° l sum -

Subtracting the sum (obtained by adding the decimals

enclosed within the parenthesis) from
8 7 2.1 the number 872.1 (as required by the

.8801 minus sign before the parenthesis), we
8 7 1.2 1 9 9 Ans. obtain the required remainder.

(/) (5. 028 + . 0073) - (6. 704 - 2. 38) = ? First perform

the operations as indicated by the signs

between the numbers enclosed by the 5.0 2 8

parentheses. The first parenthesis shows .0073
that 5.028 and .0073 are to be added. This 5.0 3 5 3 sum.
gives 5.0353 as their sum.

P » a The second parenthesis shows that
'

o a 2.38 is to be subtracted from 6.704.

— The difference is found to be 4.324.
±.Z%± difference. The s[gn between the parentheses

indicates that the quantities obtained

by performing the above operations are

to be subtracted, namely, that 4.324 is —
to be subtracted from 5.0353. Perform- .7113 Ans.

ing this operation, Ave obtain .7113 as the final result.

(67) In subtracting a decimal from a fraction, or in

subtracting a fraction from a decimal, either reduce the
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fraction to a decimal before subtracting- or reduce the

decimal tion and then subtract.

(a) I
—.80*3 =? reduced to a decimal becomes 7 „, n „ „w 8 8

7.

.8 1 5

Subtracting. S07 from .875, the remain-

- shown.

Reducing- .875 to a fraction, we have

— f t
nonet. | |

_ — _ -g

3
Or, by reducing } to a decimal, -

o and then sub-

.3 7 5

.8 ? 3 tractinj 5 = .5 =

.3 *
5 =

-J,
the same answer as above.

- ; 5

.8 7

0G 8 Ans.

(*)
_ 1 — }

ftf 5
875 1 7 G— l D "" .

_ i or, .5. Ans.

Ans.

W (*V+ - 4 = ? AVe nrst perfonn the

operations as indicated by the signs between the numbers
enclosed by the parentheses Reduce /v to a decimal and

we obtain ^v = see example I

Adding .15625 and .4:;:..

.1 = .21; subtracting, .2 1

. 4 3 5

sum .5 9 1 difference .1 4

We are now prepared to perform the .5 9 1

operation indicated by the minus sign .1 4

between the parentheses, which 4 5 1
>

;,

This problem means that 33 millionths and 17 thou»

Ided A hundredths and

thousandths are to be added, and the smaller of these sums
is to be subtract the larger sum. Thus (.53+ .2

- (. I

I i ) = ?
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in

.a

ri TO

^rSSJos S*5 .804 /argw ^?;^.

1 a ! tH* ll « .0 17033 smaller sum.

S? St'Sg -1 * difference .786967 Ans.

000033 .5 3

17 .274

.01703 3 sum. .8 4= sum.

(68) In addition of decimals the

decimal points must be placed

directly under each other, so that

tenths will come under tenths, hun-

dredths under hundredths, thou-

sandths under thousandths, etc. The
addition is then performed as in 2.2 1 4 5 2 7 Ans.
whole numbers, the decimal point of

the sum being placed directly under the decimal points above.

.125

.7

.0 8 9

.4005

.9

.00002 7

(69) 9 2 7.416 (70) *j3a

8.274 S'gS-dS
. <d tj o <x> a

3 7 2.6 35 §5*1
62.07938 ^ § o

^ g a
+J^3 +3

13 70.3 69 38 Ans. .0 17
.2

.000047

.217047 Ans.

(71) (a) There are 3 decimal places in the multiplicand

.10 7 and 3 in the multiplier; hence,

.0 13 there are 3 + 3 or 6 decimal places

3 2 1 in the product. Since the product

i o 7 contains but four figures, we pre-

l 3 9 l Ans ^x two c^Pners ^n or(^er t° obtain

the necessary six decimal places.
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/m
2

There are '2 decimal places in the

multiplier and none in the multi-

jand ; hence, there are 2 -j- or

'ecimal places in the first prod-

Since there are 2 decimal places

in the multiplicand and 3 decimal

1 - places in the multiplier, there are

— 2 or 5 decimal places in the

8 3. Ans. nd proc

First perform the operations indicated by the signs

between the numbers enclosed by the parenthesis, and then

perform whatever may be required by the sign before the

parentht

Multiply together the mim". oi
and

The parenthesis shows tha:

to be taken from 3.

1

2 . .

.

The product obtained by the fi

operation is now multiplied by the i 4

remainder obtained by performing

the operation indicated by tr. 3 4 3 9 § q
in the parenthe-

,3 q

171
Ans.

- 2 -

+_ 4J.
X 1.T4 2

1 t 4.3 4 1

- 3 1.

8 2.3 b 1
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(72) (a) (A— 13)X.625 + f =?
First perform the operation indicated by the parenthesis.

7 = L
"16) 7.0000 (.4375 We point off four decimal

6 4 places, since we annex four

6 ciphers.

48

12
1 1 2

80
80

.4375

.1 3

Subtracting-, we obtain .3075
The vinculum has the same meaning as the parenthesis;

5
hence, we perform the operation indi-

^ = 8 ) 5
cated by it. We point off three decimal

places, since three ciphers were annexed
' bZb

to the 5.

Adding the terms in- .6 2 5

eluded by the vinculum, .6 2 5

we obtain 1.2 5

The final operation is to perform the work indicated by

the sign between the parenthesis and the vinculum, thus,

.30 7 5

1.2 5

153 7 5

6 15
30 75
.384375 Ans.

(b) (^ X .21)-(.02XA) =?
01 — 2 1 1 !) Y 2 1 399 AO 2 2 y 3 _ 6 ,-

t/Cl — TTJ o- T2 X T00 — T2 01F-
A)4> — Toll- T0-¥ X T6 — T6"0tf

3 Y4
3 3 ^ _12 399 12 _— mnr "giro" — 800x4 — 3 2otf- T2~oo 32770

_ 399-12 _ 3_87_~ 3,200 ~ 321F0 *
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Reducin to a decimal, we obtain

3,200 ) 3 8 7.0 <» (.1 2 9 3 J 5 Ans.

3 2

Point off seven decimal

places, since seven ciphers

were annexed to the div-

idend.

6 7

6 400
3

2 8 8 00

12
9 6 00
2 4

2 2 4

16 00
16 000

(c) (^+ .013-2.1T)xi:H-7A =?

u __ 13 Point off two decimal pla- 3.2 5

4) 1 3.0 ces, since two ciphers were + .0 13

3 2 5 annexed to the dividend. 30 g 3

1% reduced to a decimal is .3125, since —2.1 7

j>_ 1.0 9 3

i<; ) 5.0 (.3 1 2 5

i
-

Point off four decimal places,

since four ciphers were annexed

to the dividend.

15
Then, 7 ",. = 7.3125, and 13J = 13.25, since } =| ,

1 3.2 5

-
: 5

2

1 6

4

3 2

1 ; 5

5.9 :;

.2 5

X 1.0 9 3

17 8 12

5

Ans.
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(73) (a) .875 -=-! = .875-*-. 5 (since \ = .5) = 1.75. Ans.
Another way of solving this is to reduce .875 to its equiv-

alent common fraction and then divide.

.875 = f since .875 = Jft = tft = tt = i
a
. then,

1^.1 - iy?- T - 18
8 ' 2 ~~

$ 1 ~ 4 ~~ ¥ *

3
4

Since — — —
" 4 " 4 ) 3.0 (.7 5, If = 1.75, the same answer as

2 8 above.

"To
20

(b) |+".5 = |+i (since .5 = \) = |xf = f = If, or

1.75. Ans. 4
This can also be solved by reducing

-J
to its equivalent

decimal and dividing by .5; f = .875; .875 -4-. 5 = 1.75.

vSince there are 3 decimal places in the dividend and 1 in the

divisor, there are 3 — 1 or 2 decimal places in the quotient.

375 X - We sna-U solve this problem by first

\
c
' o —.125

—
' reducing the decimals to their equiv-

alent common fractions.

orfK — 3 75 — 75 — 15 — 3 Ay! — JL or tho valnp
.

d

to — Yo"-Q
o" — To o"

— To — 8 • ¥ A 4 — 3T' or Lne vaiue

of the numerator of the fraction.

.125 — j-^\ = -2V0 = i-
Reducing^ to 16ths, we have

1X2
8X2
inator of the fraction. The problem is now reduced to

M — ? 21 — _8__t- « — A vie — X nr * Ant!

TV _3_
- ^2 • tit - ^Xy - ¥ or .5. Ans.

2

1.25x20x3 _ In this problem 1.25x20x3

T
2
¥ . Then, f^-

— y-g- = y\, or the value of the denom-

(74)
87 + (1 1 x 8)

"
constitutes the numerator of the

450 + 32 complex fraction.

1.2 5 Multiplying the factors of the numerator

2 together, we find their product to be 75.

2 5.0

X_3
75
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q-" 1/11 y c^\

The fraction
*"

'

,
, .,

,

constitutes the denominator of
459 + *2

the complex fraction. The value of the numerator of this

fraction equals 87 + 88 = 175.

The numerator is combined as though it were written

87+ (11 X 8), and its result is

1 1

X_8
SS

+ 87

17 5

The value of the denominator of this fraction is equal to

459+ 32 = 491. The problem then becomes
o
O

75 _ „ . r,.,i«, ,7->x491
i : -, — r • I u l

7 Ans.

175 — [1 — '
/N ^^ _ 14 7 3 _ Ol A3

(75) 1 plus .001 = 1.001. .01 plus .000001 = .010001.

And 1.001 -.010001 = .990999. Ans.
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".' = .

Here $100 is the base and ljl =
.01

X

(3) ^< means one-half of 1 per cei

required to find the rate. A \ I .

rat- =

(-5) B 1 -

.

->:-- = :

= " =

term is to be d:-idrd by ibe second I

:-_- .-.-:_.. ;;: :-'V ; yj base.

For aotace cf cojrrrjgtot, see page iaotfdn- •

M
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(6) (a) Rate = percentage h- base. Art. 12.
As percentage = $176.54 and base = $2,522, we have

rate = 176.54 -r- 2,522 = .07 = 70. Ans.

25 22 ) 1 7 6.5 4

.0 7

(b) Base = percentage ~ rate. Art. 11.
As percentage = 16.96 and rate =z 8fo = .08, we have

base = 16.96 -5-. 08 = 212. Ans.

.08 ) 1 6.9 6

2 12

(c) Amount is the sum of the base and percentage ; hence,

the percentage = amount minus the base.

Amount = 216.7025 and base = 213.5; hence, percentage

= 216.7025-213.5 = 3.2025.

Rate = percentage -4- base. Art. 12,
Therefore, rate = 3. 2025 -f- 213. 5 = .015 = 1£0. Ans.

2 1 3.5) 3.2 02 5 (.0 1 5 = l\<?o.

2 13 5

10 6 7 5

10 6 75

(d) The difference is the remainder found by subtracting

the percentage from the base; hence, base minus the

difference = the percentage. Base = 207 and difference

= 201.825; hence, percentage = 207-201.825 = 5.175.

Rate = percentage -7- base. Art. 12.
Therefore, rate = 5. 175 -r- 207 = .025 = .02£ = 2£#. Ans.

20 7 ) 5.1 7 5 (.0 2 5 = 2\<fo.

4 14

10 3 5

10 3 5

(7) In this problem $5,500 is the amount, since it equals

what he paid for the farm plus what he gained; 150 is the

rate, and the cost (to be found) is the base. Applying rule,

Art. 16,
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base = amount-r (1 + rate); hence,

base = 15,500-5- (1+ .15) = 14,782.61. Ans.

1.1 5 ) 5 500.0 00 (4 7 82.G 1-
4 G

9

805
9 50
9 2

300
23

7 00
6 90

100
1 1 5

The example can also be solved as follows: 100$ = cost;

if he gained 15$, then 100 + 15 = 115$ = §5,500, the selling

price.

If 115* = 15,500, 1$ = ttt of $5,500 = 147.8261, and

100$, or the cost = 100X$47.8261 = §4,782.61. Ans.

(8) 2 4 $ of 8950 = 950 X. 24 = 82 2 8.0

1 2£$ of $950 = 950 X. 125 = lis.; 5

17$ of 8950 = 950 X . 17 = 1 6 1.50

5 31$ of 8950 = 85 8.2 5

The total amount of his yearly expenses, then, is

hence, his savings ar - |5 >8.25 = 8441.75. Ans.

Or, as above, 24$+ m$ + 17$ = 53^$, the total percent-

age of expenditures; hence, 100$ — 53^-$ = 4<U r
c = percent.

saved. And 8050 X.4G5 = 8441.75 = his yearly savings.

Ans.

(9) The percentage is 961.38, and the rate is.37f By

Art 1 1,

base = percentage -i- rate

= 961.38 -i-. 375 =2 *, the number. Ans.

40—29
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.375)901.38000(2563.68 Another method of

7 5 solving is the follow-

2 113 ing:

18 7 5 If 37£$ of a num-

2 3 g o ber is 961.38, then

2250 -^s times the number
= 961.38, and the num-

1135
ber = 9C1.38-,.37i
which, as above

2550 =2.563.68. Ans.
22 50
3000
3 00

(10) Here $1,125 is 30$ of some number; hence, $1,125

= the percentage, 30$ = the rate, and the required number
is the base. Applying rule, Art. 11,

base = percentage -s- rate = $1,125 -^-.30 = $3,750.

Since $3,750 is f of the property, one of the fourths is

J of $3,750 = $1,250, and 4 fourths, or the entire property,

is 4x81,250 = $5,000. Ans.

(11) Here $4,810 is the difference and 35$ the rate. By
Art. 17,

base = difference -f- (1 — rate)

= 84,810 -7- (1 -.35) = $4,810-s-. 65 = $7,400. Ans.

.6 5 ) 4 8 1 0.00 (7 400 1.0

4 5 5 .3 5

2 6 .65

2 6

Solution can also be effected as follows: 100$ = the sum
diminished by 35$, then (1-.35) = .65, which is $4,810.

If 65$ = $4,810, 1$ = ^of $4,810 = $74, and 100$ = 100

X$74 = 87,400. Ans.

(12) In this example the sales on Monday amounted to

$197.55, which was 12J$ of the sales for the entire week ; i.e.

,

we have given the percentage, $197.55, and the rate, 12J$,
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and the required number (or the amount of sales for the week)

equals the base. By Art. 11,

base = percentage -i- rate = 8197.55-^.125;

or, .125)19 7.5 500(15 8 0.4

1 2 5

7 2 5

6 2 5

10 05
10 00

5 00
5 00

Therefore, base = 81,580.40, which also equals the sales

for the week. Ans.

(13) 1G.5 miles = Yl\$> of the entire length of the road.

We wish to find the entire length.

16.5 miles is the percentage, Vl\< is the rate, and the

entire length will be the base. Bv Art. 1 1

,

base = percentage — rate — 16 5 . .12+.

.1 2 5 ) 1 6.5 ( 1 3 2 miles. Ans.

1 2 5

400
3 7 5

2 5

2 5

(14) Here we have given the difference, or 835, and the

rate, or 60#, to find the base. We use the rule in Art. 1 7,

base = difference -5-(l— tal

= |35-S-(l-.60) = I35-5-.40 = Ans.

.4 ) 3 5.0 ( 8 7.5

3 2

3



154
+ 4

15 8

X 3

474
+ 2

47 6

X 12

5 7 12
+ 1

ARITHMETIC. § 2

Or, 100$ = whole debt; 100$ - 60$ = 40$ = $35.

If 40$ = $35, then 1$ = ^ of $35 = ~, and 100$

^XlOO = $87.50. Ans.
40

(15) 28 rd. 4 yd. 2 ft. 10 in. to inches.

5|- Since there are 5| yards in

1 rod, in 28 rods there are 28

X 5-|, or 154 yards ; 154 yards

yards. + 4 Y ard s = 158 yards.
There are 3 feet in 1 yard;

therefore, in 158 yards there

are 3x158, or 474 feet;

474 feet+ 2 feet = 476 feet.
feet There are 12 inches in 1 foot,

and in 476 feet there are 12

X476, or 5,712 inches; 5,712

inches +10 inches = 5,722

5 7 2 2 inches. inches. Ans.

(16) 1 2 ) 5 722 inches.

3 ) 4 7 6 + 10 inches.

5J ) 1 5 8 + 2 feet.

2 8 + 4 yards.

28 rd. 4 yd. 2 ft. 10 in. Ans.

Explanation.—There are 12 inches in 1 foot; hence, in

5,722 inches there are as many feet as 12 is contained times in

5, 722 inches, or 476 feet and 10 inches remaining. Write these

10 inches as a remainder. There are 3 feet in 1 yard ; hence, in

476 feet there are as many yards as 3 is contained times in 476

feet, or 158 yards and 2 feet remaining. There are 5-| yards in

1 rod; hence, in 158 yards there are 28 rods and 4 yards re-

maining. Then, in 5, 722 inches, there are 28 rd. 4 yd. 2 ft. 1 in.

(17) 5 weeks 3.5 days.

X_7
3 5 days in 5 weeks.

+ JL5

38.5 days.
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Then, we find how many seconds there are in 38.5 days.

3 8.5 da

X 2 4 hours in 1 day.

15-10

7 70
.'4.0 hours i: vs.

X 6 minutes in 1 hour.

-4 4 minutes in 3S.5 days.

X seconds in 1 minute.

.* 4 U seconds in 3S.5 days. Ans.

Since there are 24 gr. in 1 pwt, in 13,750 gr. there

are as many pennyweights as 24 is contained times in

13,750, or 572 pwt. and 22 gr. remaining. Since there are

20 pwt. in 1 oz., in 572 pwt there are as many ounces as

is contained times in 51 - oz. and 12 pwt. remaining.

Since there are 12 oz. in 1 lb. (Troy), in 28 oz. there are as

many pounds as 12 is contained times in . . lb. and

4 oz. remaining. We now have the pounds and ounces

required by the problem; therefore, in 13,750 gr. there are

2 lb. 4 oz. 12 pwt. 22 gr.

2 4 ) 1 3 7 5 gr.

5 7 2 pwt. + 22 gr.

1 2 ) 2 8 oz. +12 pwt.

2 lb. + 4 oz.

2 lb. 4 oz. 12 p- Ans.

(10) 1 ) 4 7 6 I li.

li.

5 9 eh.

h. 54 li. Ans.

M.—The links in 1 chain; hence, in

54 li. thei any cha ntained

tim< £54 li., .' ch. and 54 li. rer.

Write the 54 Li. as a remainder. There are 80 ch. in 1

mile; hence, in 47,632 ch, ther i many mik
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is contained times in 47,632 ch., or 595 mi. and 32 ch.

remaining.

Then, in 4,703,254 li. there are 595 mi 32 ch. 54 li.

(20) 17 2 8 ) 7 6 4 3 2 5 cu. in.

2 7 ) 4 4 2+ 549 cu. in.

1 6 en. yd. + 10 en. ft.

16 cu. yd. 10 cu. ft. 549 cu. in. Ans.

Explanation.—There are 1,728 cu. in. in 1 cubic foot;

hence, in 764,325 cu. in. there are as many cubic feet as

1,728 is contained times in 764,325, or 442 cu. ft. and 549 cu
in. remaining. Write the 549 cu. in. as a remainder. There

are 27 cu. ft. in 1 cubic yard; hence, in 442 cu. ft. there are

as many cubic yards as 27 is contained times in 442 cu. ft.,

or 16 cu. yd. and 10 cu. ft. remaining. Then, in 764,325 cu.

in. there are 16 cu yd. 10 cu. ft. 549 cu. in.

(21) We must arrange the different terms in columns,

taking care to have like denominations in the same column.

rd. yd. ft. in.

2 2 2 3

4 19
2 7

3 %\ "7
or, 3 rd. 2 yd. 2 ft. 1 in. Ans.

Explanation.—We begin to add at the right-hand col-

umn. 7 + 9 + 3 = 19 in.; as 12 in. make 1 foot, 19 in.

= 1 ft. and 7 in. Place the 7 in. in the inches column, and

reserve the 1 ft. to add to the next column.

1 (reserved) + 2 + 1 + 2 = 6 ft. Since 3 ft. make 1 yard,

6 ft. = 2 yd. and ft. remaining. Place the cipher in the

column of feet and reserve the 2 yd. for the next column.

2 (reserved) + 4+ 2 = 8 yd. Since h\ yd. = 1 rd., 8 yd.

= 1 rd. and %\ yd. Place 2£ yd. in the yards column and

reserve 1 rd. for the next column; 1 (reserved) +2 = 3 rd.

Ans. = 3 rd. 2J yd. ft. 7 in.,

or 3 rd. 2 yd. 1 ft. 13 in.,

or 3 rd. 2 yd. 2 ft. 1 in.



g-al. qt.

3 3

pt
1 3

G 1 2

4

8 5

1

16 gal. 3 qt. pt 2

< : ARITHMETIC 9

(22) We write the compound numbers so that the units

of the same denomination shall stand in the same column.

Beginning to add with the low-

est denomination, we find that

the sum of the gills is 1+2
+ 3 = G. Since there are 4 gi.

in 1 pint, in 6 gi. there are

many pints as 4 is contained

times in G, or 1 pt and 2 gi.

We place 2 gi. under the gills

column and reserve the 1 pt. for the pints column; the sum
of the pints is 1 (reserved) + 5 + 1 + 1 = 8. Since there are

2 pt. in 1 quart, in 8 pt. there are as many quarts as 2 is

contained times in 8, or 4 qt. and pt. We place the cipher

under the column of pints and reserve the 4 for the quarts

column. The sum of the quarts is 4 (reserved) + 8 + 3

= 15. Since there are 4 qt. in 1 gallon, in 15 qt. there are

as many gallons as 4 is contained times in 15, or 3 gal. and

3 qt. remaining. We now place the 3 under the quarts

column and reserve the 3 gal. for the gallons column. The
sum of the gallons column is 3 (reserved) +4 + G + 3 = 16

gal. vSince we cannot reduce 16 gal. to any higher denomi-

nation, we have 16 gal. 3 qt. pt and 2 gi. for the answer.

(23) Reduce the grains, pennyweights, and ounces to

higher denominations.

2 i ) 2 4 o gr. 2 ) 1 2 5 pwt. 1 2 ^50 oz.

1 pwt. 6 oz. 5 pwt. 4 lb. 2 oz.

Then, 3 lb. + 4 lb. 2 oz. + 6 oz. 5 pwt. + Jo pwt =
lb. oz. pwt.

3

4 2

5

1C^_

7 lb. L5 pwt. Ana,

is the lowest denomination in this

problem, we find their sum first, which is 11 +29+ 25+ 30



deg. min. sec.

1 1 1 6 1 2

1 3 1 9 30
2 2 5

26 2 9

1 1 7 1 1

5 5° 19' 4 7"

10 ARITHMETIC. § 2

+ 12, or 107 seconds. Since there

are GO seconds in 1 minute, in 107

seconds there are as many minutes

as 60 is contained times in 107, or

1 minute and 47 seconds remain-

ing. We place the 47 under the

seconds column and reserve the 1

for the minutes column. The sum
of the minutes is 1 (reserved)

+ 17 + 26 + 19 + 16, or 79. Since there are 60 minutes in 1

degree, in 79 minutes there are as many degrees as 60 is

contained times in 79, or 1 degree and 19 minutes remain-

ing. We place the 19 under the minutes column and reserve

the 1 degree for the degrees column. The sum of the

degrees is 1 (reserved) + 10 + 20+ 13 + 11, or 55 degrees.

Since we cannot reduce 55 degrees to any higher denomina-

tion, we have 55° 19' 47" for the answer.

(25) Since "inches" is the lowest denomination in this

problem, we find their sum first, which is 11 + 8 + 6, or 25

inches. Since there are

12 inches in 1 foot, in 25

inches there are as many
feet as 12 is contained

times in 25, or 2 feet and

1 inch remaining. Place

the 1 inch under the inches

column, and reserve
the 2 feet to add to the

column of feet. The sum of the feet is 2 feet (reserved)

+ 2 + 1 = 5 feet. Since there are 3 feet in 1 yard, in 5 feet

there are as many yards as 3 is contained times in 5 feet, or

1 yard and 2 feet remaining. Place the 2 feet under the

column of feet, and reserve the 1 yard to add to the column

of yards. The sum of the yards is 1 yard (reserved) +4
+ 5 = 10 yards. Since there are 5± yards in 1 rod, in 10

yards there are as many rods as 5^- is contained times in 10,

or 1 rod and 4£ yards remaining. Place the 4J yards under

rd. yd. ft. in.

130 5 1 6

2 15 2 8

3 4 4 1 1

6 5 H 2 1

mi. rd. yd. ft. in.

or, 2 10 5 7 Ans.
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the column of yards, and reserve the 1 rod for the column

of rods. The sum of the rods is 1 (reserved) +304+ 215

+ 13o = 650 rods. Place 650 rods under the column of

rods. Therefore, the sum is 650 rd. \\ yd. 2 ft. 1 in. i

since | a yard = 1 ft. (5 in., and since there are 320 rods in

1 mile, the sum may be expressed as 2 mi. 10 rd. 5 yd. ft.

7 in. Ans.

> Since ''square links" is the lowest denomination in

this problem, we find their sum first, which is 21 + 23 + 1G

+ 18+ 23+ 21, or 122 square

A. sq. ch. sq. rd. sq. li. links. Place 122 square links

2 1 i 3 2 1 under the column of square

2 8 7 8 2 2 3 links. The sum of the square

4 7 G 2 1- rodsis 2+ 3+ 2+ 2+ 2+ 3, or

5 6
'

2 1G 1-4 square rods. Place 14 square

2 5 3 8 3 2 3 rods under the column of

4 6 7 5 2 2 1 square rods. • The sum of the

2 55 3 14 122 square chains is 323 square

chains. Since there are 10

square chains in 1 acre, in 323 square chains there are as

many acres as 10 is contained times in 323 square chains, or

32 acres and 3 square chains remaining. Place 3 square

chains under the column of square chains, and reserve the

.cres to add to the column of acres. The sum of the

acres is 32 acres (reserved) + 4G + 25 + 56 + 47 + 28 +21, or

acres. Place 255 acres under the column of ae:

Therefore, the sum is 255 A. 3 sq. ch. 14 sq. rd. 122 sq. li.

Ans.

|
Before we can subtract 300 ft. from 20 rd. 2 yd.

and 9 in., we must reduce the 300 ft. to higher denomina-

tions.

e there et in 1 yard, in 300 feet there areas

many y is contained times in 300, 01 100 yards.

rod, hence in 100 yards then

many r r ty, is contained times in 1U0 = I

rods.



12 ARITHMETIC §fc

loo-v - ioox-2- - 100x2 - ?2°lvu.
s -iuuXtt- n - 11)200(18j_ rcl

1

1

90
8_8

2

vSince there are 5^- or ~y~ yards in 1 rod, in T
2
T rod there are

TyX^fj or 1 yard, so we find that 300 feet equals 18 rods and
aa r

1 yard. The problem now is as follows : From 20 rd. 2 yd.

2 ft. and 9 in. take 18 rd. and 1 yd.

We place the smaller number under the larger one, so

that the units of the same denomination fall in the same
column. Beginning with the

lowest denomination, we see

that inches from 9 inches leaves

9 inches. Going to the next

2 12 9 higher denomination, we see

that feet from 2 feet leaves 2

feet. Subtracting 1 yard from 2 yards, we have 1 yard

remaining, and 18 rods from 20 rods leaves 2 rods. There-

fore, the difference is 2 rd. 1 yd. 2 ft. 9 in. Ans.

(28)

rd. yd. ft. in

20 2 2 9

18 1

A. sq. rd. sq. yd.

1 1 4 80 2 5

7 5 70 3

3 9 9 2 h\ Ans.

Explanation.—Place the subtrahend under the minuend so

that like denominations are under each other. Then begin

at the right with the lowest denomination. We cannot sub-

tract 30 from 25, so we take 1 square rod (= 3()i square

yards) from 80 square rods, leaving 79 square rods; adding

30 \ square yards to 25 square yards, we have 55\ square

yards; subtracting 30 from 55 \ square yards, leaves 25\
yards; we now subtract 70 square rods from 79 square rods,

which leaves 9 square rods; next, we subtract 75 acres from



gal. qt pt.

1 2 1

2 6 3
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114 acres, which leaves 39 acres, which we place under the

column of acres.

(29) If 10 gal. 2 qt. and 1 pt. of molasses arc sold from

a hogshead at one time, and 26 gal. 3 qt. are sold at another

time, then the total amount of molasses sold equals 10 gal.

2 qt. 1 pt. plus 26 gal. 3 qt.

Since the pint is the lowest denomination, we add the

pints first, which equal + 1, or 1 pint. We cannot reduce 1

pint to any higher denomination,

so we place it under the pints

column. The number of quarts

is 3 + 2, or 5. Since there are 4

37 i i quarts in 1 gallon, in 5 quarts

there are as many gallons as 4 is

contained times in 5, or 1 gallon and 1 quart remaining. We
place the 1 quart under the quarts column, and reserve the

1 gallon to add to the column of gallons. The number of

gallons equals 1 (reserved) +26 + 10, or 37 gallons.

If 37 gal. 1 qt. and 1 pt. are sold from a hogshead of

molasses (63 gal.), there remains the difference between 63

gal. and 37 gal. 1 qt. 1 pt., or 25 gal. 2 qt. 1 pt.

63 gal. is the same as 62 gal. 3 qt. 2 pt., since 1 gal. equals

4 qt., and 1 qt. equals 2 pt.

Beginning with the lowest denomination, we subtract 1 pt.

from the 2 pt. 1 pint from 2 pints leaves

1 pint, 1 quart from 3 quarts leaves 2

quarts, and 37 gallons from 62 gallons

leaves 25 gallons. Therefore, there arc

2 1 25 gal. 2 qt. and 1 pt. of molas

remaining in the hogshead. Ans.

If a person were born June 19, 1850, in order to

find how old he would be on subtract the

earlier <1 : the later date.

ad 3 da. have elapsed from the begin-

ning of the year, and on June 19, -"> mo. and l!» da.

inning with the low mination, we find that 10

gal. qt. pt.

3 2

3 7 1 1
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days cannot be taken from 3 days, so we take 1 month from

7 months. The 1 month which we took equals 30 days, for

in all cases 30 days are allowed to a

yr. mo. da. month. Adding 30 days to the 3 days,

18 9 2 7 3 we have 33 days; subtracting 19 days

18 5 5 19 from 33 days, we have 14 days remain-

4 2 1 14 ing. Since we borrowed 1 month from

the months column, we have 7 — 1, or

6 months remaining; subtracting 5 months from 6 months,

we have 1 month remaining. 1,850 from 1,892 leaves 42

years. Therefore, he would be 42 years, 1 month, and 14

days old. Ans.

(31) If a note given Aug. 5, 1890, were paid June 3, 1892,

in order to find the length of time it was due, subtract the

earlier date from the later date.

Beginning with the lowest denomination, we find that 5

cannot be subtracted from 3, so we
-, take a unit from the next higher de-

yr. mo. da. &

., n n K o nomination, which is months. The 1
1 o y /i o o « 1 • 1

1 « f> 7 *\
month which we take equals 30 days.

• — Adding the 30 days to the 3 days, we
have 33 days. 5 days from 33 days

leaves 28 days. Since we took 1

month from the months column, only 4 months remain.

7 months cannot be taken from 4 months, so we take 1 year

from the years column, which equals 12 months. 12 months

+ 4 months = 16 months. 7 months from 16 months = 9

months. Since we took 1 year from the years column, we
have 1,892 — 1, or 1,891 remaining. 1,890 from 1,891 leaves

1 year. Hence, the note ran 1 year, 9 months, and 28

days. Ans.

(32) Write the number of the year, month, day, hour,

and minute of the earlier date under the year, month, day,

hour, and minute of the later date, and subtract.

22 minutes before 8 o'clock is the same as 38 minutes after

7 o'clock. 7 o'clock p. m. is 19 hours from the beginning of

the day, as there are 12 hours in the morning and 7 in the



; arithmet:

afternoon. December is 11 months from the beginning of

10 o'clock a. M. 5s 10 hours from the beginning of the day.

July is 6 months from the beginning of the year. The :

uend would be the later date, or 1,888 years, 11 months, 11

days, 19 hours, and 38 minutes.

The subtrahend would be the earlier date or

6 months, 3 days, 10 hours, and 1 i minutes.

Subtracting, we have

mo. da. hr. imrn
.

1888 11 11 19 38
10 16

-
- -

10 hours from 19 hours leaves 9 hours; 3 days from 11

'__-.-.-- i.i.yi: :v. :
:::':.- ?-.:": :ti;:-:- 1 :r -. 11 r_. :--_";:$ leaves

5 months; 1,883 from 1,888 leaves 5 ye

':-: lr. ~.i\::z'.:i: :

7. : ien ::r.:r.;.:e r..:n:":---. ---;- rlic-e

:;.r ^^:i:'.:.-: _i-.: :::. '.. —; 1 :;::.:;..: : r. ::' :;;= :....-

ft. 3 in.

andbegin at the light to multiply. 51 X 3 = 153 in. As t"

are 12 inches in 1 foot, in 153 in. there are as many feet as

- contained times in 153, or 12 feet and 9 inches remain-

^et. 51xi: = S67 ft. 867 ft - . ft, (reserved) =
ft.

eet can be reduced to higher denominatior. -

ding by 3 feet to find the number of yards, and by o\ yards

to find the number of r

i
id. 1J yd.
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Then, product = 53 rd. 1% yd. ft. 9 in., or 53 rd. 1 yd.

2 ft. 3 in. Ans.

(34) qt. pt. gi.

3 13
4.7

18.2 .1

or, 1 8 qt. pt. 1.7 gi.

or, 4 gal. 2 qt. pt. 1. 7 gi. Ans.

Place the multiplier under the lowest denomination of the

multiplicand, and proceed to multiply. 4. 7 X 3 gi. = 14. 1 gi.

As 4 gi. = 1 pt. , there are as many pints in 14. 1 gi. as 4 is

contained times in 14. 1 = 3.5 pt. and . 1 gi. over. Place . 1

under gills and carry the 3.5 pt. forward. 4.7x1 pt.

= 4.7 pt. ; 4.7 + 3.5 pt. = 8.2 pt. As 2 pt. = 1 qt., there

are as many quarts in 8.2 pt. as 2 is contained times in 8.2

= 4. 1 qt. and no pints over. Place a cipher under the pints,

and carry the 4.1 qt. to the next product. 4.7x3 qt.

= 14.1; 14.1 + 4.1 qt. = 18.2 qt. The answer now is 18.2

qt. pt. .1 gi. Reducing the fractional part of a quart, we
have 18 qt. Opt. 1.7 gi. (.2 qt. = .2x8 = 1.6 gi.; 1.6

+ .1 gi. = 1.7 gi.). Then we can reduce 18 qt. to gallons

(18-4-4 = 4 gal. and 2 qt.) = 4 gal. 2 qt. 1.7 gi. Ans.

The answer may be obtained in another and much easier

way by reducing all to gills, multiplying by 4. 7, and then

changing back to quarts and pints. Thus,

l
*L

3 qt. 1 pt. 3 gi. = 31 gi.

*— P 31 gi. X4.7 = 145.7 gi.

6 pt.

+__1 pt 4 ) 145.7 gi.

7 pt. 2 )3 6 pt. +1.7 gi.

X_4 gi. 18 qt. + Opt.

2 8 gi.

+ 3 gl Ans. = 18 qt. 1.7 gi.;~
or, 4 gal. 2 qt. 1.7 gi

& *
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135) (3 lb. 10 oz. 13

X

+

pwt. 12 gr.)X 1.

3 lb. 10 oz.

X 12

3 6 oz.

+ ro

4 6 oz.

X 2

9 2 pwt
+ 13

9 3 3 pwt
2 4

2 2 3 9 2 gr.

1 2

2 2 4 4 gr.

5 -

13

-
?

pwt. 12 gr.

« A, -x v r* B m.,

22,404 gr. xl.o = 33,606 gr.

1 ) 3 3 6 6 gr.

2 u ) l 4 «.» pwt+6 gr.

1 2 ) 7 oz.-f-O pwt.

5 lb.+ lo oz

Since there are 24 gr. in 1 pwt., in 33,606 gr. there are

as many pennyweights as 24 is contained times in

or 1,400 pwt. and 6 gr. remaining. This gives us the num-
ber of grains in the answer. We now reduce 1,400 pwt.

to higher denominations. Since there are 2<> pwt. in 1 oz.,

in 1,400 pwt. there are as many ounces as 20 is contained

times in 1,400, or 70 oz. and pwt. remaining; therefore,

there are pwt. in the answer. We reduce 70 oz. to

er denominations. Since there are 12 oz. in 1 lb., h

oz. there are as many pounds as 12 is contained times in

lb. and 10 oz. remaining. We cannot reduce 5 lb. to

any higher denominations. Therefore, our answer is 5 lb.

10 oz. 6 gr.

ther but more complicated way of working this prob-

lem is as folio



lb. oz. pwt. gr.

3 1 1 3 1 2

1.5

4.5 1 5 1 9.5 18
or, 4 * 2 1 1 9 30
or, 5 1 6

18 ARITHMETIC. § 2

To get rid of the deci-

mal in the pounds, reduce

.5 of a pound to ounces.

Since 1 lb. = 12 oz.. ,5 of

a pound equals .5 lb. X 12

Ans. = 6 oz. 6 oz. +15 oz. =
21 oz. We now have 4 lb.

21 oz. 19.5 pwt. and 18 gr. ; but we still have a decimal in

the column of pwt. , so we reduce . 5 pwt. to grains to get rid

of it. Since 1 pwt. = 24 gr., .5 pwt. — .5 pwt. X24 = 12

gr. 12 gr.+ 18gr. = 30 gr. We now have 4 lb. 21 oz. 19 pwt.

and 30 gr. Since there are 24 gr. in 1 pwt. , in 30 gr. there is

1 pwt. and 6 gr. remaining. Place 6 gr. under the column of

grains and add 1 pwt. to the pwt. column. Adding 1 pwt. , we
have 19 + 1 = 20 pwt. Since there are 20 pwt. in 1 oz., we
have 1 oz. and pwt. remaining. Write the pwt. under

the pwt. column, and reserve the 1 oz. to the oz. column.

21 oz. +1 oz. = 22 oz. Since there are 12 oz. in 1 lb., in

22 oz. there is 1 lb. and 10 oz. remaining. Write the 10 oz.

under the ounce column, and reserve the 1 lb. to add to the

pounds column. 4 lb. + 1 lb. (reserved) = 5 lb. Hence, the

answer equals 5 lb. 10 oz. 6 gr.

(30) If each barrel of apples contains 2 bu. 3 pk. and 6 qt.,

then 9 bbl. will contain 9 X (2 bu. 3 pk. 6 qt.).

We write the multiplier under the lowest denomination of

the multiplicand, which is quarts in

this problem. 9 times 6 qt. equals 54

qt. There are 8 qt. in 1 pk., and in

54 qt. there are as many pecks as 8 is

contained times in 54, or 6 pk. and 6 qt.

We write the 6 qt. under the column

of quarts, and reserve the 6 pk. to add

to the product of the pecks. 9 times 3 pk. equals 27 pk.

;

27 pk. plus the 6 pk. (reserved) equals 3L, pk. Since there are

4 pk. in 1 bu., in 33 pk. there are as many bushels as 4 is con-

tained times in 33, or 8 bu. and 1 pk. remaining. We write

the 1 pk. under the column of pecks, and reserve the 8 bu.

bu. pk. qt.

2 3 6

9

1 8 2 7 5 4

, 2 6 1 6
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for the product of the bushels. times 2 bu. plus the 8 bu.

(reserved; equals 20 bu. Therefore, we find that 9 bbl. con-

tain 20 bu. 1 pk. qt. of apples. Ans.

(37) (7 T. 15 cwt 10.5 lb.) X 1.7 = ? When the multi-

plier is a decimal, instead of multiplying- the denominate

numbers as in the case when the multiplier is a whole num-
ber, it is much easier to reduce the denominate numbers to

the lowest denomination given; then multiply that result by

the decimal, and, lastly, reduce the product to higher denomi-

nations. Although the correct answer can be obtained by

W! »rking examples involving decimals in the manner as in the

last example, it is much more complicated than this method.

7 T. 15 cwt. 10.5 lb.

X 20
14 cwt

+ 15
15 5 cwt.

X 100
1 5 5 lb.

+ 1 0-5

1 5 5 1 0.5 lb.

15,510.5 1b. XI. 7 = 20,307.85 lb.

There are 100 lb. in 1 cwt., and in 20,367.85 lb. there are

as many cwt. as 100 is contained times in 20,307.85, which

100^2636785 ]b
equals 203 cwt. and 07.85 lb.

n « x ^ „ ^ 7 » «, remaining. Since we have
2 0)203 cwt. + 07.85 lb. ^ * - - r' the number of pounds for our

1 3 T. +3 cwt. answer, we reduce 203 cwt.

to higher denominations. There are 20 cwt. in 1 ton, and

in 203 cwt. there are as many tons as 20 is contained times

:* 13 T. and 3 cwt. remaining. Since we cannot

reduce 13 T. any higher, our answer is 13 T. 3 cwt. «';

lb. Or, sin ,Bl , = ,8fi 11 . L6 = L3.6 oz., the answer

may be written 13 T. 3 cwt. 67 lb. 13.6 oz.

) 3 5 8 A. \. yd. 2 sq. ft.

6 1 A. 3 1 sq. rd. U sq. yd. 8 sq. ft. Ans.

40—30
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We begin with the highest denomination, and divide each

term in succession by 7.

7 is contained in 358 A. 51 times and 1 A. remaining. We
write the 51 A. under the 358 A. and reduce the remaining

1 A. to square rods = 160 sq. rd. ; 160 sq. rd. +the 57 sq.

rd. in the dividend = 217 sq. rd. 7 is contained in 217 sq.

rd. 31 times and sq. rd. remaining. 7 is not contained in

6 sq. yd., so we write under the sq. yd. and reduce 6 sq.

yd. to square feet. 9 sq. ft. X 6 = 54 sq. ft. 54 sq. ft.

+ 2 sq. ft. in the dividend = 56 sq. ft. 7 is contained in 56

sq. ft. 8 times. We write 8 under the 2 sq. ft. in the dividend.

(39) 12 ) 282 bu. 3 pk. 1 qt 1 pt.

23 bu. 2 pk. 2 qt. J pt. Ans.

12 is contained in 282 bu. 23 times and 6 bu. remaining.

We write 23 bu. under the 282 bu. in the dividend, and

reduce the remaining 6 bu. to pecks = 24 pk. + the 3 pk. in

the dividend = 27 pk. 12 is contained in 27 pk. 2 times and

3 pk. remaining. We write 2 pk. under the 3 pk. in the divi-

dend, and reduce the remaining 3 pk. to quarts. 3 pk. = 24

qt. ; 24 qt. + the 1 qt. in the dividend = 25 qt. 12

is contained in 25 qt. 2 times and 1 qt. remaining. We
write 2 qt. under the 1 qt. in the dividend, and reduce 1 qt.

to pints = 2 pt. + the 1 pt. in the dividend = 3 pt. 3 -^ 12

= A or i Pt

(40) We must first reduce 23 miles to feet before we can

divide by 30 feet. 1 mile contains 5,280 ft.; hence 23 mi

contain 5,280x23 = 121,440 ft.

121,440 ft. -r- 30 ft. = 4,048 rails for 1 side of the track.

The number of rails for 2 sides of the track = 2x4,048,

or 8,096 rails. Ans.

(41) In this case, where both dividend and divisor are

compound, reduce each to the lowest denomination mentioned

in either, and then divide as in simple numbers.
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1 bu. 1

X4
pk. 7 qt. 3 5 6 bu. 3 pk. 5 qt

X 4

4 pk.

+ 1

5 pk.

X 8

14 2 4 pk.

+ 3

14 2 7 pk
X 8

4 qt

4 7 qt.

1 1 4 1 6 qt

+ 5

114 2 1 qt

47)1142 1

94
(2 43

202
188

11,421 qt -s-47 qt. = 243 boxes. Ans.

141
141

(42) We must first reduce 16 square miles to acres.

In 1 sq. mi. there are 040 A., and in 16 sq. mi. there are

16X640 A. = 10,240 A.

6 2 ) 1 2 40 A.

1 6 5 A. 25 sq. rd. 24 sq. yd. 3 sq. ft. 80+ sq. in.

Ans.

62 is contained in 10,240 A. 165 times and 10 A. remain-

ing. We write 165 A. under the 10,240 A. in the dividend

and reduce 10 A. to sq. rd. In 1 A. there are 160 sq. rd.,

and in 10 A. there are 10x160 = 1,600 sq. rd. 62 is con-

tained in 1,600 sq. rd. 25 times and 50 sq. rd. remaining-.

We write 25 sq. rd. in the quotient and reduce 50 sq. rd. to

sq. yd. In 1 sq. rd. there are 30^ sq. yd., and in 50 sq. rd.

there are 50 X 30} sq. yd. = 1.5121 sq. yd. 62 is con-

tained in 1,512) sq. yd. 24 times and 24J sq. yd. remaining- We
write 24 sq. yd. in the quotient and reduce 24^ sq. yd. to sq.

ft. In 1 sq. yd. there :. ft., and in 24V sq. yd. there are

•i\\ <9 = 22 contained in 220J sq. ft. 3 times

and ft remaining. We write 3 sq. ft. in the quotient

and reduce ')\\ sq. ft. to sq. in. In 1 sq. ft. there are 144

sq. in., and in 3-U sq. ft. there are 3-H X 144 = 4,968 sq. in.
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62 is contained in 4,968 sq. in. 80 times and 8 sq. in. remain-

ing. We write 80+ sq. in. in the quotient.

(43) To square a number, we must multiply the number
by itself once, that is, use the number twice as a factor.

Thus, the second power of 108 is 108 X 108 = 11,664. Ans.

108
108
864

1080
11664

(44) 9" = 9x9x9x9x9 = 59,049. Ans.

9

81
9

729
9

6561
9

59049

(45) .0133
s = .0133 X .0133 X .0133 = .000002352637.

Ans.
.0 133
.0 133
399

399
133

.00017689
.0 133
53067

53067
17689

.0 00002 3 5 2637

Since there are four decimal places in the multiplicand

and four in the multiplier, we must point off 4 -f 4 = 8 deci-

mal places in the product; but as there are only five figures
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in the product, we prefix three ciphers to form the eight

necessary decimal places in the first product.

Since there are eight decimal places in the multiplicand

and four in the multiplier, we must point off 8 -f 4 = 12

decimal places in the product; but as there are only seven

figures in the product, we prefix five ciphers to make the

twelve necessary decimal places in the final product.

(46) See page 9 of the table.

9.49
1 = 9 0.0 6 1 given number = 9 0.0

9.4S' = 8 9.8 7 4 18" = 8 9.8 7 1 1 4

first difference = 18 9 7 md difference = 12

189 7)1 2 9 6.000(.68 3or .6 8

113 8 2

1 5 1

15176
6040
5691

49
Therefore, V90 = 9.4868. Ans.

(47) To find any power of a mixed number, first reduce

it to an improper fraction, and then multiply the numerators

together for the numerator of the answer, and multiply the

denominators together for the denominator of the answer.

(3|)

3

= 15 x 15 15 = 15 X 15 X 15 = 3.375 = ^
4

> 4"4 4X4X4 64

s 52 Ans.

9* 3x4 + 3 124-3 15

15 64)3 3 7 5(1 2H
15 820
7 5 17 5

15 128
225 47

1 5

1 1 •_> 5

225
3375
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64)4 7.0 00000(. 7 34375
448
220
1_92

280
256
240
192
480
448
320
320

Since six ciphers were annexed to the dividend, six deci-

mal places must be pointed off in the quotient.

(48) Given number = 92,416 = 92'416.

Altered number = 92.416.

See page 4 of the table.

4.53
3 = 9 2.9 5 9 7 altered number = 9 2.4 1 6

4.52
3 = 9 2.3 4 5 4 4.52

3 = 9 2.3 4 5 4

first difference = 6 14 3 second difference — 7 6

6 143)706.000(.l 1 4 or .1 1

614 3

9170
614 3

30270
24572
56 98

Therefore, ^92.416 = 4.5211, and -^92^416 = 45.211. Ans.

(49) Given number = 502,681 = 50'26'81.

Altered number = 50.2681.

Referring to page 7 of the table, 7.09
2 = 50.2681; hence,

V50.2681 = 7.09. Since there are three periods in the

integral part of the given number, there are three figures

in the integral part of the root; therefore, V502,681 = 709.

Ans.
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(50)
B7

<64
Ans.

(51) Since I = .371 W = \.375

Given number = .375.

Altered number = 375.000.

See page 7 of the table.

7.22" = 3 7 6.3 6 7

7.21
s = 3 7 4.S0 5

first difference =

altered number = 3 7 5.0

7.21
s = 374.- I

15 6 2 second difference =

1562)1 95.0 (.124 or .1 2

1 5

195

-0

3 124

7 5 6

6 24 8

13 12

Therefore. ^375 = 7.2112, and ^^375 = <i = .72112. Ans.

(52) Given number = .7864 = .7S'54.

Altered number = 78.5400.

See page 8 of the table.

78.6769
8.86* = 7 N4 99 6

altered number = 7 8.5 4

8.86* = 7 8.4 9 9 6

first difference = 17 7 3 i difference = 404

1 7 73)4 4.0 (.2 27 or .2 3

3546

4 9 4

3546

13940
12411

15 a

Therefore, V7^54 = 8.8623, and V.7854 = .88623. Ans.
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(53) The number is evidently the square root of 114.9184.

Given number = 114.9184 = 1'14'.91'84.

Altered number = 1.149184 = 1.1492.

See page 1 of the table.

1.08
2 = 1.16 6 4 altered number = 1.14 9 2

1.07
2 = 1.1 449 1.07

2 = 1.144 9

first difference = 2 15 second difference = 4 3

2 15)4 3.0 (.2

430

Therefore, Vl.1492 = 1.072, and VTl4.9184 = 10.72. Ans.

(54) Given number = 3,486,784 = 3 ,48'67 /84.

Altered number = 3.486784 = 3.4868.

See page 1 of the table.

1.87
2 = 3.4 9 6 9 altered number = 3.4 8 6 8

1.86
2 = 3.4 5 9 6 1.86

2 = 3.4 5 9 6

first difference — 3 7 3 second difference — 2 7 2

373)27 2.0 (.7 2 9 or .7 3

261 1

1090
746

3440
3357

83

Therefore, V3.4868 = 1.8673, and V3,486,784 = 1,867.3.

Ans.

(55) Given number = .00041209 = .OQ'04'12'09.

Altered number = 4.1209.

See page 2 of the table.

2.03
2 = 4.1209. Therefore, V4.1209 = 2.03, and AU30041209

= .0203. Ans.

(56) Given number - 2,490.31 = 2490r.3100.

Altered number = given number = 2490.31.

See page 7 of the table.
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7.07
4 = 2 4 9 8.4 9 given number = 2 4 9 0.3 1

7.06
4 = 2 4 8 4.3 8 7.06

4 = 2 4 8 4.3 8

first differe?ice = 14 11 second difference = 5 9 3

141 1)5 9 3.0 0( .4 2 or .4 2

5644
2860
2822

_ 380
Therefore, a/2490.31 = 7.0642. Ans.

(57) Given number = 6,039,065,434 = 60390^5434.

Altered number = 60390.65434 = 60390.7.

See page 9 of the table.

9.05
6 = 6 7 7.6 altered number = 6 3 9 0.7

9.04
6 = 6 3 7 2.9 9.04

5 = 6 3 7 2.9

first difference = 3 3 4 7 second difference = 17 8

3 3 4 7 ) 1 7 8.0 ( .0 5 3 or .0 5

16735
10650
10041

609
Therefore, a/60390.7 = 9.0405, and a/6,039,065,434 =

90.405. Ans.

(58) Given number = .127 = .12700.

Altered number = 12700.

See page 6 of the table.

6.62
5 = 1 2 7 1 4.2 altered number = 1 2 7 0.0

6.61
5 = 1 2 6 1 8.5 6.61

s = 1 2 6 1 8.5

first difference = 9 5 7 second difference = 8 15

9 5 7 ) 8 1 5.0 ( .8 5 1 or .8 5

7656
4940
4J s 5

1550
9 5^7

5 9 3

Therefore, A^12700 = 6.6185, and aV.T27 = .66185. Ans.
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(59) 11.7 : 13

11.7* =
11.7* =

:: 20:*.

13x20
260

260

The product of the means
is equal to the product of the

extremes.

* =
11.7)2 60.000(22.22+

234
Ans.

260
234

260
234

260
234

26

(60) (a) 20 + 7 :10 + 8 :: 3:*.

27: 18 :: 3 :*.

27* = 18X3
27* = 54

* = 5.4 o
2 7 = Z- Ans.

(b) (12)': (100)
2

:: 4:*.

144 : 10,000 :: 4 : *.

144* == 10,000 X 4

144* == 40,000

* -
= 277.7+ . Ans.

•V" — 40,000
Jif —

144 ) 4 0000.0 (277.7+
288

Ans.

1 120
1008

1 120
1008

1 120
1008

1 12
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(61) (a) - = A is equivalent to 4 : X :: 7 : 21. The
*

product of the means equals the product of the extremes.

Hence, 7* = 4 X 21

Ix = 84

j = -ror 12. Ans.

(b) In like manner,

§- = -& is equivalent to x : 24 :: 8 : 16.
24

16* = 24 X 8

16* = 192

x = W = 12. Ans.

(r) t%- = —— is equivalent to 2 : 10 :: x : 100.
100

10* = 2 X 100

10* = 200

x = W = 20. Ans.

(</) ^-| = — is equivalent to (*) iVo = -£rz is equivalent to
* 600

15 :45 :: 60:*. 10: 150 :: * : 600.

15* = 45 X 60 150* = 10 X 600

15* = 2,700 150* = 6,000

x = 2J00 = _ 6£» m 4a
15

Ans.
150

Ans.

(62) *:5 :: 27 : 12.5.

5

12 5)13 5.0 ( 101. Ans.

125

100
_ 4

125
~

(63) 45: 60::*: 24.

60* = 45 x 24

1,080

,08

60
^-IS. Ans.
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(64) *:35::4:7. (65) 9:*:: 6:24.

7* = 35 X 4 6* = 9 X 24

7* = 140 6* = 216

* = H* = 20. Ans. x = H& = 36. Ans.

(66) -tfuJOO : ^331 :: 27 : x.

Referring to the table, we find that the -(f1,000 = 10 and

^1,331 = 11.

10: 11 :: 27:*.

10* = 297

x = W = 29.7. Ans.

(67) 64:81 :: 21
2

: x\
Extracting- the square root of each term of any proportion

does not change its value, so we find that \64 : V81 :: a/21"

: *sx* is the same as

8:9 :: 21 : *.

Sx = 189

x = 23.625. Ans.

(68) 7 + 8 : 7 :: 30 : x is equivalent to

15:7 :: 30:*.
15* = 7 X 30

15* = 210

x = W = 14. Ans.

(69) 2 ft. 5 in. = 29 in.; 2 ft. 7 in. = 31 in. Stating as

a direct proportion, 29 : 31 = 2,480 : *. Now, it is easy to

see that * will be greater than 2,480. But * should be less

than 2,480, since when a man lengthens his steps, the number
of steps required for the same distance is less; hence, the

proportion is an inverse one, and

29 : 31 = * : 2,480,

or . 31* = 71,920;

whence, * = 71,920 ^ 31 = 2,320 steps. Ans.

(70) This is evidently a direct proportion. 1 hr. 36 min.

= 96 min.; 15 hr. = 900 min. Hence,

96 : 900 = 12 : *
or 96* = 10,800;

whence, * = 10,800 -^ 96 = 112.5 mi. Ans.
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(71) This is also a direct proportion; hence,

27.63 : 29.4 = .76 : *,

or 27.63* = 29.4 X .76 = 22.344;

whence, x = 22.344 * 27.63 = .808+ lb. Ans.

(72) 2 gal. 3 qt. 1 pt. = 23 pt.j 5 gal. 3 qt. = 46 pt.

Hence, 23 : 46 = 5 : *,

or 23* = 46 X 5 = 230;

whence, x = 230 -r- 23 = 10 days. Ans.

(73) Stating as a direct proportion, and squaring the

distances, as directed by the statement of the example,

6
a

:
12' = 24 : x. Inverting the second couplet, since this is

an inverse proportion,

6
9

:
12* = x : 24.

Dividing both terms of the first couplet (see Art. 129) by 6,

1*
: 2

2 = x : 24; or, 1:4 = *: 24;

whence, 4x = 24, or * = 6 degrees. Ans.

(74) Taking the dimensions as the causes,

15

5 = It
t " *, whence, 2x = 75, or * = $37.50. Ans.

it

i

2

3

(75) 2 hr. = 120 min.; 14 hr. 28 min. = 868 min. Hence,

120 : 868 = 100 : x%

or 120* = 86,800;

whence, * = 723i gal. Ans.

(76) Taking the dimensions as the causes,

14

n

it

10

t

17 399

*, whence, 14* = 17 X 399 = 6,783,

or * = 484i bbl. Ans.

(77) 8 hr. 40 min. = 520 min. Hence,

444 : 1,060 = 520:*,
130

1.O6OXM0 137,800 |Mlii , . on ,

<>r i = ~rn— = ' = 1,241.44+ min. = 20 hr.
111

41.44+ min. Ans.
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(78)

or

1 min. = 60 sec. Hence,

5i : 60 = 6,160 : x,

60 X 6,160x =
5.5

67,200 ft. Ans.

(79) Writing the statement as a direct proportion, 8 : 10

= 5 : x% it is easy to see that x will be greater than 5; but, it

should be smaller, since by working longer hours, fewer

men will be required to do the same work. Hence, the pro-

portion is inverse. Inverting the second couplet,

8 : 10 = x : 5,

4

$X $
or x =

10
= 4 men. Ans.

(80) Taking the times as the causes,

20

2

u

= m
3

14

n
$$0; whence, 3x = 2 X 14

or x
28,

9ihr. Ans.

(81) Taking the horsepowers as the effects, we have for

the known causes in example 4, Art. 168, 14
a

, 500, and 48,

and for the known effect 112 horsepower. Hence,

9

$

Ans.

(82) First find the volume of the cylinder in cubic inches,

as in the example, Art. 164. The volume, multiplied by

the weight of 1 cubic inch (.261 lb.) will evidently be the

weight of the cylinder. Hence,-

u m
M 22

14
1 30* $ m

500 660 = 112 x, or #00 m =
48 42 3

i$ a
, x == 9 X 22 X 3 = 594 horsepower
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10' 12'

60
= 1,57 - x, or

100

20

144

3 = 1,570.8 or,

n
, 144 X 3 X 1.570.S 1W1111. ,

whence, x = — = 1,< 1 1.11 lb. Ans.
J.UU

(83) Referring to the example in Art. 167.

15
|

40

20 s

10

100

18* = 187 x,<x4$$ 324 = 187

12 4

n tt

whence, x = 324 x * x 187 = 484.7 lb. Ans.
oOO

x\





ELEMENTS OF ALGEBRA
(PART 1)

(1)

%a* _ la* _ :)(7 4 + 3^3 + ;--^-2^-l
0^6 _ o, ?5 _ 4(? 4 _ oa z (2«" - 2a- - 3a - 2

— %a* — a* — 5a Ans.

- 2<? 5 4- 2<? 4 - 4ci* ^ 2,?-

- 3a* + ^3 + 8

- 3<7 4 + 3<?3 + ««" - 3a

- 2 -4-2

- 2<r - 2<r- - 4<? - 2

(2) (tfj 2 + 4<? - o^
2 - 6<?

3

7a'

Ua* + 28rt
4 - S5a b - 42a1 Ans. (Art. 6t>.i

(£) 4.r - ty -

3.r>

12-rV - 12.ry + lS.v'j'^ Ans.

(r) 3£ + of - .

6<*

ISab + SOac - lW Ans.

lare root of the fraction a plus b plus c over ;/,

plus the sq I of 0, plus the fraction b plus £ over //,

plus the square rout of the quantity a plus b, plus the frac-

tion c over », plus the parenthesis r7 plus /\ times c
t
plus a,

plus be.

If none of the terms arc similar, the subtraction of

one sion from another may be represented only by

40—31
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connecting the subtrahend with the minuend by means of

the sign — . Thus, if it is required to subtract 5a 9
b — 7a 2

b*

-j- oab 3 from a* — b\ the result will be represented by a* — b*

— (5a 3
b — 7a*b2 + 5ab*), which, on removing the parenthesis

(Art. 49), becomes a* -V - 5a*b + 7a 2
b

2 - hab\ From this

result subtract da' — ±a 3
b + 6a 2

b
2 + bab 3 — Sb\

a4 — b4 — hazb + Ha^b 2 — 5ab3 minuend.

— Sa4 -+- 3^4 -+- 4a*b — 6<z2
<£

2 — Sabz subtrahend, with signs changed

- 2a4 + 2b4 - a*b + aW - lOab* remainder. (Art. 47.)

Or, — 2a 4 — # 3
£ -f # 2

£
2 — 10ab 3 + 2#\ arranged according

to the decreasing powers of a. Ans.

(5) (a) See Art. 29.

(£) While in arithmetic only positive quantities can be

added or subtracted, in algebra operations can be performed

on both positive and negative quantities.

(6) (a) The value of a is 1. (Art. 70.)

(b) —, = 1 + - = a. Ans. (Art. 72.)v
' a a '

Or, —
x
= a -*-1

) = tf
1 = a

a

(7) (*) By Art. 71, the reciprocal offf=l-r-f4 = l

y 49 — 4 9 An«;AH - "2T-
Anb -

(£) Since, by Art. 71, a number may be found from

its reciprocal by dividing 1 by the reciprocal, the number
= 1 -4- 700 = .0014-f. Ans.

(8) (a) 3a-2b + dc 3a - 2b + Zc

2a — Sb — c becomes — 2a -\- Sb -\- c

a + 6b + ±c

when the signs of the subtrahend are changed. Now, add-

ing each term (with its sign changed) in the subtrahend

to its corresponding term in the minuend, we have (— 2a)

+ (+ 3fl) = a; (+ 8*) + (- 3d) = + 6/;; (+ c) + (8c)

= + ic. Hence, a -\- 6b + ic equals the difference. Ans.
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x* —
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g term in —
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ing pow —
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O: ^ch term in the subtrahend, the

:m becx

14 - U
-

I

id

Adding h the -

. the n:

-

The numerical w
g

=
b = 10, and

. .

ered that when no -
g

5 or quar.: :" multi-

I = (fi 00)

- -

= ..

1 .= U - - -

6
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(c) (b - \/a) (x* - /;
2

)
(a

2 - P) = (10 - |/l6) X (5
3 - 10

2

)

X (16
2 - 10

2

) = (10 - 4) (125 - 100) (256 - 100) = 6 X 25

X 156 = 23,400. Ans.

(10) (a) 4xyz The sum of the coefficients

— Zxyz of the positive terms is found
— hxyz to be + 13, since (+ 3) + (+ 6)

Sxyz +(+4) = (+13).
— 9xyz When no sign is given before

'dxyz a quantity, the 4- sign must
— tecyz Ans. always be understood. The sum

of the coefficients of the nega-

tive terms is found to be — 17, since (— 9) + (— 5) + (— 3)

= (— 17). Subtracting the lesser sum from the greater and

prefixing the sign of the greater sum ( — )
(Art. 41, rule II),

(+ 13) + (— 17) = — 4. Since the terms are all alike, annex

the common symbols xyz to — 4, thereby obtaining — Axyz

for the result, or sum.

(b) 3a 2 + %ab + Ab7 When adding polynomi-

5a 2 — Sab -f- b* als, always place like terms

— a* -\- hab — U1 under each other. (Art.

18a 2 - 20ab- AW 42.)

14a 2 - 3a£-f20£ 2 The coefficient of a' in

39a 2 — Mab + 5b2 Ans. the result will be 39, since

(+ 14) + (+ 18) + (- 1)

+ (+ 5) + (+ 3) = 39. When the coefficient of a term

is not written, 1 is always understood to be its coefficient.

(Art. 10.) The coefficient of ab will be — 24, since (— 3)

+ (- 20) + (+ 5) + (- 8) + (+ 2) = - 24. The coefficient

of b* will be
(+ 20) + (-19)-H-l) + (+l) + (+4)

= + 5. Hence, the result, or sum, is 39a 2 — 24a$ + hti
1

.

(c) Amn + dab — Ac

+ %mn — iab + dx + dm9 — 4/

§mn — ab — Ac -f- 3x + 3?/z
2 — Ap Ans.

(11) (a) See Art. 13.

(b) In multiplication, coefficients are multiplied, and

exponents are added. In division, the coefficients of the
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dividend are divided by those of the divisor, and the expo-

nents of the divisor are subtracted from those of the divi-

dend. See rules of multiplication and division.

See Art. 57.

(12) [a) <i square x square, plus % a cube b fifth, minus

the parenthesis a plus b.

The cube root of .r, plus y times the two-thirds

power of the parenthesis a minus ;/ square.

(t) The parenthesis ;;/ plus ;/, times the square of the

parenthesis ;;/ minus ;/, times the parenthesis di minus the

fraction ;/ over two.

(13) in K.<?7>
3

; a*~\ab\ \v - L&r,£+ 5a,+ ^

(b) Since the terms are not alike, we can only indicate

the sum, connecting the terms by their proper signs.

(Art. 4().i

(r) Multiplication: \ard means 4 X a X c"
1

Xc/. (Art. 9.)

(14) (rf) Removing the vinculum,

. U + [4r - la - (2a + M)] + [da - b- c]
|

(Art. 49.)

Removing the parenthesis,

%a _
1
3/; _i_ [& _ \a - %a - U] + [da - b - c\

\

Removing the brackets,

- \U + \c - U - 2a - U + 3d - b-c\

Removing the brace,

' — Kc+ 4a - b + c

mbining like terms, the result is 6a — :i. \ Ans.

(b) Removing the parentlv

; 5a-[2a-5a + 4a]\

Removing the brack

— Aa\

Removing the bra<

\d

mbining terms, the result is 5 t. Ans.
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(c) Removing the parentheses,

a — jU + [dc - Za - a — b] + \2a - b — <:]}

Removing the brackets,

a -
|
2/; + 3<: - 3# — a — £ + 2tf — b — c\

Removing the brace,

a — %b — dc+ Ba + a + b — %a + b + c

Combining like terms, the result is Za — 2c. Ans.

(15) (a) 6(1*1?* + a'b' - 7a*b* + 2abc + 3.

(b) 3 + 2abc + rt
3
£

2 - 7tf
2
£

3 + 6#4
£4

.

(f) 1 + ax -\- a* -\- 2a\ Written like this, the a in the

second term is understood as having 1 for an exponent;

hence, if the first term be represented by a*, its value will

be 1, since a = 1. Therefore, 1 should be written as the

first term when arranged according to the increasing powers

of a.

(16) (a) 2x' + 2x2 + 2x-2
x -I

(*)

(c)

2x4 + 2x* + %x% --2x

-2x* - 2x* -- 2x + 2

2x4 - 4:X + 2 Ans.

V — 4=ax + c

2x + a

2x* - Sax * + 2cx

ax 2 — 4#a
;r + ^

2x* - lax 2 + 2«r — ka*x + <?<: Ans.

— a* +
5a9 +

3^ 2£-
9ab

2£3

— 5a" + 15a 4
b - 10tf

2
£

3

— 9a4
b + 27^7;* -- ISab4

— 5a" + Ga4
b - 10rt

2
£

3 + 27a*6* -- ISab4

Arranging the terms according to the decreasing powers

of a,

- 5a* + 6a4
b + ffla*b* - 10tf'£

8 - ISab4 Ans.
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range the dividend according to the decreas-

ing powers of x and divide. Th

9jj -S-3j
j +x— liar- 1

n

9H
! - (3j

j -
• •.

' —-

ar- I

ar- I

- ei -

.:. -- ".. :

::

.:': -- a

P

49x-

(c) Arranging the terms of the dividend according to

the decreasing powers of

- .-
: — - .

• -
- ar* — - Ans.

- aije+sar

:i 2.





ELEMENTS OF ALGEBRA
(PART 2)

(1) See Art. H(y.

(2) (a) Writing the work as follows and canceling com-

mon factors in both numerator and denominator (Arts. 40
and 47),

9///V hfq 24-r>3

8/V
X

txy
X mmn

_ 9X5X24X^X//'X/X^X^X y* _ Zmnxy .

8 X 2 X 90 X m X n X /
3 X q* X ^ X y \pcf

(b) This problem may be written as follows, according

to Art. 35,

Sax + l tf]

1
X

a(dax + 4) (8o* + 4)

Canceling: a and (3^r + 4), the result is ^— ——-. Ans.
' Sax +4

(3) ^-7

—

t-^tt = —7 . Canceling c, which

* + ^ + d , ,
,/

is common to each term,- —
;

—
z
— = 1

-\

—

T . Ans.
a -\- a (i -f- b

as 34 -
r

'- - 3*
,

M* - 'r '
Tf . i

(4) — — =— : . It the denominator <>t
v

' 2 — * 2 f .r JT — 4

the third fraction were written -1 — .r\ instead of X* — -1, the

common denominator would then be 4 — x*.

By Art .><>. .
— becomes- - p-— = —

^ _ ^, .

a i
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„ 3 4-2* 2 - dx 16x-x2

Hence, —— — - 5-, when reduced to a
2 — x 2 + x 4: — x

common denominator, becomes

(3 + Ix) (2 + x) - (2 - Sx) (2 - x) - (16* - x2

)

4: — X*

_ (6 + 7x + lx2

) - (4 - Sx + 3*2

) - (16* - *2

)

4-*2

Removing the parentheses,

6 + 7x + 2*2 - 4 + Hx - 3x 2 - 16* + x*

4-*2

Combining like terms in the numerator,

2-*
4-* 2

Factoring the denominator (Art. 26),

2 — x
(2 + x) (2 - x)

Canceling the common factor (2 — *),

1 l Aor ———
• Ans.

2+x' x + l

. a2 + c
2 + ac a 2

-\-c
2 — b

2 — 2#£

Arranging the terms,

a? + ac + c
2 o* ._ lac -\-

c

2 - b
2

3 X
a 2 — 'lab 4- b'

2 — c
2 a 3

c + ^V 2
4- ac 3

which by the use of parentheses, becomes

a2
4- ac 4- ^

2
(tf

2 - lac 4- r2

)
- £

a

X
(a

2 - lab 4- b
2

)
- r* aV + «V 4- ^3

By Art. 21, tf
2 — 2tf£ + £

2 and tf
2 — 2^ 4~ c

2 are perfect

squares, and may be written (a — b)
2 and {a — c)

2
.

Factoring a 3
c 4- a 2

c
2

-\- ac 3 by Case I, Art. 15,

a 2
4- ac 4- f

2

%
(rtr - f

)

2 - £
2

(# — b)
2 — c

2 ac(a 2
-\- ac -\- c

2

)
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a 1 + ac + r
a

(^ - c - b) (a - c + l>)

{a - b - c) (a - b + c)
>

ac(a% + ac+ c
%

)

(Art. 36.)

Canceling common factors and multiplying,

a — c+ b a -\- b — c
. or —7—i —r——- Ans.

(a — b -\- c)ac* ac(a — b -f-
*")

(6) _ f

7J*7g = fc^£Z* Ans. (Art. 36.)
' '+ (* + />) ' + (* + b)

v ;

(7) (a) I5*y - 90xy - 360**/

= 45,r
4

j
7 (.ry - %x -*y). Ans. (Art. 15.)

(b) a*b* + Zabcd+ c*d* = (ab + cd)\ Ans. (Art. 21.)

(c) {a + /;)
2 - (e - d)> = {a + b+ c - rf) (*+ * - c + d).

Ans. (Art. 26.)

^r -t" — i'

(8) (tf) 1 —. If the denominator of th<
v ' v ' x — y y — x

ond fraction were written x— j\ instead of y — „r, then

x — y would be the common denominator.

By Art. 36, the signs of the denominator and the sign

x — y x — v
before the fraction — may be changed, giving — '- —

;

hence,

x x — y x — x -\- y
x — y x — y x — y x — y

Ans.

X V V
(b) -= -\

'—— — —:
. If the denominator of the

v ' x — 1 .r + 1 1 — x
third fraction be written x — 1 instead of 1 — .r, x'

1 — 1 will

then be the common denominator.

By Art. 36, the signs of the denominator and the sign

before the fraction may be changed, thereby giving —'-—

;

hen*

S x x x* + x(x - 1 ) + x(x + 1

)

x* - 1 ' .r + 1 ' .r - 1 - 1

- A.jif - X+ x*+ X
= -

,

- = ——r
Ans -

.1
- — l - l
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, , da -U 2a — b + c
,
Ida - ±c .

(c) —j— —!
1

— when reduced to a
7 o 14>

common denominator, becomes

12(Sa - lb) - 28(2a - b + c
) + 7 (13a - 4g)

84

Expanding the terms and removing the parentheses, the

result is

36a - 48b - 56a + 28b - 28c + 91a - 28c
~84

Combining like terms in the numerator,

71a - 20b - 56c .

-M~ AnS '

(9) (a) Factoring each expression (Art. 21),

9.r
4 + 12^y + 4/ = (3^'

2 + 2/) (3„r
2 + 2f) = (3x2 + 2f)\

Ans.

(£) 49« 4 - 154tf
2
£

2 + 12l£4

= (TV*
2 - ll£ 2

) (7^
2 - lib2

) = (7a
2 - llby Ans.

(c) Mx*f + 64^/ + 16 = 16 (2xy + l)
2

. Ans.

(10) (a)

_ 4-*"~ 4 _ 5;r + 10-r
2 - 4;r + 4 _ l<dx* + x + ±

5x 5x 5x

Ans. (Art. 54.)

3^+2^+j. = 3^_ 10+ 41 Ans (Art# 53#)
7 x -\- 4: x + 4

*+4)3,r2 + 2^+1(3^-10 + -^-
3^2 + 12*

~
r

— 10* + 1

- 10* - 40

41

(11) (a) * 3 + 8 = (*+2) (*
2 - 2*+ 4). Ans.

(b) x* - 27/ = (x - 3j) - (*
2 + 3*jk + 9/). Ans.

(<:) *#/ — ?/;;/ + xy — «jj/ = in (x — ;/) + j (x —n),

or (x — n) (m -\- y). Ans.

(Arts. 29 and 30.)
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(12) (a) Factoring according to Art. 15, x*y — 64*y
= xy (x* - 64). Factoring (x* - til), according to Art. 36,

x« - 64 = (^+ 8) (**-8)

Art. 29, rule, x 3 + 8 = (* + 2) (-r
2 - %x + 4)

Art. 29, rule, .r
3 - 8 = (* - 2) (.r

2 + 2* + 4)

Therefore, .rV - 64**/ = *Y (* + 2) (^ - 2* + 4)

(x - 2 ) ( -r- + 2* + 4), or *y (* + 2) (x - 2) (.r
2 + 2 r + 4)

(.r
»_ 2*+ 4). Ans.

(£) «" — b'
2 — c

2
-\- 1 — 2a + 2fc. Arrange as follows

:

(a'
2 - 2*+l) - (£

a - %bc + ^) = (a - l)
2 - (b - c)\

(Art. 21.)

By Art. 26,

= [a - 1 + b — c] [a — 1 — (b - r)]

= (a - 1 + £ — r
)

(a — 1 — b + c) Ans.

(<:) 1 — 16*1* -}- 8tf£ — <"
2

. Placing the last three terms in

parentheses, 1 — (16fl
a — Stf<: + O-

16** — &wr+ ^ = (±a-c)\ (Art. 21.)

1 - (16a* - Sac + r
2

) = 1 - (4.? - c)\

1 _ fa - cy = [l -f (4a - c)] [1 - {4a - c)]. (Art. 26.)

Removing parentheses, and writing parentheses in place

of the brackets,

1 — (4a - c)
2 = (1 + 4a - c) (1 - 4a + c) Ans.

(2a%bc*)
4 = L8*"JV Ans.

(- 8a"4V)
a = -24 Ans.

(_ lm9nx*yy = 49m*n9x*y Ans.

(14)
l)"~1 = <:* Ans. (Art. 63.)

(wi //
3

)

_i = m H*
1)"1 = w~*/r 3 =

J
Ans.

i i ,—

j / \ or \
' ^ Ans.

(Arts. 00 and 62.)
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(15) (a) According to Art. 62, x* expressed radically

is V** ;

"dx^y * expressed radically is 3y'xy~
z

3*V"V = 3|/^/- 5^2
, since zl = s* Ans.

(£) ar 1^ + -^-t + (*0 - n)- 1 -
a -\- b c

a'
2
c*

a + c\a + b)
+ m-n b

2
AnS '

(c) .Vx* = x\ Ans. \/x~* = x~+ Ans.

(tyb^y = (b^) 3 = b^x1 Ans.



ELEMENTS OF ALGEBRA
(PART 3)

(1) Let x — number of miles he traveled per hour.

Then, = time it took him.
x

= time it would take him if he traveled
*+ 4

4 miles more per hour.

In the latter case the time would have been 6 hours less ;

whence, the equation

48 = 48 -6
x + 4 x

Clearing of fractions,

4s,r = 4s.r- L92 - 6-T
1 - tex

Combining like terms and transposing,

6**+ M* = 192

Dividing by 6, x* + 4.r = 32

Solving by inspection,

x* + 4.i- - 32 =
(x-\ B 1) -

X = 4

or the number of mil<-s he traveled per hour. Ans.

5 6
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(2) (a) V'Sx-2 = 2(*-4)

Squaring, 3x — % = 4(.r — 4)
2

or 3x - 2 = 4;r
a - 32.r + 64

Transposing, — 4-r2

-f- '6%x -\- 'dx = 64 + 2

Combining terms, — 4.r
2

-f- 35x = 66

-•. !.. .
A . 35^r 66

~

Dividing by — 4, ;r — = —

From the formula, Art. 32,

* = T K/ ± V>! ± 4?)

= i(V ± fW - 4 x -y)

= |(V ± AV-)
- i(¥ ± ¥)

whence, ^ = 6 or 2f Ans.

a
35^

,

66
By inspection, x —|- — =

(x - V) [x - 6) -
whence, x = 6 or 2J Ans.

(*) /F^I^ = <" + *> <* ~ *>

Expanding and clearing of fractions,

\/'x* — kabx — a 2 — b
2

Squaring both members,

x* - ±abx — a" - 2« 2
£

2 + £
4

From the formula, Art. 32,

x = \\±ab ± \/{\ab) 2 + 4(a 4 - 2a 2
£

2 + ¥)]

= J[4a£ ± v"4^
4 + Sa 2

b
2 + 4£4

]

= |[4tf£±i/4(tf 2 + £
2

)

2

]

= i[4*£ ± (2tf
2 + 2b2

)]

= 2ab ± (a
2 + b

2

)

r (a+ b)\ or - (a - b)
2 Ans.
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• + 36-r
|
r-5 =

Clearing

x

| - 5 = t

Reir. g adicals by squarii g

Dividing by .1 . ox' — bx = 7.

Transposing and unit g,

- Ylx =

Dividing by - 4.r = 12

By inspection, — 4jt — 12 =
f 2 =0

Hence. .r = 6, or — 2 Ans.

(£) (jt — 2 r — 3) = 0, becomes

x* — &r -|- 8 — 2 B — 6 = 0, when expanded.

Transposing and uniting terms,

- x3 + %x = -

Changing signs, xa — %x —

From the formula,

x =
|

-Ji--4 .

= t(*±i
= 1(2 ± $ 4 X 3)

=
|

= 1 - i :> Ans.

If it is desired to reduce the root to a single term extract

the square r grnificant fig that the fifth

: -f or i ;

x = l ± 1.7321 =

40-
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If it is desired to prove that the result is correct by mul-

tiplying the factors, use x — ( l-\- \/%) and x — (1 — j/3) for

the factors, the product being x* — (1 -f- 4/3) x — (1 — \/d)x

+ (1 - 3) = x9 — 2x-2. If x- 2.7321 and :tr + .7321

are multiplied together, the product is x2 — 2x — 2.00017041,

a result giving the absolute term a value slightly in excess.

(4) 5x - %y = 51 (1)

l$x - 3y = 180 (2)

First find the value of x by transposing — %y to the second

member of equation (1), whence 5x = 51 + 2/,

A 51 + 2/ ,Q,and ;r = —-—
(3)

o

This gives the value of .ar in terms of j. Substituting the

value of x for the x in (2), (Art. 44), .

o

,. 969 + 38/ Q 1QnExpanding, l-—- — Sy = 180
o

Clearing of fractions,

969 + 38j/ - 15j = 900

Transposing and uniting,

23j/ = - 69

y = — 3 Ans.

Substituting this value in equation (3),

51 - 6 o Ax = = 9 Ans.
o

(5) (a) %x*-Wx = 14

. Mx
8 = 7

From the formula,

= 1(V± •(¥)• + * x 7)

— 1(27 _(_ 29\

= 14 or — I Ans.
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By inspection, .r
2 — 2

.? x — 7 =
(x-U)(x+ \) =

Hence, x = 14, or — | Ans.

9 r 1

r* — 2 )- — I-1
3

- l — _
1 I

From the formula,

-'• = i(3 + I I X ,0
= Kt±4 h)

= M 4

—
I
or

t

l- Ans.

By inspection, [x — l) [x —
-J-)

=

Therefore, ,r = ] or J Ans.

(f

)

;r
a + ** = [)X + ^

Transposing and factoring-,

x2 + (<? — b)x = «£

By inspection, ;r
a + ? "" ^)-r ~~ tf^ —

(*+ *) (.r-/;) =

x — b, or — a Ans.

((\) Let .r = rate of current

y = rate of rowing

Down stream, the rowers arc aided by the current, so

x+y = 12.

Since it takes them twice as long to row a given distance

up stream as it does down stream, they will go only - as far

in 1 hour, or - of 1\! = 6 miles per hour up stream.

x+y = \-: .ii

— 6, andx = 3 miles per hour.

Ans.
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(?) llx+Sy = 100 (1)

4r - 1y = 4 (2)

Since the signs of the terms containing ;r in each equation

are alike, x may be eliminated by subtraction. If the first

equation be multiplied by 4, and the second by 11, the

coefficients in each case will become equal. Hence,

Multiplying (1) by 4,

Multiplying (2) by 11,

Subtracting (4) from (3),

44* + Vly

Ux - 77y

400

44

(3)

(4)

89jk

y

Substituting this value for y in (2),

±x - 28

4*

x

(8) x+y = 13

xy = 36

Squaring (1),

x* + %xy+y* = 169

Multiplying (2) by 4, 4*j = 144

Subtracting (4) from (3),

x* - 2xy + j/
2 = 25

(x-y)* = 25

x — jj/ = ±5

Adding (7) and (1), 2* = 18 or 8

x = 9 or 4

356

4 Ans.

4

32

8 Ans.

(1)

(»)

(3)

(4)

(5)

(6)

(7)

Ans.

Substituting the value of x in (1),

9-f j/ = 13

or i+y = 13

whence, , = 4
> ^

or y = 9 j
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(9) (<?) Transposing,

ox7 - U 1 = 24 + 9

Uniting terms,

x* = 11

Extracting the square root of both membei

x = ± \ 1 1 Ans.

Clearing of fractions, 9 — 2 = 28 '

Transposing terms. i

•«" = i

Extracting the square root of both members,

x = ± | Ans.

,r
2 x- - in

(f) "6 15~ "
*

" 25~

*

Clearing of fractions by multiplying each term of both

members by 75, the least common denominator, and

expanding,

lo.r
9 - ox 2 + 50 = 525 - 15Q - 3Lr"

Transposing and uniting terms.

Dividing by Li x* = —
or x = ± ."» Ans.

(10)

Prom

4.r - :!: =
- 3 r • :,

: =
4i=

(1)

Prom -'• =
.-.

«
Placii . ich other,
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Clearing of fractions,

240 - 20;r = 66 + 9*

Transposing and uniting terms,

_29* = -174
or * — 6 Ans.

Substituting this value in (4),

22 + 18
y = 8 Ans.

(11) 2* y 4 =

3^ +^-9 =
cleared of fractions, becomes

10*-j/ + 3 - 20 = (1)

9/ + * - 2 - 27 = ®
Transposing and uniting,

10* -j = 17 (3)

x + 9y = 29 (4)

Multiplying (4) by 10 and subtracting (3) from the result,

10* + 90y = 290

10*- j = 17

91y = 273

y = 3 Ans.

Substituting value of j in (4),

^+27 = 29

* = 2 Ans.

(12) Let* = value of first horse;

y = value of second horse.

If the saddle be put on the first horse, its value will be

*+10. This value is double that of the second horse, or

2j, whence the equation, * + 10 = 2y.
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If the saddle be put on the second horse, its value is y -\- 10.

This value is $13 less than the first, or x — 13, whence the

equation, y + 10 = X — 13.

*+10 = v (1)

y+ 10 = x - 13 (2)

Transposing, .t — 2r = — 10 (3)

-x+ y =- - 23 (4)

Adding (3) and (4), -y = - 33

j' = $33, or value of second horse. Ans.

Substituting in (1), x+ 10 = 66;

or x — $56, or value of first horse. Ans.

(13) Let x = A's money

y — B's money.

If A should give B $5, A would have X — 5, and B, y -f 5.

B would then have $6 more than A, whence the equation

y+ 5 - (,r _ 5 ) = 6 (i)

But if A received $5 from B, A would have x -\- 5, and B,

y — 5, and 3 times his money, or 3(r+5), would be $20

more than 4 times B's, or 4(j' — 5), whence the equation

30r+5)-4(j'-5) = 20 (2)

Expanding equations (1) and (2),

?+&-*+& = 6 (3)

. 3,r-f 15 - 4r + 20 = 20 (4)

Transposing and combining,

y - x = - 4 (5)

- -J i:» (6)

Multiplying (5) by -l, and adding to (6),

4i- 4.r = -16
-4: i:»

- x = - :;i

x = 31
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Substituting value of x in (5),

jjz-31 = -4
y = 27

Hence, .r = $31, A's money.
)

y = $27, B's money, f
'

(14) (a) x*-6x = 16

By inspection, .r
2 — 6x — 16 =

(.r - 8) (x + 2) =
whence, x = 8 or — 2 Ans

(£) -r
2 - 7-r = 8

By inspection, x* — ^x — 8 =
(*_8) (x+1) =

Whence, x — 8 or — 1 Ans.

(c) 9x2 - V2x = 21

Dividing by 9, x* — = —

From the formula,

x = i(V ± 4/(V)
a + 4 X V")

= «v ± ¥)
= 2,| or — 1 Ans.

By inspection, x"
1 — ±f-x — -2-J- =

x — 2^, or — 1 Ans.

(15) Let x = number of quarts of 90-cent wine in the

mixture

;

y — number of quarts of 50-cent wine in the

mixture.

Then, x+y = 60 (1)

and 90^+50y = 4,500 = 75x60 (2)

Multiplying (1) by 50,

50x+50y = 3,000 (3)
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Subtracting (3) from (2),

40* = 1,500

whence, x — 37| qt. Ans.

Multiplying (1) by 90,

90* } «»<)r = 5,400 (4)

Subtracting (2), 90* | 5Q)> = 4,500 (2)

40/ = 900

whence, y — 22 \ qt. Ans.

(1G) Let * = the numerator of the fraction;

V = the denominator of tin- fraction.

x
Then, - — the fraction

y

2* 2
From the conditions, —

—

- = - (I)
» y _|_ 7 3 v /

i
-r + 2 3 ,_,and
~W~

=
5 «

Clearing (1) and (2) of fractions, and transposing.

6* = 2r+14 (3)

and 5* = 6? — L0 (4)

Solving for *, x = = *
(5)

t > . >

• =
,!

V' ! w
Equating (5) and (6),

|-7 r,r - L0

3 5

Clearii g of
1" •actions.

=: lsr 30

whrl =
or = 5
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Substituting this value of y in (3),

6x = 10 + 14 = 24

whence, x = 4

Therefore, the fraction is |. Ans.

(17) Let x = greater number;

y = less number.

Then, x+4: = ?>\y (1)

and j/+8 = % (2)

Clearing of fractions,

4.T+16 = 13j

and 2^+16 = x
whence, \%y — ±x — 16 (3)

%y — x = - 16 (4)

Multiplying (4) by 4, and subtracting from (3),

by = 80

or y = 16 Ans.

Substituting in (4),

32 — * = - 16

whence. x = 48 Ans.



LOGARITHMS

200 200
(1) First raise t^. to the .29078 power. Since = 2,

(900\
290T8

j™ ) = 2
aeo78

, and log 2
290Tft = .29078 X log 2 = .29078 X

.30103 = .08753. Number corresponding = 1.2233. Then,

1 - I j~j = 1 - 1.2233 = -.2233.

We now find the product required by adding the log-

arithms of 351.36, 100, 24, and .2233, paying no attention to

the negative sign of .2233 until the product is found. See

Art. 30.

Log 351.36 = 2.54575

log 100 = 2

log 24 = 1.38021

log .2233 = 1.34889

su??i = 5.27485 =

log 351.36 X 100 X 24^1 - (^)
"

Number corresponding = 188,300.

The number is negative, since multiplying positive and

negative signs gives negative; and the sign of .2233 is

minus. Hence, x = —188,300. Ans.

(2) (a) Log2,376 = 3.: Ans. See Arts. 8 and 10.

(b) Log .6413 = [.80706. Ans.

Log .0002507 - 1.39915. Ans.

(3) (a) Apply ml 86,

loj 2.87818

log .00324 = 3.51055

difference ithm of quotient.

For notn .'. Ml Page immediately following the title Page

If
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The mantissa is not found in the table. The next less

mantissa is 36754. The difference between this and the next

greater mantissa is 773— 754 = 19, and the P. P. is 763 - 754

= 9. Looking in the P. P. section for the column headed 19,

we find opposite 9.5, 5, the fifth figure of the number. The
fourth figure is 1, and the first three figures 233; hence, the

figures of the number are 23315. Since the characteristic is

5, 755.4 + .00324 = 233,150. Ans.

(b) Apply rule, Art. 35,

log .05555 = 2.74468

log .0008601 = 4.93455

difference = 1.81013 = logarithm of quotient.

The number whose logarithm is 1.81013 equals 64.584.

Hence, .05555 + .0008601 = 64.584. Ans.

(c) Apply rule, Art. 35,
log 4.62 = .66464

log .6448 = 1.80943

difference = .85521 = logarithm of quotient.

Number whose logarithm = .85521 = 7.1648.

Hence, 4.62 -* .6448 = 7.1648. Ans.

= 238 X 1,000w
.0042- 6602

'

Log 238 = 2.37658

log 1,000 = 3.

sum = 5.37658 = log (238 X 1,000).

Log .0042 = 3.6 2 3 2 5

.6 60 2

1 24650
373950

373950
.4 1 1 4 6 9 6 5 or .41147.
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.6 60 2

-3
— 1.9 8 6 = characteristic.

Adding, .41147
- 1.9 806

2.4 308 7 (See Art. 42.)

Then, log
(

28^2

1

J6

(^)
= 5.37658 - 2.43087 = 6.94571 =

.74 log x; whence, log x — _,— = 9.38609. Number
.74

whose logarithm = 9.38609 is 2,432,700,000 = x. Ans.

(5) Log .00743 = 3.87099.

Log .006 = 3.77815.

A/.00743 = log .00743 + 5 (Art. 45), and '^006 = log .006

+ .6. Since these numbers are wholly decimal, we apply

Art. 46.
5)5.8 7 099

1.5 7 4 1 9 = log V.00743.

The characteristic 3 will not contain 5. We then add 2

to it, making 5. 5 is contained in 5, I times. Hence, the

characteristic is 1. Adding the same number, 2, to the

mantissa, we have 2.87099. 2.87099 4- 5 - .57419. Hence,

log >/.00743 =1.57419.

.6 ) 3.7 7 8 1 5 .6 is contained in 3, — 5 times.

5. .6 is contained in .77815, 1.29691 times.

1.2 9 69 1

sum = - 4.2 9 6 9 1 = \T006\

Loe >/.00743 = 1.57419

log -V.006 = 4.29691

difference — 3.27728 - log of quotient.

Number corresponding = 1,893.6.

Hence, -V.00743 I- $.006- 1,893.6. Ans.
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(6) Apply rule, Art. 30,

log 1,728 = 3.23754

log .00024 - 4.38021

log .7462 = 1.87286

log 302.1 = 2.48015

log 7.6094 = .88135

sum = 2.85211 =
log (1,728 X .00024 X .7462 X 302.1 X 7.6094). Number
whose logarithm is 2.85211 = 711.40, the product. Ans.

(7) Log V5.954 = .77481 -J- 2 = .38741

log ^61.19 = 1.78668 + 3 = .59556

sum = .98297

log a/298754 = 2.47500 + 5 = .49500.

_. V5.954 X ^6L19 , - ttkta „ jfcr^\ iThen, .,
= log ( V5.954 X -V61.19) — log

\/298.54

a/298.54 = .98297 - .49500 - .48797 = logarithm of the

required result.

Number corresponding * 3.0759. Ans.

(8) V.0532864 - log .0532864 * 7.

Log .0532864 = 2.72661.

Adding 5 to characteristic 2 = 7.

Adding 5 to mantissa = 5.72662.

7-7 = 1.

5.72661 - 7 = .81809, nearly.

Hence, log V.0532864 = 1.81809.

Number corresponding to log 1.81809 = .65780. Ans.

(9) (a) 32". 1.5 5 1 5

Log 32 - 1.50515. ^8

1204120
602060

7.22 4 7 20

7.22472 is the logarithm of the required power. Seo

Art. 40.
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Number whose logarithm = 7.22472 is in. 777,000.

Hence, 32" = 16,777,000. Ans.

(6) .76'".

Log .76 = 1.88061. 1 + .8 8 8 1

(See Arts. 41 and 42.) 3.6 2

176162
528486

264243
3.18 8 53 22

-3.6 2

1.5 6 8 5 3 = log .37028.

Hence, .76*-" = .37028. Ans.

lc) .84-.

Log .84 = 1.92428. 1 + .9 2 4 2 8

.3 8

739424
277284
.3512264

-.3 8

1.9 7 1 2 3 = log .93590.

Hence, .84" - .93590. Ans.

(10) Log v^Tq ™ log ylzz = logarithm of answer.

Log^9 = Jdog 1 - log 249) -
J(0

- 2.39620) = - .39937

= (adding + 1 and - 1)1.60063.

Log
\fl

=
I

(1°2 23 " log 71) =
|
(1 -36173 " 1-85128) "

l( -.48953) = -.097906 = (adding + 1 and- 1) 1.902094, or

1.90209 when using 5-place logarithms.

Hence, 1.60063 - 1.90209 - I.69S54 = log .49950. There-

fore,

#9 " \l =

-

49950
- **
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(11) The mantissa is not found in the table. The next less

mantissa is .81291; the difference between this and the

next greater mantissa is 298 — 291 = 7, and the P. P. is

.81293 - .81291 = 2. Looking in the P. P. section for the

column headed 7, we find opposite 2.1, 3, the fifth figure of

the number; the fourth figure is 0, and the first three figures,

650. Hence, the number whose logarithm is 81291 is

.65003. Ans.

2.52460 = logarithm of 334.65. Ans. See Art. 23.
1.27631 = logarithm of .18893. Ans. We choose 3 for the

fifth figure because, in the proportional parts column headed

23, 6.9 is nearer 8 than 9.2.

(12) The most expeditious way of solving this example

is the following:

. 1.41 . 1.41 141 IfiV ' l4llPpv = p xv x , or v x
- \^-r— = v x/lr-

* Pi j P\

Substituting values given, v x
= 1.495 '

\/ 1fi
4*91 •

1 .0, j. log 134.7 - log 16.421 _ . nAaA ,Log v x
= log 1.495 H TZi .17464 +

2.12937^—^1.21540 = J7464 + 64g21 = ^^ = Jog^^
whence, v x

= 6.6504. Ans.

,.o\ t 5 /7.1895X4,764.2
2 X 0.00326' 1 n . 1QOK

(13) LogV~ .00049 X 457- X .576-
=

5
[l°g 7 ' 1895

+ 2 log 4,764
J
2 + 5 log .00326 - (log .00049 + 3 log 457 + 2

log .576)3 =
5 -77878 ~ 4 - 18991 = 2.31777 = log .020786. Ans.

Log 7.1895 = .85670

2 log 4,764.2 = 2 X 3.67799 = 7.35598

5 log .00326 = 5 X 3.51322 = 13.56610

sum= 5.77878

Log .00049 = 4.68931

3 log 457 = 3 X 2.65992 = 7.97976

2 log .576 = 2 X 1.76042 = 1.52084

sum = 4.18991.
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(14) Substituting the values given,

0,000 / q \ mi / O \ '

000,000 x(^) 8.°°°(^)
p = m X 2.25 2.25

Log p = log 8,000 4- 2.18 log ^ - log 2.25 = 3.90309 +
lb

21- (log 3 - log 16)- .35218 = 4.55091 + 2.18 X (.47712 -
1.20412) = 1.96605 = log 92.480. Ans.

(15) Solving for/, t^^^ks
Substituting values given,

000,000

3,000
1,000

= log .044 _ 2.64345 = - 2.18 + .82345 mg t
2.18 2.18 2.18

1.37773 = log .23863. Ans.

I





Geometry and Trigonometr\

(1) When one straight line meets another straight line

at a point between the ends, the sum of the two adjacent

angles equals two right angles. Therefore, since one of

the angles equals | of a right angle, the other angle

equals two right angles (or -
1 ." ) minus -t. We have, then,

V -
I
= h or

1 1 right angles. Ans.

It is an isosceles triangle, since the sides opposite

the equal angles are equal.

A regular decagon has In equal sides; therefore, the

length of one side is 4<> -f- 1<> = 4 in. Ans.

ili The sum of all the interior angles of any polygon

equals two right angles, multiplied by the number of sides

in the polygon less two. As a regular dodecagon has

L2 equal sides, the stun of the interior angles equals two
right angles x 10 (= 12 — 2), or 20 right angles. Si

there are 12 equal angles, th< any one of them equals

: 12, or 1 | right angles. Ans.

Equilateral triangle.

the two angles A and C, Fig. I,

are equal, the triangle is Isosceles, and a line

drawn from the vertex B will bisect the line

./ (\ the length of which i^ is; therc-

.!/)=/>( ; : 2 31 in. Ans. Fig. i

The length

. in Ans.

>f the line = \W - 9*
-f-

^15* - 9
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(8) One of the angles of an equiangular octagon is equal

to J of 12 right angles, or 1| right angles, since the sum
of the interior angles of the equiangular octagon equals

12 right angles.

(9) See Art. 71.

(10) In Fig. II, AB — 4 inches, and OA = 6 inches.

We first find the length of O D. O D = VOA* - D7f; but

0~A
2 = 6% or 36, and DA* = (fj\ or 4;

therefore, O D- 4/36 - 4, or 5.657.

DC=OC-OD, or DC =6 -5.657,

or .343 inch. In the right triangle ADC,
we have A C, which is the chord of half

the arc A C B, equals \/')f + .343 2

, or

2.03 in. Ans.
Kip TT

(11) Given, O C — 5f inches and

OA = 17 -T- 2 = 8£ inches, to find y4 £ (see Fig. III). A C
s

which is one-half the chord A B, equals D

V~OA* - ~OV\ therefore,

AC= Vm) 2 - (5|)
2

,
or 6.26 inches.

Now, A B = 2 X A C; therefore, A B
= 2 X 6.26, or 12.52 in. Ans.

(12) The arc intercepted equals | of 4,

or 3 quadrants. As the inscribed angle

is measured by one-half the intercepted arc, we have 3 -f- 2

= 1-| quadrants as the size of the angle.

(13) Four right angles 4- f = 4 X f, or 14 equal sectors.

(14) Since 24 inches equals the perimeter, we have

24 -^8 = 3 inches, as the length of each side or chord.

\/(i) + 3 "
622 = 3 ' 92 m'

9
radius -

3.92 X 2 = 7.84 in., diameter. Ans.

Then.

(15) In 19° 19' 19" there are 69,559 seconds, and in

360'
,
or a circle, there are 1,296,000 seconds. Therefore,
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; : part of a circle,

Ans.

: \t and using

values given in the example, we have A B =
AC- ind the included ai

A= Then in the right triangle A DB
t

known, and also the angle A.

by rule I, Ai I 98, BD = •.'
3

= 2 By rule :J. Art. 98,
A D = 2 50546= 81.411.

j(-_ j/)=: 4<> - 21.411 = 18.589 feet = DC In the

right triangK- CDB
t

the tw BD and Z)C

known: hence, tan ( = , v
- .= - -— = . and angle (o c s

= 40 Ans.

Applying rule B, Art. 98, BC= ^--

=

sin (. sin 4«> L6 52

t. 4.4 in. Ans.
..4

grle B = 180 -
= L03 . Ans.

See Fig. 76 of the text. Solving the triangle A 9C,

tie l. Art. 98, BD = AB x sin A
= Uiyv X sin : ;

' = 1.:

Sin BCD- j£= I •: when* BC

D

Ans.

By rule 3, CD = BCx cos C= L3fJ s B2 U
= 13

Bj rule 8, AD = A i A H' 54"

= LI

In t:
' />' is the supplement

Art. 21 D and equa
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Side A C=AD- CD, or A C= 9.4361 - 1.7069 = 7.7292

= 7 ft. 8f in. Ans.

For the triangle ABC, angle C = B CD (isosceles tri-

angle), or C = 82° 45' 30".

Angle A B C = 180° - (angle A + angle C) = 180°

- (54° 54' 54" + 82° 45' 30") = 180° - 137° 40' 24' ;

= 42° 19' 36". Ans.

AC' = AD+C'D= 9.4361 + 1.7069 = 11.143 = 11 ft.

If in. Ans.

(18) If one-third of a certain angle equals 14° 47' 10",

then 'the angle must be 3 X 14° 47' 10", or 44° 21' 30".

2| X 44° 21' 30", or 110° 53' 45", equals one of the other

two angles. The third angle equals 180° — (110° 53' 45"

+ 44° 21' 30"), or 24° 44' 45".

(19) Referring to Fig. 70 of the text, let B C = 437 feet

and A C = 792 feet, to find the hypotenuse A B and the

angles A and B.

AB = t/'TC + B~C
2 = VW* + 437* = |/818,233 = 904 ft.

6f in. Ans.

„ , . ~ a side opposite . 437
By rule 4, Art. 98, tan A — -r-= t^ , or tan A = —-

J side adjacent 792

= .55177; therefore, A = 28° 53' 19". Ans.

Angle B = 90° - 28° 53' 19", or 61° 6' 41". Ans.

(20) See Fig. IV. Angle B = 180°- (29° 21
#+76° 44' 18")

= 180°-106°5'18"= 73°54'42".

,n/y\ From C, draw C D perpen-

\ dicular to A B.

^ A D = A C cos A = 31.833

\ x cos 29° 21'= 31.833 x .87164

V =27.747 feet. CD = ACsmA
V = 31.833 X sin 29° 21' = 31.833

X .49014= 15.603.

15.603

sin 73° 54' 42

15.603

tan B tan 73° 54' 42"

r-r̂ T1
= 16.24 feet = 16 ft. 3 in.

4.5 feet.
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A B = A P + D B = 2 . feet,

3 incl C= L6 ft. 3 in.

Ans. - .: B = 32 ft. 3 in.

( B = 73 54 42 .

(21) By rule Art. 135,

</ =
\\ >m =
\ >,;^ ,]

umference equals 10.67 X :>.141»'., or 33.52 in.

In a regular hexagon inscribed in a circle, each side is

equal to the radius of the circle; therefore.
}

- = 5.335 in.

is the length of a sick-. Ans.

(22) Angle in B = .

;;/ // = | of *2, or 1 inch. V.

- le m B = O m X tan 'I'll, or m B
= 1 x .414-21 = .41421.

A B = 2 m B; therefor* , A B = .82842

inch.

/;/ = \ of

Area of A /> .82842 X 1

Fig. V

. -4 1
4

* 1 square inch, which, multiplied by

s, the number of equal triangles, equals

ire inch,' 5.

Volume of bar = 3.31! - 12 ...; 6416 cu. in.

Weight of bar equals 397.6416 .282 = L 12. 1349,

1 L2 lb. 2 i z. Ans.

or

= 2,144.66 cubic inches equals the

ume of a sphere 1»; inches in diamefc

ubic inches equals the volume of a

sphere 12 inches in diameter.

• f the two volumes equals the volume of

the spherical shell, and this multiplied by the weight per

cubic inch equals the w i. Hence, we have

(2,144 61 lb. Ans.

ircumterence ol the circle equals ———=-

. therefore, is

irly. Ans.
3.1416

'
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(25) (a) l7T
1

r inches = 17.016 inches.

Area of circle = .7854^2 = .7854 X 17.016 2 = 227.41 sq. in.

Ans.
(b) 16° 7' 21" = 16.1225°. By rule, Art. 132,

. ~.dn 3.1416 X 17.016 X 16.1225/=W = - -360- = 2.394 in. Ans.

(26) (a) By rule, Art. 144, area = 12 X 8 X .7854

= 75.4 sq. in. Ans.

(/;) Applying the formula, Art. 143, a = 6, £.= 4, D
_ 6-4 _ 2 _ 1

~"
6 + 4~ 10

~" 5'

a a o/i \4

Perimeter = 3.1416 (6 + 4) -^ f-j3LL = 31.731 in. Ans.
7 64 - lb(i)

2

(27) Area of base = .7854 X 7
2 = 38.484 square inches.

Slant height of cone = y'll
2 + 3

J-

2

, or 11.5434 inches.

Circumference of base = 7 X 3.1416 = 21.9912 inches.

Convex area of cone = 21.9912 X ——:— = 126.927 square
Z

inches.

Total area = 126.927 + 38.484 = 165.41 sq. in. Ans.

(28) Volume of sphere equals .5236 X 10
3 = 523.6 cubic

inches.

Area of base of cone = .7854 X 10a = 78.54 square inches.

3 X 523.6

78.54
= 20 in., altitude of cone. Ans.

(29) Volume of sphere = .5236 X 1.2
3 = 904.7808 cubic

inches.

Area of base of cylinder = .7854 X 12
2 = 1 13.0976 square

inches.

tt • u± t v a 904.7808 _ . .

Height of cylinder = — = <S in. Ans.

A C X B D
(a) Area ol the triangle equals

9 J X L2

(30) (a) Area of the triangle equals
,

or
At

57 sq. in. Ans.
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= B D -5- s

Side A D = B D x tan

877J . .

'

- A D = 9.5 — 2

Side B l = \ : + ;c " = * r*
1 - :

= 14.018

Perimet iangle equaN

-p 14. -

(31) The d g pezium int

the sum of the areas of th -

the the trajy Fore,

11 H_
-q. in.

Referring

O B = 10 -s- 2 = r
» inches, and .-:

-g= T* =.(

= «° *2T' 14.

e

inch

g

nv
-

—

it—

-

d 4 ' See

= >

\
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By formula, Art. 169,

C= (/+/> = 87.69M + 58.g48g x 14j88= 674-81g6
z z

Total area

sq. in. Arts.

674.8157 + 254.4696 + 113.0976 = 1,042.38

h
By formula, Art. 170, V=(A-\-a+ ]/A X a)- = (113.0976

o

+ 254.4696 + |/ll3.0976 X 254.4696) -1/ = 2,506.997 cu. in.

Ans.

(34) Area of surface of sphere 27 inches in diameter

= - d* = 3.1416 X 27
2 = 2,290.2 sq. in. Ans.

(35) Area of end = 19
2 X .7854 = 283.5294 square inches.

Volume = 283.5294 X 24= 6,804.7056 cu. in. = 3.938 cu. ft.

Ans.

(36) Given, IB = 2 inches and HI
= /K= V" — ? incnes to find the radius.

See Fig. VIII.

IB : HI = HI: AI,or% : 7 = 7 : A I.

Therefore, AI— V = 24| inches.

AB — A I+IB= 24£+2= 26£ inches.

Fig. VIII
Radius = A B 2H

2
13J in. Ans.

(37) (a) In Fig. IX, given O B = y5- or 8 inches, and O A
= 13 -s-.2 = 6J inches, to find the volume, area, and weight.

8 + 6.5
Radius of center circle equals

2

or 7| inches. Length of center line

= 3.1416 X 2 X 7]-= 45. 5532 inches. The
radius of the inner circle is 6£ inches,

and of the outer circle 8 inches; there-

fore, the diameter of the cross-section

on the line A B is 1£ inches. Then,

the area of the imaginary cross-section is (1|)
2 X .7854

= 1.76715 sq. in.

Volume of ring = 1.76715 X 45.5532 = 80.499 cu. in. Ans.

(b) Weight of ring = 80.4993 X .261 = 21 lb. Ans.

Fig. IX
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The convex area : < 18 = 378

Area of the bases = square inchrs.

Total area = sq. in.

Vblui - : 196.125 CU. in.

g X. oc = A C
tan :

since AOC= tot'AOB, A OC=%
. and

oc=

i of A OB =

.

L2 10

:

= 62 352 -qua re fe<

ice there arc »i equal t: in a

hexagon, then the area of the

L12 square :

Perimeter =

area = - = . ft. Ans.
'.

talarea = l,; i74.112= 1,706.112 sq. ft Ans.

Area of the base = 374.112 squa and alti-

tude = 37 feet. S the volume equals the area of the

multiplied by £ of the altitude, we ha

lume = 374.112 -J = 4,614 cu. ft. A:

ven, ./ B =: ul inches, and O B= OA = 10 -4- '2

a <>f the sect«>r.

- In- .; .7854 = ?>..~>4 square incl

Sin AOC= •1-7- ^ = .OSOA
'

137,

> • 3 •" sq. in. /
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(42) By rule, Art. 1.29, A = I? /i = 7 X 10| (129 inches

= lOf feet) = 75i sq. ft. Ans.

(43) See Art. 130.

Area of trapezoid = (^y^) h = 15l?* + 21i* x 7f= 143. 75

sq. ft. Ans.

(44) (a) Side of square having an equivalent area

= 4/143.75= 11.99 ft. Ans.

(b) Diameter of circle having an equivalent area

=
\J

14

7

3

8J4
5 = ^183.0277 = 13i ft. Ans.

(c) Perimeter of square = 4 X 11.99 = 47.96 ft.

Circumference of circle = 13^x3.1416= 42.41 ft.

Difference of perimeter = 5. 55 ft. = 5 ft. 6. 6 in.

Ans.

B
(45) In the triangle ABC,

Fig. XII, A B = U feet, B C

= 11.25 feet, and A C— 18 feet.

;// -f- n : a -j- b = a — b : ?// — ».

or 24 : 29.25 = 6.75 : m — n.

29.25X6.75 Q ___
/;/ — 11 = — = 8.226562.

24

Adding m -\- n and m — n, we have

m + n = 24

m-n= 8.226562

2 /« = 32.226562

7;/ = 16.113281.

Subtracting ;;/ — n from ;;/ -f ;/, we have

%n = 15.773438

n- 7.886719.
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In the triangle A DC
t

side A C— L8 feet, side A D
= 16.113281; hence, according to rule ii. Art. *J«S, cos ./

= L611^83 = .89518, or angle A = 26 28 5 . In thetri-
18

angle BDC,side BD= 7.886719, and side B C= 11.25 f<

Hence, cos £ =^^^ = .70104, or angle B= \r>

1 1 .
» • i

Angle C= 180°- (45 29 23 • 26 28 5
I

= L08 2' 32".

(A= 26 28

Ans. - B = 45 29 23
'

( t ' = 108 2' 32
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- «* M ** «» n* «•

I.OO I.0000 1.00000 I.00000 I.00000 1.50 2.2500 5.06250 7-59375

I.OI 1.020I 1 .03030 1.04060 1.05101 r.5i 2.2S01 3 44295 7.85027

1.02 I.O4O4 1.06121 I. 10408 1.52 1.3104 8.1136S

1.03 I.OOO9 i I 1-53 2.34 8.38411

1.04 I.OSl6 I 10986 I. 21665 1.54 8.66171

1-05 1.27628 1-55 2.4025 5.773 8.94661

1.06 I. I2V I.19IO2 1.3 1.56 5.92241

1.07 I. I44Q I.22504 I. 3IO80 1 40255 !•?- 2.4649
1.08 I. I664 I.36°49 1.46933 1.58 3-94431

1.09 J503 I.4II5a 1-59 4.01968 6.39129 10.1622

1. 10 I. 2IOO I. 33IOO 1. 46410 1.61051 I.OO 2.5600 4.09600 5

:

1 tfsfi

I. II I.36763 1.68506 I.6l 10.S176

1. 12 1.40493 1.62 - J8748 1
1

- 1 5 7 V

1. 13 ^4290 1.63047 I.63 2.6569 7.05912 11.5064

1. 14 i.sg )l u I.64 2.6S96 4.41094

LIS 1-52 M I. 74901 2.01136 1.65 4-49213 7.41201

1. 16 1.56090 I.SI064 2.10034 1.66 12.0049

1. 17 1.60161 1.67 4 574
1. 18 -4 1.64303 a 2877 1.68

i

I. IQ 1.4161 1 .
— 5 ;

:

2.00534 1.69 4 3a a

1.20 1.4400 : 72J 2.07360 1.70 2.S900 4.91300 14.19S6

1. 21 1. 4641 2.14359 1. 71 2.9241 5.00021 14.6211

1.22 [.81585 1.72 ' :
: 3

"

1.23 i.5:-.5; 2 . 2 55 5
~

1-73 2.9929 5
1777a 15.4964

I.24 1.90662 2.93163 1-74 j

--
5.26802 9.16636 15-9495

1.25 1.95313 2.44141 3.05176

1.26 2.0003S x.76 3.0976
.

16.8874

1. 6129 2.0483I _ 0145 - "„-

1.28 3-43597 1.78 •

I.2Q 1.6641 2.14669 2.76923 1.79 32041 : _

I.30 1.6900 2.I97CO 2 3-71293 1.80 3.2400 10.4976 - ' :"

1. 31 1.7161 2.94500 5 92974 10.7328 19.4264

M 2.20097 303596 4.00746 1.82 10.9720 19.9690

1-33 3.12901 4.16155 1.83 1 1 . 2
1
5 1

i.34 . 40610 1.84 6.22950 11.4623 21.0906
i.35 - 46038 1.85 _

1.36 1.86 22.2620

1-37 1.876 1.87 3 4969 - - - ~
_
:

I.38 1.904 n 3.62674 5 00490 1.88 3-5344 12.4920

1-39 1.9321 2.6?5' - 1.89 24.IIO2

1.40 I.9600 2.74400 . 3.S4160 1.00 3.6100 6.55900 13.0321 24.76IC

1.41
•

1.91 6.967S7 13.3 M
1.42 2.01 . 1.92 3.6864 - ... 26.0919
1-43 2.0449 2.92421 4.18162 5-97971 i-93 a

-----

144 2.0736 - - - 6.19174 1.94 3-7636 7-30138 14.1647

1-45 2.1025 6.40973 i-95 14.4590

1.46 6.63383 1.96
2.1609 i6949 1.97 15.0614 29.6709

1.48 2.1904 - --: 7.100S2 1.98 15.3695 30.4317
1.49 3

:
"

1.99 3.9601 - •
-

3 1 . 20S0
1.50 2.2500 2.00 4.0000 8.00000 16.0000 32.0000



n n- «3 «* »5 n «2 «3 n* n'

2.00 4.OOOO 8.00000 16.0000 32.0000 2.50 6.2500 15.6250 39.0625 97.6563

2.01 4.040I 8.12060 16.3224 32.8080 2.51 6.3001 15.8133 39 6913 99.6251
2.02 4.0804 8.24241 16.6497 33-6323 2.52 6.3504 16.0030 40.3276 IOI.626
2.03 4.1209 8.36543 16.9818 34-4731 2.53 6.4009 16.1943 40.9715 IO3.658
2 04 4.16161 8.48966 17.3189 35-33o6 2.54 6.4516 16.3871 41.6231 105.723
2 05 4.2025 8.61513 17.6610 36.2051 2-55 6.5025 16.5814 42.2825 IO7.820

2,06 4.2436
1
8.74182 18.0081 37.0968 2.56 6.5536 16.7772 42.9497 IO9.951

2,07 4.2849
|
8.86974 18.3604 38.0060 2.57 6.6049 16.9746 43.6247 112. 115

2.08 4.3264 8.99891 18.7177 38.9329 2.58 6.6564 I7.I735 44-3077 114. 314
2.O9 4.3681 9.12933 19.0803 39.8778 2-59 6.7081 17.3740 44.9986 II6.546
2.10 4.4100 9.26100 19.4481 40.8410 2.6o 6.7600 17-5760 45.6976 Il8. 814

2. II 4.4521 9-39393 19.8212 41.8227 2.6l 6.8121 17.7796 46.4047 121. Il6
2.12 4-4944 9.52813 20.1996 42.8232 2.62 6.8644 17.9847 47.1200 123-454
2.13 4.5369 9.66360 20.5835 43.8428 2.63 6.9169 18.1914 47-8435 125.828
2.14 4.5796 9.80034 20.9727 44.8817 2.64 6.9696 18.3997 48.5753 128.239
2.15 4.6225 9.93838 21.3675 45.9401 2.65 7.0225 18.6096 49-3155 I3O.686

2.l6 4.6656 10.0777 21.7678 47.0185 2.66 7.0756 18.8211 50.0641 I33-I7I
2.17 4.7089 10.2183 22.1737 48.1170 2.67 7.1289 19.0342 50.8212 135.693
2.l8 4.7524 10.3602 22.5853 49.2360 2.68 7.1824 19.2488 51.5869 138.253
2.IQ 4.7961 10.5035 23.0026 50.3756 2.69 7.2361 19.4651 52.3611 I4O.85I
2.20 4.8400 10.6480 23.4256 5L5363 2.70 7.2900 19.6830 53-1441 I43.489

2.21 4.8841 10.7939 23-8544 52.7183 2.71 7.3441 19.9025 53.9358 146.166
2.22 4.9284 10.9410 24.2891 53-9219 2.72 7.3984 20.1236 54-7363 I48.883
2.23 4.9729 11.0896 24.7297 55.1473 2.73 7-4529 20.3464 55-5457 I5I.64O
2.24 5.0176 11.2394 25.1763 56.3949 2-74 7-5076 20.5708 56.3641 154-43**

2.25 5.0625 11.3906 25.6289 ^57-6650 2.75 7.5625 20.7969 57.1914 157. 27C

2.26 5.1076 11.5432 26.0876 58.9579 2.76 7.6176 21.0246 58.0278 160.157
2.27 5.1529 11. 6971 26.5524 60.2739 2.77 7.6729 21.2539 58.8734 163.079
2.28 5.1984 11.8524 27.0234 61.6133 2.78 7.7284 21.4850 59.7282 166.044
2.29 5-2441 12.0090 27.5006 62.9763 2.79 7.7841 21.7176 60.5922 169.052
2.30 5.2900 12.1670 27.9841 64.3634 2.80 7.8400 21.9520 61.4656 172.104

2.31 5.336I 12.3264 28.4740 65.7749 2.81 7.8961 22.1880 62.3484 175.199
2.32 5.3824 12.4872 28.9702 67.2109 2.82 7.9524 22.4258 63.2407 178.339
2.33 5.4289 12.6493 29.4730 68.6720 2.83 8.0089 22.6652 64.1425 181.523

2.34 5.4756 12.8129 29.9822 70.1583 2.84 8.0656 22.9063 65.0539 184.753
2.35 5.5225 12.9779 30.4980 71.6703 2.85 8.1225 23.1491 65-9750 188.029

2.36 5.5696 13-1443 31.0204 73.2082 2.86 8.1796 23-3937 66.9059 I9L35I
2.37 5-6169 13.3121 3I-5496 74.7725 2.87 8.2369 23.6399 67.8465 194.720
2. 38 5.6644 I3-48I3 32.0854 76.3633 2.88 8.2944 23.8879 68.7971 198.136

2.39 5-7I2I 13-6519 32.6281 77.9811 2.89 8.3521 24.1376 69.7576 201.599
2.40 5.7600 13.8240 33-I776 79.6262 2.90 8.4100 24.3890 70.7281 205 .111

2 41 5.8081 13.9975 33-7340 81.2990 2.91 8.4681 24.6422 71.7087 208 672

2.42 5.8564 14-1725 34-2974 82.9998 2.92 8.5264 24.8971 72.6995 212.283

2.43 5.9049 14.3489 34.8678 84.7289 2-93 8.5849 25-1538 73.7005 215.942

2.44 5-9536 14.5268 35-4454 86.4867 2.94 8.6436 25.4122 74.7118 219.653

2-45 6.0025 14.7061 36.0300 88.2735 2.95 8.7025 25.6724 75-7335 223.414

2.46 6.0516 14.8869 36.6219 90.0898 2.96 8.7616 25-9343 76.7656 227.226

2.47 6.1009 15.0692 37.2210 91.9358 2.97 8.8209 26.1981 77.8083 231.091

2.48 6.1504 I5-2530 37.8274 93.8120

!

2.98 8.8804 26.4636 78.8615 235.007

2.49 6.2001 I5-4382 38.4412 95-7187
i

2.99 8.9401 26.7309 79-9254 238.977

2.50 6.2500 15.6250 39.0625 97.6563 3.00 9.0000 27.0000 81.0000 243.000



n «a n8 n* »* n n2 n3 n* n6

3-00 9.0000 27.OOOO 81.0000 243.000 3.50 12.2500 42.8750 150.063 525219

3.0I 9.0601 82.0854 247.077 3.51 I2.320I 43.2436 I5L785 532.765
3.02 9.1204 83.1817 251.209 3.52 12.3904 43.6142 153.522 540.397
3.03 9.1809 84.2889 255-395 3-53 1 2

.
4609 43.9870 155-274 548.117

3.04 9.2416 28.0945 85.4072 259.638 3.54 I2.53I6 44.3619 [57.041 555.925
3.05 9-3025 28.3726 86.5365 263.936 3-55 12.0025 44.7389 I58.823 563.822

3.o6 9.3636 28.6526 87.6770 268.292 3.56 12.6736 45.II80 160.620 57I.808

3-07 9.4249 28.9344 88.8287 272.704 3-57 12.7449 45-4993 162.432 579.884
3.08 89.9918 277-175 3.58 12.8164 45.8827 164.260 588.O5I

3.09 9-548I 29.5036 3-59 12.8881 46.2683 K.i). 103 596.310
3-IO 9.6100 29.7910 92.3521 286.292 3.6o 12.9600 46.6560 167.962 -

3- II 9.6721 30.0802 93-5495 290.939 3.6l 13.0321 47.0459 169.836 613. in;

3.12 9-7344 30.37I3 94-7585 295.647 3.62 13.1044 47-4379 I7I-725 62I.646

3.13 30.6643 300.415 3.63 13.1769 47.8321 173.631 630.279
3.14 9-8596 30.9591 97.2117 305.245 3.64 13.2496 48.2285 175-552 639.OO9
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4 12.8

[46 435 465 495 524 554 584 613 643 673 702 5 16.0 '5-5 15.0

i47 732 761 791 820 850 879 909 938 967 997
6 19.2 18.6

21.7
24.8

18.0

148 17 026 056 085 114 143 173 202 231 260 289
7

8

22 .4
215.6 24.0

149

150
319 348 377 406 435 464 493 522 55i 580 9 28.8 27.9 27.0

609 638 667 696 725 754 782 811 840 869

X. L. I 2 3 4 5 6 7 8 9 P. P.



LOGARITHMS.

N. L. 1 2 3 4 5 6 7 8 9 P. P.

150

151

I 7 (>' M
|

63 s 667 696 725 754 782 811 840 869

898 926 955 9S4 *oi3 *04i *o7o *099 *I27 *I56

152 18 184 213 241 270 298 327 355 3*4 412 44i 29 28

i53 469 49S 526 554 611 *39 667 696 724
1

2

2

5

8

•9
.8

2.8

5-6
8.4154 752 780 808 837 893 921 94<) 977 *oc>5

3 •7

155 19 033 061 089 117 M5 173 201 229 257 285 4 11 .6 11 .2

156 312 340 368 396 424 45i 479 507 535 5*2 5
6

'4

17

90

•5

•4

3

14.0
16.8

157 59° 618 645 673 700 728 75* 783 811 838 7 19.6

158 866 893 921 948 976 *oo3 *03o *o58 *o85 *II2 8 »3 .jt 22.4

159

160
•161

20 140 167 194 222 249 276 303 330 358 385 9 26.

1

25.2

412 439 466 493 520 548 575 602 629 656

683 710 737 763 790 817 844 871 898 925
162 952 978 *oo5 *032 *c>59 *o85 *II2 *i39 *i*5 *ig2 27 26

163 21 219 245 272 299 325 352 378 405 43i 45S 1 2.7 2.6

164 484 511 537 564 59° 617 *43 669 696 722
3

5-4
8.1

5.2

7.8
165 748 775 801 827 854 8S0 906 932 958 985 4 10.8 10.4

166 22 on 037 063 089 115 141 i*7 194 220 246 5 *3-5
16.2

13.0

167 272 298 324 350 37* 401 42 7 453 479 505
7 18.9

I5.O
18.2

16S 53i 557 583 608 634 660 686 712 737 7*3 8 21.6 20.8

1 69

170

171

789 814 840 866 891 9i7 943 968 994 *oi9 9 24.3 23.4

23 045 070 096 121 147 172 198 223 249 274

300 325 35o 376 401 426 452 477 502 528
172 553 578 603 629 654 679 704 729 754 779 25
i73 805 830 855 880 9° 5 93o 955 980 *oo5 *c>3o 1 2.5

i74 24 055 080 105 130 155 180 204 229 254 279
3

5.0
7.5

i75 304 329 353 378 4<>3 428 452 477 502 527 4 10.

176 55i 576 601 625 674 699 724 748 773 5 12.5

177 797 822 846 871 895 920 944 9*9 993 *oi8 6
-

15.0
17.5

178 25 042 066 091 ii5 139 164 188 212 237 261 S 20.0

179

180

181

285 310 334 358 382 406 431 455 479 503 9 22.5

527 55i 575 600 624 648 672 696 720 744

768 792 816 840 864 888 912 935 959 983
182 26 007 031 o55 079 102 126 150 174 198 221 24 23
183 245 269 293 316 34° 3*4 387 411 435 458 1 2-3

[84 482 529 576 600 623 *47 670 694 2 4.8 4.6
6.9
9.2185 717 74i 811 334 85S 8S1 9°5

3

4

7.2

9.6
186 95i 975 *02I *<>45 *c>9i *H4 *i 3 8 *i6i 5 11. s

187 -7 [84 231 300 323 34* 370 393
6 1.4 • 1

16.8

19.2

13.8
16.

1

188 416 439 £5 531 554 600 623
7
8 i8i 4

190

1 -i

646 669 7i5 738 7*1 807 830 852 9 21.6

875 898 921 944 967 989 *OI2 *o35 *o5S *o8i
•28 103 126 149 171 194 217 240 285 3«7

192 33o 353 421 443 5ii 533 22 21
55* 578 623 646 668 713 1 2.

1

780 803 825 937 2 4- 4

6.6
8.8

4.

a

6-3
8.4

29 <*>?, 026 048 115 1=
|

[8] 3

4

5
I 96 226 292 4' »3 425 11.

513 6

732 7

8
15 .4

17.6
19.8

'1.7

[99
200

885 907 929 973 Vjs *o8i 9

30 103 tas
- 211 2

J J
276

X. L. 1 2
3 '

5 6 7
|

8 9 P. P.



LOGARITHMS.

X. L. 1 2 3 4 5 6 7 8 9 P. P.

200
20

1

30 103 125 146 168 190 211 233 255 276 298

320 341 363 384 406 428 449 47i 492 514
202 535 557 578 600 621 643 664 685 707 728
203 75o 771 792 814 835 856 878 899 920 942

zz IX

204 9^3 984 *oo6 *02 7 *o48 *o6g *09i *II2 "133 *i54 2 4.4 4 2

205 3i 175 197 218 239 260 281 302 323 345 366 3 6.6 6 3

206 3S7 408 429 450 471 492 513 534 555 576 4

5
6

8.8 S 4

5
6207 597 618 639 660 681 702 723 744 765 785 13.2 T2

20S 806 827 848 869 890 911 93i 952 973 994 7 i5-4 M 7

209

210

211

32 015 035 056 077 098 118 139 160 181 201
8

9

17.6
iq.8

l6

18

8

Q

222 243 263 284 305 325 34^ 366 387 408

428 449 469 490 5io 53i 552 572 593 613
212 ^34 654 675 695 715 736 756 777 797 818 20
213 838 858 879 899 919 940 960 980 *OOI *02I 1 2.0

214 33 041 062 082 102 122 143 163 183 203 224
2

3

4.0
6.0

215 244 264 284 304 325 345 365 385 405 425 4 8.0

216 445 465 486 506 526 546 566 586 606 626 5 10.0

217 646 666 686 706 726 746 766 786 806 826
6

7
8

12.0

14.0
16.0218 846 866 885 9° 5 925 945 96 5 985 *oo5 *025

219

220
221

34 044 064 084 104 124 143 163 183 203 223 9 18.0

242 262 282 301 321 34i 361 380 400 420

439 459 479 498 5i8 537 557 577 596 616
222 635 655 674 694 713 733 753 772 792 811

1

1 7

1 .9
223 830 850 869 889 908 928 947 967 986

"x'oo5 2 3-8

224 35 025 044 064 083 102 122 141 160 180 199 3 5-7
7.6

9.5
225 218 238 257 276 295 315 334 353 372 392

4

5
226 411 430 449 468 488 507 526 545 564 583 6 11.

4

227 603 622 641 660 679 698 717 736 755 774 7
8

9

13-3

228 793 813 832 851 870 889 908 927 946 965
15.2
17.

I

229

230

231

984 *oo3 *02I *04o *Q59 *o78 *o9 7 *n6 *i35 *I54

18

36 173 192 211 229 248 267 286 305 324 342

361 380 399 418 436 455 474 493 5ii 530
232 549 568 586 605 624 642 661 680 698 717 1 1.8

3-6

5-4
233 736 754 773 791 810 829 847 866 884 9°3

3
234 922 940 959 977 996 *oi4 *c>33 *o5i *o7o *o88 4 7.2

235 37 107 125 144 162 181 199 218 236 254 273 5 9.0
10.8

236 291 310 328 34^ 365 383 401 420 438 457 7 12.6

237 475 493 5ii 530 548 566 585 603 621 639 8 14.4

238 658 676 694 712 73i 749 767 785 803 822 9 16.2

239

240

241

840 858 876 894 912 93i 949 967 985 *oo3

38 021 039 o57 o75 093 112 130 148 166 184

202 220 238 256 274 292 310 328 346 364 1 '•7

242 382 399 417 435 453 471 489 507 525 543 2 3-4

243 s& 578 596 614 632 650 668 686 703 721 3 5-i
6 8

244 739 757 '775 792 810 828 846 863 881 899
4

5 8^5

245 917 934 952 970 987 *oo5 *023 "041 "058 *o76 6 10.2

246 39 °94 in 129. 146 164 182 199 217 235 252 7
8

11.

9

13.6
15-3247 270 287 305 322 34o 358 375 393 410 428

9
248 445 4 (>3 480 498 515 533 55o 568 585 602

249

250

620 637 655 672 690 707 724 742 759 777

794 811 829 846 863 88r s,,;s 915 933 95o

N. L. 1 2 3 4 5 6 7 8 9 P. P. |



LOGARITHMS.

X. L. 1 2 3 4 5 6 7 8 9 P P.

250

25 i

39 794
|

Bl ! 829 S46 ^'3 881 89S 9i5 950

967 985 *002 *oi9 *<>37 *Q54 *o7i *io6 *I23

40 U" 157 175 192 2<
|

226 243 261 27H 295 18
312 329 346 381 415 432 449 1

500 518 552 569 603 620 2

671 756 790
5-4

* B24 943 960 976 5 9.0

257 *OIO *02 7 •078 *o<)5 "

1 1 1 [45 6

258 41 1 62 i79 21 2 229 246 296 313
7
8

260

330 347 363 38o 4'4 447 464 481 9

497 514 531 547 58] 614 631 647

664 681 697 714 747 780 797 814
830 847 913 929 946 9^3 979 17

996 *OI2 ^029 *o45 *o62 095 *UI 1 2 7 '-44 1 ' :
2(14 42 160 177 193 210 226 243 275 292 2

325 341 374 390 406 423 439 455 4 7-
3 5- 1

6.8

r"4 521 553 57" 619 5 8-5

651 716 749 7^1 6 1 .

1

830 B46 862 911 943 959
7
8

11.

9

13-6

»5-3269

270
j-

1

975 991 *oo8 *024 *040 *072 ^104 *I20 9

43 136 152 169 185 201 217 233 265 28l

297 313 329 345 361 377 393 409 425 441

457 505 521 569 5-4 600 16
273 616 632 648 664 6S0 696 712 743 1 1.6

274 775 S07 823 S3S 902 917 2 3-2
4.8
6.4933 949 9 r»5 9S1 996 *Q44 -059 *o75 3

4
276 44 091 107 122 154 170 185 201 217 232 5 8.0

264 279 295 3ii 326 342 389 6 9.6

4<>4 420 436 451 483 498 5M 54 5
7

8 12.8

280

560 576 592 607 700 9 14.4

716 73i 747 762 773 793 S09 840 855

871 — 902 9i7 932 48 963 979 994 *OIO
282 45 025 056 071 086 [02 117 133 148 163 15

i94 225 255 271 301 317 1 i.S

332 347 378 393 4 -
439 454 2 3-o

4^4 53o 54 ; 56i 591 606 621 3 4-5
6.0

6S2 697 7'-' 743 758 773 5 7-5

287 834 849 B64 909 924 6 9.0

939 *ooo *oi5 *o6o *o75 7

8

10.5

290

46 090 120 165 180 195 210 '22 5 9 13-5

240 300 315 33o 345 359 374

339 • 434 449 509
538 583 613 (,4- 14

731 77" S05 1 1 -4

294 953 967 2

*IOO 3
5-6

•44 173 [88 -' 7 5
"

4"7 6 8.4

4
;

>
7

8

9.8

300
567 9

"

77 784 Bi
j

B2fi

V L. 1 2 ,•» 4 5 6 7 8 9 P. P.



LOGARITHMS.

X. L. 1 2 3 4 5 6 7 8 9 P. P.

300

301

47 712 727 74i 756 770 784 799 813 828 842

857 871 885 900 914 929 943 958 972 986
302 48 001 015 029 044 058 073 087 IOI 116 130
303 144 159 173 187 202 216 230 244 259 273
304 287 302 316 330 344 359 373 387 401 416
305 430 444 458 473 487 501 515 53o 544 558

19

306 572 586 601 615 629 643 657 671 686 700 2 3-o

307 714 728 742 756 770 785 799 813 827 841 3 4-5

30S 855 869 883 897 911 926 940 954 968 982 4 6.0

309

310
311

996 *OIO *024 *o38 *052 *o66 *o8o *o94 *io8 *I22
5
6

7

8

9

7-5
Q.O
10.5
12.0

13-5

49 136 150 164 178 192 206 220 234 248 262

276 290 304 318 332 346 360 374 388 402
312 415 429 443 457 471 485 499 513 527 541
3i3 554 568 582 596 610 624 638 651 665 679
3M 693 707 721 734 748 762 776 790 803 817
3i5 831 845 859 872 886 900 914 927 941 955
316 969 982 996 *OIO *024 "037 *o5i *o65 *o79 "^092 14

3i7 50 106 120 133 147 161 174 "188 202 215 229
2

i-4

2.8
318 243 256 270 284 297 3ii 325 338 352 365 3 4.2

319

320
321

379 393 406 420 433 447 461 474 488 501 4

5
6

7
8

5-6
7.0
8.4
Q.8
11 .2

515 529 542 556 569 583 596 610 623 637

651 664 678 691 705 718 732 745 759 772
322 786 799 813 826 840 853 866 880 893 907 9 12.6

323 920 934 947 961 974 987 *OOI *oi4 *028 *04i

324 51 055 068 081 095 108 121 135 148 162 175
325 188 202 215 228 242 255 268 282 2Q5 308
326 322 335 348 362 375 388 402 415 428 441
327 455 468 481 495 508 521 534 548 561 574 13

328 587 601 614 627 640 654 667 680 693 706 1 i-3

2.6
329

330
33i

720 733 746 759 772 786 799 812 825 838
3

4

5
6

3-9
5-2
6-5
7.8

851 865 878 891 904 917 930 943 957 970

983 996 *oc>9
"X'022 *c>35 *o48 *o6i *075 *o88 *IOI

332 52 114 127 140 153 166 179 192 205 218 231 7
8

g.i

10.4
11.

7

333 244 257 270 284 297 310 323 336 349 362 9

334 375 388 401 414 427 440 453 466 479 492
335 504 517 530 543 556 569 582 595 608 621

336 634 647 660 673 686 699 711 724 737 75o

337 763 776 789 802 815 827 840 853 866 879
338 892 905 917 930 943 956 969 982 994 *oo7 12

339

340
34i

53 020 033 046 058 071 084 097 no 122 135 1

2

3

4

5

1 .2

2.4
3-6
4.8
6.0

148 161 173 186 199 212 224 237 250 263

275 288 301 314 326 339 352 364 377 390
342 403 415 428 441 453 466 479 491 504 517 6 7.2

343 529 542 555 567 580 593 605 618 631 643 7
8

g

8.4
9.6
10.8344 656 668 681 694 706 719 732 744 757 769

345 782 794 807 820 832 845 857 870 882 895

346 908 920 933 945 958 970 983 995 *oo8 *020

347 54 033 045 058 070 083 095 108 120 133 145

348 158 170 183 195 208 220 233 245 258 270

349

350

283 295 307 320 332 345 357 37o 382 394

407 419 432 444 45f> 469 481 494 506 518

N. L. 1 2 3 4 5 6 7 8 9 P. P.



LOGARITHMS.

X. L. 1 3 4
; 8 P.

350 54 407 45- 444 - 469 4^1
! 494 506

551
-

630

3 5 j '
-

"

728

777
- '-- 839

-
354 900 925 949 962 974 9S6 99S *on 13

000 072 096 121 1

145 169 [83 194 206 3-9

303 364
400 - 1 •

9-i

10.4
Il.T360

509 534 546 :
"

594 606
8

9
630 642 654 666 78 691 715 727 739

75* 7»7 799 Su --

_ 907 919 93i 943 967 979
991 003 *oi5 *027 *050 *o62 *oS6 -

56 no 154 146 -

-- 241 _-- 301
366 360 396 •

-

419 45 5 12

490 502 5i4 1.2

:
'

632 667 679 691
369

3ro

703 714 726
-

7^5 ~
~

- -

7

4-8
6.0
7-2

9-6
IO.8

S44 902 914 926
~

949 961 972 9^4 996 *oi9
066 78 0S9 IOI 124 136 9

1:1 194 206 217 22 241 - -

--"
299 310
415 496 :

3

5i9 530 57 588 600 611

634 646 669 - 726

749 773 " : 841 1 1

380
587 910 921 933 944 967

4

5

978 990 *OOI *oi3 *024 *035 *G47 *053 *070 *oSi

195.- 104 115 127
206 240 -- 28 -

"

309
6 6.6

399 410 8.8

444 9.9

591 636
670 692 -- 760
-- " •

--' --

906 939 950

390
995 *oo6 *oi7 *02$ *040 *o5i *o62 *073 m

59 106 11- 129 MO 151 162 173 1-4 -

"

3.0
4.0

215 229 240 251 - _ 306
- 406

506 : '

7
-

-"

660 693 " • 748 8.0

n - - 9 9.0

77

999
-

400

I30 141

- ;
-

X. L 1 j 4 ) P. P.



LOGARITHMS.

N. L. 1 2 3 4 5 6 7 8 9 P. P.

400
40 r

60 206 217 228 239 249 260 271 282 293 304

314 325 336 347 358 369 379 390 401 412
402 423 433 444 455 466 477 487 498 509 520
403 531 541 552 563 574 584 595 606 617 627
404 638 649 660 670 681 692 703 713 724 735
405 746 756 767 778 788 799 810 821 831 842
406 853 863 874 885 895 906 917 927 938 949 n
407 959 970 981 991 *002 "013 ••023 *o.34 *o4 5 *055 1.1

40S 61 066 077 087 098 IO9 119 130 140 151 162 2 2.2

409

4!0

411

172 183 194 204 215 225 236 247 257 268 3

i

7

3-3
4.4
5-5
6.6

7-7

278 289 300 310 321 33i 342 352 363 374

384 395 405 416 42.6 437 448 458 469 479
412 490 500 511 521 532 542 553 563 574 584

8 8.8

413 595 606 616 627 637 648 658 669 679 690
9 9-9

414 700 711 721 73i 742 752 763 773 784 794
4i5 805 815 826 836 847 857 868 878 888 899
416 909 920 930 941 951 962 972 982 993 *oo3
417 62 014 024 034 045 055 066 076 086 097 107
418 118 128 138 149 159 170 180 190 201 211
419

420
421

221 232 242 252 263 273 284 294 304 315

in

325 335 346 356 366 377 387 397 408 418

428 439 449 459 469 480 490 500 5ii 52i
422 53i 542 552 562 572 583 593 603 613 624 1 1 .0

423 634 644 655 665 675 685 696 706 716 726 2 2.0

424 737 747 757 767 778 788 798 808 818 829 3 3-o

425 839 849 859 870 880 890 900 910 921 93i 4

5

4.0

5-°
426 941 951 961 972 982 992 *002 *OI2 *022 *o33 6 6.0

427 63 043 053 063 073 083 094 IO4 114 124 134 7
8

9

7.0
8

428 144 155 165 175 185 195 205 215 225 236 Q.O
429

430
43i

246 256 266 276 286 296 306 317 327 337

347 357 367 377 387 397 407 417 428 438

448 458 468 478 488 498 508 518 528 538
432 548 558 568 579 589 599 609 619 629 ^39
433 649 -659 669 679 689 699 709 719 729 739
434 749 759 769 779 789 799 809 819 829 839
435 849 859 869 879 889 899 9O9 9I9 929 939
436 949 959 969 979 988 998 *oo8 *oi8 *028 *038

437 64 048 058 068 078 088 098 108 118 128 137
438 147 157 167 177 187 197 207 217 227 237 1 o.g

439

440

441

246 256 266 276 286 296 306 316 326 335 2

3

4

5

6

1.8

2.7
3-6

4-5

5.4

345 355 365 375 385 395 404 414 424 434

444 454 464 473 483 493 503 5*3 523 532
442 542 552 562 572 582 59i 601 611 621 631 7 6-3

443 640 650 660 670 680 689 699 709 719 729 8 7.2

444 738 748 758 768 777 787 797 807 816 826 9 8.

1

445 836 846 856 865 875 885 895 904 914 924
446 933 943 953 963 972 982 992 *002 •'•

1

1

*02I

447 65 031 040 050 060 070 079 089 O99 108 Il8

448 128 137 147 157 167 176 186 I96 205 215

449

450

225 234 244 254 263 273 292 302 312

321 331 341 35o 369 379 389 398 408

N. L. 1 2 3
|

4 5 6
1

"> 8 9 P. P.



LOGARITHMS.

X. L. 1 - 3 4 5 6 7 8 9 P. P.

450

45

1

65 321 3<>9
~

398

418 417 504

4 ; - 514 ; 7i

453 696

454 715 734 744 77-

455 811

906 10

*OOI *OII *058 *o6S *077 1

66 0S7 096 115 i-4 134 143 153 162 17-
2

3

4

5
6

7
8

2

3

1

5

6

7

S

460

4 »I

181 191 200 238 247 257 266

276 285 295 3o4 314 323 332 342 351 361

37o 380 398 417 427 436 445 455

4 '-' 474 511 521 530 539 549

596 614 624 633 642
4'

4

661 671 6S0 699 - - 717 727 736

755 764 7S3 801 811 820 829

357 876 913 922

941 95o 960 969 *oo6 *oi5

034 043 052 062 071 099 108

4ro

471

117 127 136 145 154 164 173 1S2 191 201

210 219 237 247 256 265 2 74 284 293

3
'-' 3ii 321 330 339 34^ 357 367 376 335

472 403 4i3 422 43i 44'> 449 45') 46S 477
473 495 504 514 523 532 541 550 560 5^9 2

474 596 614 633 642 651 660 3

66<; 706 715 733 742 4

5
6

3-6

" 806 815 825 843

477 852 870 906 916 934 7 6-3

47- 961 979 *oi5 *024 8 7.2
8.1

479

480

_
079 097 106 115

124 133 142 151 160 169 178 1S7 196 205

215 224 233 242 260 269 2S7 296
4^- 3i4 323 34i 35o
4~

! 4 ; >4 413 422 43i 440 449 4<>7 476
4N 494

62S

744
4^7 77' 8

2

490

49'

949 3

4

5
6

-'•4

4-8
5.6

037 099

io8 1 14 152 188

205 21 1
24 r 8

9

494 417 434 452

531

7M
-

500

588

X. L. c r 2 \ 5 6 7 8 9 P. P.



10 LOGARITHMS.

N. L. 1 2 3 4 5 6 7- 8 9

975

P. P.

500

501

69 897 906 914 923 932 940 949 95S 966

934 992 *OOI *OIO *oi8 "027 *036 "044 *o53 *o62
502 70 070 079 OSS 096 105 114 122 131 140 148
503 157 165 174 183 191 200 209 217 226 234
5<>4 243 252 260 269 278 286 295 303 312 321
505 329 33S 346 355 364 372 3S1 389 398 406
506 415 424 432 441 449 458 467 475 484 492
507 501 509 5IS 526 535 544 552 561 569 578 9

508 586 595 603 612 621 629 638 646 655 663 1 O.Q
1.8

2.7
3.6

4-5
5-4

509

510
511

672 6S0 689 697 706 714 723 73*1 740 749 3

4

5
6

757 766 774 783 791 800 808 817 825 834

842 851 859 868 876 885 893 902 910 919
512 927 935 944 952 961 969 978 986 995 *oo3 7

8
6-3
7.2
8.15i3 71 012 020 029 037 046 o54 063 071 079 088

9
5i4 096 105 113 122 130 139 147 155 164 172
5i5 181 1S9 198 206 214 223 231 240 248 257
516 265 273 282 290 299 307 315 324 332 34i
5i7 349 357 366 374 383 39i 399 408 416 425
518 433 44i 45o 458 466 475 483 492 500 508
5i9

520

521

517 525 533 542 55o 559 567 575 584 592

600 609 617 625 634 642 650 659 667 675

684 692 700 709 717 725 734 742 75o 759
522 767 775 784 792 800 809 817 825 834 842 8

523 850 858 867 875 883 892 900 908 917 925 2 1.6

524 933 941 95o 958 966 975 9 3 3 991 999 *oo8 3 2.4

525 72 016 024 032 041 049 057 066 074 082 090 4 3-2

526 099 107 115 123 132 140 148 156 165 173
5
6

4.0
4.8

527 181 189 198 206 214 222 230 239 247 255 7 5-6

52S 263 272 280 288 296 304 313 321 329 337
8 6.4

529

530
53i

346 354 362 37o 378 387 395 403 411 419
9 7.2

428 436 444 452 460 469 477 485 493 501

509 518 526 534 542 55o .558 567 575 583
532 59i 599 607 616 624 632 640 648 656 665

533 673 681 689 697 705 713 722 730 738 746

534 754 762 77o 779 787 795 803 811 819 827

535 835 843 852 860 868 876 884 892 900 908
536 916 925 933 941 949 957 96 5 973 981 989
537 997 "006 *OI4 "022 •••030 *038 *046 "'r^54 *o62 '••"070 7

533 73 078 086 094 102 in 119 127 135 143 15^ 1 0.7

539

540
54i

159 167 175 183 191 199 207 215 223 231
3

4

5
6

1 .4
2.1

2.8

3-5
4.2

239 247 255 263 272 280 288 296 304 312

320 328 336 344 352 360 368 376 384 392
542 400 408 416 424 432 440 448 456 464 472 7

8
4.9
5-6
6.3543 480 488 496 504 512 520 528 536 544 552 9

544 560 568 576 584 592 600 608 616 624 632

545 640 648 656 664 672 679 687 695 703 711

546 719 727 735 743 75i 759 767 775 783 791

547 799 807 815 823 830 838 846 854 862 870

548 878 886 894 902 910 918 926 933 941 949
549

550
957 965 973 981 989 997 *oo5 *oi3 *020 *028

74 036 044 052 060 068 .076 084 092 O99 107

N. L. T 2 .3 4 5 6 7 8 9 P. P.
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X. L. I 2 3 4 5 6 7 8 9 P. P.

550
55i

74 036 044 052 060 068 076 084 092 107

115 123 131 i39 147 155 162 170 178 186

5 52 194 202 2IO 218 225 233 241 249 257 265

553 273 280 2S8 296 3<H 312 320 327 335 343

554 35i 359 3^7 374 382 39° 398 406 414 421

555 429 437 445 453 461 468 476 484 492 500

507 515 523 53i 539 547 554 562 57o 578

536 593 601 609 617 624 632 640 648 656

663 671 679 687 695 702 710 718 726 733

560

561

74i 749 757 764 772 780 788 796 803 811

8819 827 834 842 850 858 865 873 881 889

S96 904 912 920 927 935 943 950 958 966 1 0.8

974 9S1 989 997 *oo5 *OI2 *02O *028 *035 -043 2

3

4

1 .6

2.4
3-2563 75 051 059 066 074 082 089 O97 105 113 120

564 128 136 143 151 159 166 174 182 189 197 5
6

7

4.0

565 205 213 220 223 236 243 251 259 266 2 74
4.8
5.6

~

566 2S2 297 305 312 320 328 335 343 35i 8 6.4

567 358 366 374 3 Sl 389 397 404 412 420 427 Q 7.2

435 442 45o 458 465 473 48l 488 496 504
569

5ro

571

5ii 519 526 534 542 549 557 565 572 580

5*7 595 603 610 618 626 633 641 648 656

664 671 679 686 694 702 709 717 724 732
572 740 747 755 762 770 778 785 793 800 808

573 8i5 823 831 838 846 853 861 868 876 884

574 891 899 906 914 921 929 937 944 952 959
575 967 974 9S2 9S9 997 *oo5 *OI2 •••"< .20 *027 *035
570 76 042 050 057 065 072 080 087 095 103 no
577 118 125 133 140 148 155 163 170 178 185

193 2<X) 20S 215 223 230 238 245 253 260

580

581

268 275 283 290 298 305 313 320 328 335

343 350 358 365 373 380 388 395 403 410

41S 425 433 440 44^ 455 462 470 477
582 492 50O 507 515 522 53o 537 545 552 5 59
5S3 5^>7 582 589 597 604 612 619 626 634

641 649 656 664 671 67S 636 693 701 70S 7

585 716 73o 738 753 760 775 7S2 2 1 .4

797 827 842 .'. 1

864 ^7> SS6 901 908 916 923 4 2.8

953 960 975 *oo4 5

590

5 ,i

77 012 026 048 056 063 070 078 7
8

9

5-6
6.3085 093 100 107 115 122 129 137 144 151

159 166 173 181 188 195 203 210 217 225
232 240 247 254 262 269 291 298

593 305 313 320 327 335 357 37i

379 393 4" 1 415 437 444
4G6 474 4-

1

4" 517

525 539 -~--\ 583 590

597 "41 656

7M --1 728 735

600
779 801 808

5i« -•" -•; -

X I. I 2 3 4 5 6 , 7 8 P. P.
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N. L. 1 2 3 4 5 6 7 8 9 P. P.

600
60

1

77 815 822 830 837 844 851 859 866 873 880

887 895 902 909 916 924 93i 938 945 952
602 960 967 974 981 988 996 *oc>3 *OIO *oi7 *02 5

603 78 032 039 046 053 061 068 o75 082 089 097
604 104 in 118 125 132 140 147 154 161 168
605 176 183 190 197 204 211 219 226 233 240
606 247 254 262 269 276 283 290 297 305 312 8
607 319 326 333 340 347 355 362 3^9 376 383 1 0.8

608 390 398 405 412 419 426 433 440 447 455
2 1.6

609

610

611

462 469 476 483 490 497 504 512 519 526
3

4

5
6

7

2.4
3-2
4.0
4.8
5-6

533 540 547 554 561 569 576 583 59° 597

604 611 618 625 633 640 647 654 661 668
612 675 682 689 696 704 711 718 725 732 739

8 6.4

613 746 753 760 767 774 781 789 796 803 810 9 7.2

614 817 824 831 838 845 852 859 866 873 880
615 888 895 902 909 916 923 930 937 944 95i
616 958 96 5 972 079 986 993 *ooo vroo7 woi4 *02I
617 79 029 036 043 050 o57 064 071 078 085 O92
618 099 106 113 120 127 134 141 148 155 162
619

620
621

169 176 183 190 197 204 211 218 225 232

T

239 246 253 260 267 2 74 28l 288 295 302

309 316 323 33o 337 344 351 358 365 372
622 379 386 393 400 407 414 421 428 435 442

. I 0.7
O23 449 456 463 470 477 484 49I 498 505 511 2 1.4

624 518 525 532 539 546 553 560 567 574 58l 3 2.

1

2.8

3.5
625 588 595 602 609 616 623 63O 637 644 650

4

5
626 657 664 671 678 685 692 699 706 713 720 6 4.2

627 727 734 741 748 754 761 768 775 782 789 7
8

9

4-9
5-6
6.*

628 796 803 810 8i7 824 831 837 844 851 858
629

630

631

865 872 879 886 893 900 906 9i3 920 927

934 941 948 955 962 969 975 982 989 996

80 003 010 017 024 030 037 044 051 058 065
632 072 079 085 092 099 106 113 120 127 134
633 140 147 154 161 168 175 182 188 195 202
634 209 216 223 229 236 243 250 257 264 271
635 277 284 291 298 3° 5 312 318 325 332 339
636 346 353 359 366 373 380 387 393 400 407
637 4'4 421 428 434 441 448 455 462 468 475 6
638 482 489 496 502 509 516 523 530 536 543 1 0.6

639

640

641

550 557 564 57o 577 584 59i 598 604 611 2

3

4

5
6

1.2

1.8

2.4
3-o
3.6

618 625 632 63:

8

645 652 659 665 672 679

686 693 699 706 7i3 720 726 733 740 747
642 754 760 767 774 78i 787 794 801 808 814 7 4.2

643 821 828 835 841 848 855 862 868 875 882 8 4 .8

644 889 895 902 909 916 922 929 936 943 949
9 5-4

645 956 9^3 969 976 983 990 996 "*oc>3 *OIO *oi7
646 81 023 030 037 o43 050 057 064 070 077 084
647 090 097 104 in 117 124 131 137 144 151
648 158 164 171 178 184 191 198 204 211 218
649

650

224 231 238 245 251 258 265 271 278 285

291 298 305 3" 318 325 33i 338 345 35i

N. L. 1 2 3 4 5 6 7 8 9 P. P.



LOGARITHMS. 13

N. L. 1 ; 3 4 5 6 7
1

» 9 P. P.

650 Si 291 298 305 311 318 325 33i ^ ;
-

5j

358 365 371 378 385 39 1 398 4' 1

425 43i 445 451 C-- 471 47^ 485

491 505 525 531 544 55i

571 59i 611 617
(, -4 631 637 <>44 651 657 671 677

697 7<>4 710 7i7 73<> 737 743
<>57 733

823 836 S49 875 882

660

902 908 915 921 928 941 948

7954 968 974 981 987 994 *ooo *oo7 *o 1

4

82 020 027 033 040 046 053 060 066 073 079 1

0S6 092 105 112 IK, 125 132 138 M5 2

3

4

'•4

2.

1

151 164 i7' [78 I84 191 197 204 210 2.8

217 223 230 236 249 256 263 269 276 5 3-5

282 295 302 308 315 321 32S 334 34i 6

7

8

4. 2

4.9
5-6347 354 360 367 373 387 393 400 406

4i3 419 426 432 439 445 452 465 171 q 6.3

484 49i 5"4 5io 517 523 53o

669

670

543 549 556 562 569 582 588 595

607 6r4 620 627 633 646 653 659 666

672 679 6S5 692 69S 705 711 718 724 73o

743 75o 763 769
-

782

814 321 -" B40 853
'>74 866 S72 879 885 91] 924

930 937 9 5 'J 963 969 975

995 *oi4 *020 7r
Q33 "•"040 -046

^3 059 072 0S5 091 097 104 1 Id 117

123 129 136 142 149 155 161 m.- 174 1S1

679

680

1S7 193 206 213 219 225 232

251 257 264 270 276 283 289 302 308

315 321 334 340 347 353 359 366 372
37S 39i 404 4'" 4>7 429 43''

442 461 474 4^7

506 512 53

1

544 0.6
1 .2588 607 613 2

632 639 (11.4 3 1.8

7i5 734 74" 74<> 4 2.4

77i 784
5

6

3-°
3-6

690

822 828 335 841 860 7
8

9

4.2
4.8

5-4897 916 923

960
-4 ..1 1 017 042

1 1

1

";
•4-' >r IM

_• 1

1

217 248

311 317

410 417 442

700 : 17

191

51 |

-

2
I 1

V !.. 1 1 s « / 9 P. P.
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X. L. 1 2 3 4 5 6 7 8 9 P. P.

roo

701

S4 510 516 522 528 535 54i 547 553 559 566

572 578 584 590 597 603 609 615 621 628

702 634 640 646 652 658 665 671 677 683 689
703 696 702 708 714 720 726 733 739 745 75i

704 757 763 770 776 782 788 794 800 807 813

705 819 825 831 837 844 850 856 862 868 874
706 880 887 893 899 9°5 911 917 924 930 936
707 942 948 954 960 967 973 979 985 99

1

997 7

708 85 003 009 016 022 028 034 040 046 052 058
1

2

0.7
-•4
2.

1

2.8

3-5
4.2

709

no
711

065 071 077 083 089 095 101 107 114 120
3

4

5
6

126 132 138 144 150 156 163 169 175 181

187 193 199 205 211 217 224 230 236 242
712 248 254 260 266 272 278 285 291 297 303 7

8

4-9
5-6

713 309 315 321 327 333 339 345 352 358 364 9 6.3

714 37o 376 382 388 394 400 406 412 418 425
715 43i 437 443 449 455 461 467 473 479 485
716 491 497 503 509 516 522 528 534 540 546
717 552 558 564 57o 576 582 588 594 600 606
718 612 618 625 631 637 643 649 655 661 667

719

720

721

673 679 685 691 697 703 709 715 721 727

733 739 745 751 757 763 769 775 78i 788

794 800 806 812 818 824 830 836 842 848
722 854 860 866 872 878 884 890 896 902 908

1

O
0.6

723 914 920 926 932 938 944 95o 956 962 968 2 1 .2

724 974 980 986 992 998 *oo4 *OIO •"016 *022 *028 3 1.8

725 86 034 040 046 052 058 064 070 076 082 088 4

5
6

2.4
3-o

3-6726 094 100 106 112 118 124 130 136 141 147
727 153 159 165 171 177 183 189 195 20I 207 7 4.2

728 213 219 225 231 237 243 249 255 26l 267 8

g

4.8
C -A

729

no
731

273

332

2 79 285 291 297 303 308 3i4 320 326

338 344 35o 356 362 368 374 38o 386

392 39S 404 410 415 421 427 433 439 445
732 45i 457 463 469 475 481 487 493 499 504

733 5io 516 522 528 534 54o 546 552 558 564

734 570 576 58i 587 593 599 605 611 617 623

735 629 635 641 646 652 658 664 670 676 682

736 688 694 700 705 711 717 723 729 735 741

737 747 753 759 764 770 776 782 788 794 800 5

738 806 812 817 823 829 835 841 847 853 859
1 °-5

739

740
74i

864 870 876 882 888 894 900 906 911 917 3

4

5
6

i-5

2.0

2-5
3-°

923 929 935 941 947 953 958 964 970 976

982 988 994 999 *oo5 *OII *oi7 *023 *029 *035

742 87 040 046 052 058 064 070 075 081 087 093 7
8

3-5
4.0

743 099 105 in 116 122 128 134 140 146 151 9 4-5

744 157 163 169 175 181 186 192 198 204 210

745 216 221 227 233 239 245 251 256 262 268

746 274 280 286 291 297 303 309 315 320 326

747 332 338 344 349 355 361 367 373 379 384

748 39" 396 402 408 413 419 425 431 437 442

749

750
448 454 460 466 471 477 483 489 495

552

500

558506 512 518 523 529 535 54i 547

N. L. 1 2 3 4 5 6 7 8 9 P. P.
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N. L. r 4 5
<•

i 9 P. P.

rso

7: 1

529 535 55=

570 593 599 6lO

633 639 '4 : 651 656
6S5 691

"
7' 3 70S 726

749
- - ---

777
Soo 806 818

75 864 869 875 tt

910 915 921 950

1 973 97S 996 *OOI - *oi3

760

030 036 "41 047
~

076

£.

08] 093 098 104 no 116 127

138 144 150 156 161 167 173 190
241

I 0.6
- : - - .

-~ 287 2 1.

a

309 326 360 3
4

: 3-°
-

434 440 474 t 3.6

- 7

- -
" B

Q : 1

769

rro

771

O04 610 615 621 627
y j -t

649 55 660 666 672
"- 6S3 - 694 700

" : 711 717 722 734 739 74:
"

:

75
"--

773 77
"

" : -
"

&57

902 90S 9 J 3 919
--: 93o 936 94i 947 964 969- -

992
' *oo3 *oc>9 *020 *c>3i °37

___ S9 042 o59 064 070
" - --

092" 104 109 "5 126 131

77

T80

154 159 165 170 --
204

5

215 221 232 ^37 254

271 276 293
I

3 xo
~,2I 348 360 1 o-5

-"
4' 4 409 4-1

2

3

1 .0

1 .5

454 4 :
-

4-1
4 2.0

515 520
--

:4^ 570
6

8
:

-
603 609 _ 1 25 63I

669 - "
9 4-5

T90

3

~ - 7^4

774
"" -

933
-~ :

-

~

151 173
206 j _•

-

800

266

;I4

X. 1 5
•

-
-

P. P.



16 Logarithms.

X. L. 1 2 3 4 5 6 7 8 9 P. P.

800
So i

90 309 314 320 325 33i 336 342 347 352 358

303 369 374 380 385 390 396 401 407 412
802 417 423 428 434 439 445 450 455 461 466
803 472 477 482 488 493 499 504 509 515 520
804 526 531 536 542 547 553 558 5^3 569 574
805 5S0 585 59° 596 601 607 612 617 623 628
806 634 639 644 650 655 660 666 671 677 682
807 6S7 693 698 703 709 714 720 725 730 736
80S 741 747 752 757 763 768 773 779 784 789
809

810

811

795 800 806 811 816 822 827 832 838 843

849 854 859 865 870 875 881 886 891 897

902 907 9 J 3 918 924 929 934 940 945 95o
S12 956 961 966 972 977 982 988 993 998 *oo4 6
813 91 009 014 020 025 030 036 041 046 052 o57 1 0.6

S14 062 068 073 078 084 089 094 100 105 no 2

3

1 .

2

1.8
815 116 121 126 132 137 142 148 153 158 164 4 2.4

816 169 174 180 185 190 196 201 206 212 217 5 3-o

817 222 228 233 238 243 249 254 259 265 270
7

3-°
4.2

818 275 281 286 291 297 302 307 312 318 323 8 4 .8

819

820
821

328 334 339 344 350 355 360 365 37i 376 9 5-4

381 387 392 397 403 408 413 418 424 429

434 440 445 45o 455 461 466 471 477 482
822 487 492 498 503 508 514 519 524 529 535
823 540 545 55i 556 561 566 572 577 582 587
824 593 598 603 609 614 619 624 630 635 640
825 645 651 656 661 666 672 677 682 687 693
826 698 703 709 714 719 724 730 735 740 745
827 75i 756 761 766 772 777 782 787 793 798
828 803 808 814 819 824 829 834 840 845 850
829

830

831

855 861 866 871 876 882 887 892 897 9°3

5

908 9i3 918 924 929 934 939 944 950 955

960 965 971 976 981 986 991 997 *002 *oo7
832 92 012 018 023 028 033 038 044 049 054 059

1 °-5

833 065 070 o75 080 085 091 096 IOI I06 in
3 i-5

834 117 122 127 132 137 143 148 153 158 163 4 2.0

835 169 174 179 184 189 195 200 205 2IO 215 5
6

2-5

836 221 226 231 236 241 247 252 257 262 267
7

3-°

3-5
837 273 278 283 288 293 298 304 309 314 319 8 4.0

838 324 33o 335 340 345 35o 355 361 366 37i 9 4-5

840

841

376 381 387 392 397 402 407 412 418 423

428 433 438 443 449 454 459 464 469 474

480 485 490 495 500 505 5ii 516 521
842 53i 536 542 547 552 557 562 5f>7 572 578
843 583 588 593 598 603 609 614 619 624 629
844 634 639 645 650 655 660 665 670 675 681

845 686 691 696 701 706 711 716 722 727 732
S46 737 742 747 752 758 763 768 773 778 783
847 788 793 799 804 809 814 819 824 829 834
848 840 845 850 855 860 865 870 875 88l 886

' 850

~'yi 896 901 906 9.1 916 921 927 932 937

942 947 952 957 962 967 973 978 983 988

N. L. 1 i 2 3 4 5 6 7 8 9 P. P.
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IS LOGARITHMS.

N. L. 2 3 4 5 6 7 8 9 P. P.

900

901

95 424 429 434 439 444 448 453 458 463 468

472 477 482 4S7 492 497 5oi 506 511 516
902 521 525 530 535 540 545 550 554 559 564
9°3 569 574 578 583 588 593 598 602 607 612

904 617 622 626 631 636 641 646 650 655 660

905 665 670 674 679 684 689 694 698 703 708
906 713 718 722 727 732 737 742 746 751 756
907 761 766 770 775 780 785 789 794 799 804
908 809 813 818 823 828 832 837 842 847 852

909

910

91 r

856 861 866 871 875 880 885 890 895 899

5904 909 914 918 923 928 933 938 942 947

952 957 961 966 97i 976 980 985 990 995 1 °-5

912 999 -004 *oo9 *oi4 *oi9 *023 *028 *033 *o3 8 *042 2 1.0

2.0913 96 047 052 057 061 066 071 076 080 085 090 4

9'4 095 099 104 109 114 118 123 128 133 137 5 2-5

915 142 147 152 156 161 166 171 175 180 185
6

7
8

3-o

3-5
4.0916 190 194 199 204 209 213 218 223 227 232

917 237 242 246 251 256 261 265 270 275 280 9 4-5

918 284 289 294 298 303 308 313 3i7 322 327
919

920

921

332 336 34i 346 35o 355 360 365 3^9 374

379 384 388 393 398 402 407 412 417 421

426 431 435 440 445 45o 454 459 464 468
922 473 478 483 487 492 497 501 506 5ii 515

923 520 525 530 534 539 544 548 553 558 562

924 567 572 577 58i 586 591 595 600 605 609

92 5 614 619 624 628 633 638 642 647 652 656
926 661 6C6 670 675 680 685 689 694 699 703
927 708 713 717 722 727 73i 736 741 745 75o

928 755 759 764 769 774 778 783 788 792 797
929

930
93i

802 806 811 816 820 825 830 834 839 844

848 853 858 862 867 872 876 881 886 890

895 900 904 909 914 918 923 928 932 937
932 942 946 95i 956 960 9^5 970 974 979 984
933 988 993 997 *002 *oo7 *OII *oi6 *02I *02 5 *o30

934 97 035 039 044 O49 053 058 063 067 072 077 4

935 081 086 090 095 100 104 109 114 118 123 2 8

93^ 128 132 137 142 146 151 155 l6o 165 169 3 1 2

937 174 179 183 188 192 197 202 206 211 216 4 1 6

938 220 225 230 234 239 243 248 253 257 262 6 2 4

939

940

941

267 271 276 28o 285 290 294 299 304 308 7
8

9

2

3

1

8

2

6313 317 322 327 33*" 336 34o 345 350 354

359 364 368 373 377 382 3^7 391 396 400

942 405 410 414 419 424 428 433 437 442 447

943 45i 456 460 4<>5 470 474 479 483 488 493

944 497 502 506 5ii 516 520 525 529 534 539

945 543 548 552 557 562 566 57i 575 580 585

946 589 594 598 603 607 612 617 621 626 630

947 635 640 644 649 653 658 663 667 672 676

948 681 690 695 699 704 708 713 717 722

949
950

727 731 73'> 740 745 749 754 759 7^3 768

772 777 782 786 791 795 8< M 1 804 809 813

X. L. r 2 3 4 5 6 7 8 9 P. P.



LOGARITHMS. L9

X. L. 01 2 3
|
4 5

1

6 7 8 9 P. P.

950
95i

"-- 7S6
|
791 795 800 -

3i3

Bl8 823 ^7 B32 841 845 850 855 *5

952 864 868 873 877 882 886 B91 896 900 905

953 909 9M 918 923 928 932 937 94i

955 959 964 968 973 97S 982 991 99''

9S 000 005 ocx; 014 019 023 028 032 037 "4i

046 050 o55 059 064 068 073 082

091 096 100 105 109 114 127 T32

137 141 146 150 155 159 164 173 177

960

1S2 186 191 195 2<y> 204 209 214 21S 223

227 232 236 241 245 250 254 259 263 268

272 277 281 286 290 295 299 304 308 313
962 318 322 327 33i 336 345 34V 1

»

963 363 3^7 372 376 39° 394 399 403 2 1.0

412 417 421 426 435 4-»4 44^ 3 i-5

457 466 47i 475 480 484
4 2.0

49s 502 5" 516 5 34 6

543 547 552 556 561 5 74 7

588 601 605 610 614 619 623 4.0

9ro

97 1

632 637 641 646 650 655 659 664 668 673

677 682 686 691 695 700 704 709 713 717

722 726 73i 735 74° 744 749 753 758 762

767 771 780 793 798 802 807

973 Bi r 816 820 825 829 843 851 .

974 856 860 865 S69 892 S96

900 9°5 909 9M 923 92 7 932 930 941

945 949 9<>3 972 976 9S1

9S9 994 *oo3 *oo7 *oi6 *02I *02 5 *029

99 °34 047 056 061 065 074

980

078 0S3 087 092 096 100 105 IO9 "4 118

4

123 127 131 136 140 145 149 154 158 162

167 171 176 180 185 1S9 193 207
211 216 220 224 229 233 242 247 1 0.4

264 269 273 277 282 291 295
2

3

0.8
1 .2

300 313 330 335 339
344 5

6
392 401 410 414 419 423 427

2-4
2.8

432 436 44i 445 44'» -154 47i 8 3-2

4So 484 5" 5i5 9 3.6

990

991

524 528 533 555 559

5^>4 568 572 577 59° 594 599

607 612 616 621 625 629 634 642
65 r 656 '•73

699 717 721

743
-

826

913 917

1000
957 961 9<>5

:

X. L. 1 1 3 4 5 7 9 P. P.





TABLES

OF

NATURAL SINES, COSINES,

TANGENTS,

AND COTANGENTS

GIVING THE VALUES OF THE FUNCTIONS FOR

ALL DEGREES AND MINUTES FROM

0° TO 90°





Natural Sines and Cosines. 23

;

O
°

i° 2° 3" 4°
1

Sine Cosine Sine Cosine Sine Cobint Sine Cosine Sine L osine

o .00000 .99985 .03490 •99939 .05234 .99803 .06976 99756 60

1 .00029 .99984 •03519 .99938 .05263 .99861 .07005 59
2 .00058 .01803 .99984 .03548 •99937 .05292 .07034 58

3 .00087 .01832 .99983 •03577 •99936 .05321 .99858 . 07063 9975o 57

4 .00116 .01862 .99983 .03606 •99935 •05350 •99857 .07092 99748 56

5 .00145 .01891 .99982 •03635 •05379 •99855 .07121 99746 •55

6 .00175 .01920 .99982 .03664 •99933 .05408 .99854 .07150 99744 54
7 .01949 .99981 •03693 •99932 •05437 .99852 .07179 99742 53
8 .00233 .01978 .99980 •03723 •9993 1 .05466 .99851 .07208 99740 52

9 .00262 .02007 . 99980 •03752 .99930 .05495 .99849 .07237 99738 5i

IO .002QI .02036 .99979 .03781 .99929 •05524 .99847 .07266 99736 50

ii .OO32O •99999 .02065 .99979 .03810 .99927 •05553 .99846 •07295 99734 49
12 .OO349 .99999 .02094 .99978 •03839 .99926 .05582 .99844 .07324 9973

*

48

13 .OO378 .99999 .02123 .99977 .03868 .99925 .05611 .99842 . -07353 99729 47
14 .99999 .02152 .99977 .03897 .99924 .05640 .99841 99727 46

«5 .OOI36 .99999 .02181 .99976 .03926 •99923 . 05669 •99839 .07411 45
l6 .OO465 .99999 .02211 .99976 .03955 .99922 .05698 .99838 .07440 99723 44
17 .OO495 •99999 .02240 •99975 .03984 .99921 .05727 .99836 .07469 99721 43
18 .OO524 .99999 .02269 .04013 .99919 05756 •09834 .07498 99719 42

19 •00553 .99998 .02298 .99974 .04042 .99918 •05785 •99833 •07527 99716 4i

20 .OO582 .99998 .02327 •99973 .04071 .99917 .05814 .99831 •07556 997M 40

21 .Oo6ll .99998 .02356 .99972 .04100 .99916 .05844 .99829 •07585 99712 39
22 .O064O .99998 .02385 .99972 .04129 •99915 •05873 .99827 .07614 99710 38

23 .00660 .99998 .02414 .99971 .04159 •99913 .05902 .99826 •07643 99708 37
24 .O0698 .99998 .02443 .99970 .04188 .99912 •0593 1 .99824 .07672 99705 36
25 .OO727 .99997 .02472 .99969 .04217 .99911 .05960 .99822 .07701 99703 35
26 .OO756 .99997 .02501 .99969 .04246 .99910 .05989 .99821 .07730 99701 34
27 .OO785 .99997 .02530 . 99968 •04275 .99909 .06018 .99819 •07759 996Q9 33
28 .00814 .99997 .02560 .99967 .04304 .99907 .06047 .99817 .07788 99696 32
29 .00844 .99996 .02589 .99966 •04333 .99906 .06076 .99815 .07817 99694 3 1

30 .00873 .99996 .02618 .99966 .04362 .99905 .06105 .99813 .07846 99692 30

31 .OO902 .99996 .02647 .99965 .04391 •99904 •06134 .99812 •07875 99689 29
32 .OO93I .99996 .02676 .99964 .04420 .99902 .06163 .99810 .07904 99687 28

33 .OO960 •99995 .02705 .99963 .04449 .99901 .06192 .99808 •07933 90685 27

34 .OO989 •99995 .02734 .99963 .04478 .99000 .06221 . 99806 .07062 99683 26

35 .OIOl8 •99995 .02763 . 99962 .04507 .99898 .06250 .99804 .07991 99680 25

36 .OIO47 •99995 .02792 .99961 •04536 .99897 .06279 .99803 99678 24

37 .OIO76 •99994 .02821 .99960 •04565 . 99S96 .06308 .99801 .08040 99676 23
38 .OIIO5 •99994 .02S50 .99959 .04594 .99894 •06337 •99799 .08078 22

39 .OII34 .99994 .02870
.02900

.99959 .04623 .99893 .06366 •99797 .08107 99671 21

40 .OH64 •99993 .99958 •04653 .99892 •06395 •99795 .08136 99668 20

41 .OII93 •99993 .02938 •99957 .04682 .99890 •99793 .08165 99666 19

42 .OI222 .02967 .99956 .04711 .99880 .99792 .08194 99664 18

.OI25I .99992 . 02996 •99955 .04740 .908SS .06482 .99790 .08223 99661 «7

4 + .OI28

J

.03025 .04769 .99886 .0651

1

.99788 .08252 99659 16

.99991 .03054 •99953 .04708 .06540 .99786 .08281 99657 *5
.OI338 .99991 .03083 •99952 .04S27 .99SS3 .06569 .99784 .08310 14

.99991 .03112 .04856 .99882 .06598 .99782 •08339 13

48 .OI396 .99990 .99951 .04885 .99881 .06627 .99780 .08368 12

49 .99990 .03170 .99950 •99879 .06656 .99778 .08397 11

•99989 .03199 .99949 .04943 .9987S .06685 .99776 .08426 99644
' 10

5* .OI483 .99989 .03228 .99948 .04972 .99876 .06714 •99774 .08455 99642 9
.OI513 •99989 •03257 ••99947 .05001 .99875 •06743 .99772 99639 8
.OI542 .99988 .03286 .05030 •06773 .99770 .08513 99637 7

54 .99988 .03316 .99872 .06802 .99768 .08542 99635 6

55 .O160O .99987 .05088 .99870 .06831 .99766 .08571 99632 5
5* •99987 •03374 .06860 .08600 4
57 .01658 .99986 .03403 .05146 .99867 .06889 .08629 99627 3
58 .01687 .90986 .99866 .06918 .99760 .08658 2

.99985 .99940 .08687 1

.99985 •99756 .08716

/

a l Sine 1 Sine
'

8 »° 87 8 6°
j



24 Natural Sixes and Cosines.

1

5° 6° 7° 8
O

9°
/

Sine CCosine Sine C)osine Sine C)osine
1

Sine Cosine Sine Cosine

o .08716 99619 • 10453 99452 .12187 99255 .13917 .99027 •15643 .98769 60
I .08745 99617 . 10482 99449 . 12216 99251 .13946 .99023 . 15672 .98764 59
2 .08774 996:4 .10511 99446 .12245 99248 •13975 .99019 •15701 .9S760 58

3 .08803 99612 . 10540 99443 .12274 99244 . 14004 .99015 •15730 .98755 57
4 .08831 99609 . 10569 99440 . 12302 99240 •14033 .99011 .15758 98751 56
5 .08860 99607 • 10597 99437 .12331 99237 .14061 . 99006 .15787 .98746 55
6 .08889 99604 . 10626 99434 . 12360 99233 .14090 . 99002 .15816 •98741 54
7 .08918 99602 • 10655 99431 .12389 99230 .14119 .98998 .15845 .98737 53
8 .08947 99599 . 10684 99428 .12418 99226 .14148 • 98994 15873 .98732 52
9 .08976 99596 .10713 99424 • 12447 99222 .14177 98990 15902 .98728 5i
IO .09005 99594 . 10742 99421 .12476 99219 • 14205 .98986 •15931 .98723 50

n .09034 99591 .10771 99418 12504 99215 •14234 .98982 •15959 .98718 49
12 .09063 99588 .10800 99415 .1*533 992 1

1

.14263 .98978 • 15988 .98714 48
13 .09092 99586 . 10829 99412 . 12562 99208 .14292 •98973 .16017 .98709 47
14 .09121 99583 . 10858 99409 .12591 99204 .14320 .98969 .16046 .98704 46
»5 .09150 99580 .10887 99406 .12620 99200 •14349 .9896s .16074 .98700 45
16 .09179 99578 .10916 99402 .12649 99197 .14378 .98961 .16103 .98695 44
17 . 09208 99575 • 10945 99399 .12678 99193 .14407 .98957 .16132 . 98690 43
18 .09237 99572 • 10973 99396 .12706 99189 .14436 98953 .16160 .98686 42
i9 .09266 99570 . 1 1002 99393 •12735 99186 .14464 .08948 .16189 .98681 4i

20 .09295 99567 . 1 103

1

9939° .12764 99182 •14493 .98944 .16218 .98676 40

21 .09324 99564 .11060 99386 •12793 99178 . 14522 .98940 .16246 .98671 39
22 •09353 99562 .11089 99383 . 12822 99175 •M55I .98936 .16275 .98667 38
23 .09382 99559 .11118 90380 .12851 99171 .14580 -98931 •16304 .98662 37
24 .09411 99556 .11147 99377 .12880 99167 .14608 .98927 .16333 .98657 36
25 .09440 99553 .11176 99374 . 1 2908 99163 •14637 .98923 .16361 .98652 35
26 .09469 99551 .11205 99370 •12937 99160 .14666 .98919 • 16390 .98648 34
27 .09498 99548 .11234 99367 .12966 99156 • 14695 .98914 .16419 •98643 33
28 .09527 99545 .11263 99364 .12995 99152 •14723 .98910 • 16447 .98638 32
29 •09556 99542 .11291 9936o • 13024 99148 •14752 . 98906 .16476 •98633 3i

3° •09585 99540 .11320 99357 • 13053 99M4 .14781 . 98902 . 16505 ,98629 30

3i .09614 99537 •11 349 99354 .13081 99141 . 14810 .98897 •16533 .98624 29
32 .09642 99534 .11378 99351 • I 3 II° 99137 .14838 .98893 ,16562 .98619 28

33 .09671 99531 .11407 99347 .13139 99.133 .14867 .98889 .16591 .98614 27

34 .09700 99528 .11436 99344 .13168 99129 . 14896 .98884 .16620 . 98609 26

35 .09729 99526 .11465 99341 .13197 99125 • 14925 .98880 . 16648 .98604 25

36 •09758 99523 .11494 99337 . 13226 99122 .14954 .98876 . 16677 . 98600 24

37 .09787 99520 .11523 99334 •i32 54 991 18 . 14982 .98871 . 1 6706 •98595 23

38 .09816 99517 .11552 99331 .13283 99114 • 15011 .98867 •16734 .98590 22

39 •09845 99514 .11580 99327 .13312 99110 .15040 .98863 .16763 •98585 21

40 .09874 995" . 1 1609 99324 •I334I 99106 .15069 .98858 . 16792 .98580 20

4i .09903 995o8 .11638 13370 99102 •15097 .98854 .16820 •98575 19

42 •09932 99506 . 1 1 667 •'.9317 •13399 99098 . 15126 .98849 . 16849 .98570 18

43 .09961 99503 .11696 993 1

4

13427 99094 •15155 .98845 .16878 98565 17

44 .09990 99500 .11725 99310 •13456 99091 .15184 .98841 . 1 6906 .98561 16

45 .10019 99497 .11754 .13485 99087 • 15212 .98836 •16935 •98556 15

46 .10048 99494 .11783 99303 •I35I4 99083 .15241 .98832 . 1 6964 •98551 14

47 .10077 99491 .11812 993oo •13543 99079 .15270 .98827 .16992 .98546 13

48 .10106 99488 . 11840 99297 •13572 99075 •15299 .98823 . 1 702

i

•98541 12

49 .10135 99485 .11869 99293 . 13600 99071 •i532 7 .98818 .17050 •98536 11

50 .10164 99482 .11898 99290 • 13629 9906; •15356 .98814 .17078 •98531 10

51 .10192 99479 .11927 99286 .13658 99063 •15385 .98809 .17107 .98526
I52 . 1022

1

99476 .11956 99283 • 13687 99059 •15414 . 98805 .17136 .98521

53 . 10250 99473 .11985 99279 .13716 99055 •15442 . 98800 .17164 .98516 7

54 .10279 9947o .12014 99276 •13744 99051 •15471 .98796 .17193 .98511 6

55 . 10308 99467 .12043 99272 •13773 99047 .15500 •98791 .17222 .98506 5

56 •10337 99464 .12071 99269 . 13802 99043 •15529 .98787 .17250 .98501 4

57 .10366 9946i .12100 99265 .13831 99039 •15557 .98782 .17279 •> \u'' 3

58 • 10395 99458 . 12129 99262 .13860 99035 .15586 •98778
j

.17308 .98491 2

59 .10424 99455 .12158 99258 .13889 99031 .15615 •98773 •17336 .98486 1

60 • 10453 99452 I
.12187 99255 .13917 99027 •15643 •17365 .98J81

/

Cosine Sine Cosine Sine Cosine Sine Cosine Sine Cosine Sine
/

84
c,

83 82° 8 [° 80



Natural Sines and Cosines. 25

o

IO
1 O

12
j

13
3

T 4°
'

Sine C Sine C Sine L Sine Cosine

•i7365 .19081 98^63 .20791 97815 .22495 97437 .24192 60

I •17393 98476 .19109 .20820 97809 59
2 .19138 98152 .20848 97803 •22552 .24249 •97015 58

3 17451
i

.19167 .20877 97797 .22580 97417 .24277 .97008 57

4 •»7479 .19195 .20905 97791 .22608 97411 .97001 56

5 .19224 98135 •20933 97784 .22637 .96994 55
6 •'7537 98450 19252 98129 . 20962 97778 .22665 97398 .24362 .96987 54

7 •17565 98445 .19281 98124 . 20990 97772 .22693 97391 24390 . 96980 53
8 •17594 98440 .19309 98118 .21019 97766 .22722 97384 .24418 •96973 52

9 .17623 98435 .19338 98112 9776o .22750 97378 .24446 . 96966 51

IO .17651 98430 .19366 98107 .21076 97754 .22778 97371 .24474 .96959 50

„ .17680 98425 • 19395 98101 .21104 97748 .22807 97365 •24503 • 96952 4Q
12 .17708 98420 •19423 98096 .21132 97742 •22835 97358 •24531 .96945 48

13 •17737 98414 .19452 98090 .21161 97735 .22863 97351 •24559 •96937 7
M .17766 984 . .19481 98084 .21189 97729 .22892 97345 •24587 .96930 46

15 •17794 I8404 • 19509 98079 .21218 97723 .22920 97338 1
24615 •96923 45

l6 .17823 98399 •19538 98073 .21246 97717 22948 97331 .24644 . 969 1

6

44
17 .17852 98394 . 19566 98067 .21275 97711 .22977 97325 .24672 .96909 43
l8 .17880 98389 •19595 98061 .21303 97705 •23005 97318 .24700 . 96902 42

19 .17909 98383 .19623 98056 •21331 97698 •23033 973H .24728 .96894 4i

20 •17937 98378 .19652 98050 .21360 97692 .23062 97304 •24756 .96887 40

21 .17966 98373 . 19680 98044 .21388 97686 .23090 97298 .24784 .96880 39
22 •17995 98368 .19709 98039 .21417 97680 .23118 97291 .24813 •96873 38
23 . 18023 98362 •19737 98033 .21445 97673 .23146 97284 .24841 .96S66 37
24 . 18052 98357 . 19766 98027 .21474 97667 •23175 97278 .24869 .96858 36
25 .18081 98352 • 19794 98021 . 2

1
502 97661 . 23203 97271 .24807 .96851 35

26 .18109 98347 .19823 98016 .21530 97655 .23231 97264 •24925 .96844 34
27 .18138 98341 .19851 98010 •21559 97648 .23260 97257 .24954 .96837 33
28 .18166 98336 .19880 98004 .21587 97642 .23288 97251 .24982 .96829 32

29 .18195 98331 .19908 97998 .21616 97636 .23316 97244 .25010 .06822 3i

3° .18224 98325 • 19937 97992 .21644 .97630 •23345 97237 .25038 .96815 30

3i .18252 98320 .19965 97987 .21672 97623 •23373
'

97230 .25066 . 96807 29
32 .18281 98315 • 19994 97981 .21701 97617 .23401 97223 .2501)4 .96800 28

33 .18309 98310 .20022 97975 .21729 97611 •23429 97217 .25122 •96793 27

34 .18338 98304 .20051 97969 .21758 97604 •23458 97210 •25151 .96786 26

35 .18367 98299 .20079 97963 .21786 97598 .23486 •25-79 .96778 25
36 •18395 98294 .20108, 97958 .21814 97592 •235H 97196 .25207 •96771 24

37 . 18424 98288 .20136 97952 .21843 97585 •23542 97189 •25235 .96764 23
38 .18452 98283 .20165 97946 .21871 97579 •23571 97182 .25263 •96756 22

39 .18481 98277 •20193 97940 .218Q9 97573 •23599 97176 .25291 •96749 21

40 .18509 98272 .20222 97934 .21928 97566 .23627 97160 .25320 •96742 20

4i .18538 98267 .20250 97928 .21956 9756o . 23656 97162 •25348 •96734 19
42 .18567 98261 .20279 97922 .21985 97553 .23684 97155 •25376 .96727 18

43 18595 98256 .20307 979i6 97547 .23712 9714S • 25404 .96719 17

44 .18624 98250 . 20336 S)79i° 97541 97Mi .96712 16

45 . 18652 98245 . 20364 97905 97534 .23769 .25460 .96705 15

46 .18681 98240 •20393 97899 .22098 97528 •23797 97127 .25488 .96697 14

47 .18710 98234 .20421 97893 97521 .25516 .96690 13

48 .18738 98229 97S87 .22155 975'5 97"3 •25545 .96682 12

49 .18767 97881 975o8 .23882 97106 •25573 •96675 11

5" •i87u5 98218 .20507 97875 97502 .23910 97100 .25601 . 96667 IO

5' .18824 98212 •20535 97869 97496 .25629 .96660 9
52 . 18852 08207 078^3 97489 •96653 8

53 .18881 98201 97483 .96645 7

54 .18910 08196 97851 .96638 6
.18038 98190 .20649 97845 . 96630 5

56 .18067 98185 .20677 97839 •25769 .96623 4
.18095 98179 .20706 •25798 3

58 .25826 2

98168 1

.19081 .22495 .24192 . 25882

1/

Sine 1 )osine Sine Cosine Sine

9

.

1

77'
> 3

5°



26 Natural Sines and Cosines.

r

It
.0

!

^° n I? 19°
/

Sine Cosine
1

Sine Cosine Sine Cosine Sine Cosine Sine Cosine

o .25882 •96593 ,
-27564 .96126 .29237 •95630 . 30902 .95106 •32557 •94552 60

i .25910 .96585 •27592 .96118 .29265 .95622 .30929 •95097 •32584 •94542 59
2 •25938 .96578 .27620 .96110 •29293 •95613 •30957 .95088 .32612 •94533 58
3 . 25966 .96570 .27648 .96102 .29321 •95605 .30985 •95079 •32639 •94523 57
4 •25994 .96562 .27676 .96094 .29348 •95596 .31012 .95070 .32667 •945M 56
s .26022 96555 .27704 .96086 .29376 .95588 .31040 .95061 • 32694 •945"4 55
6 . 26050 •96547 •27731 .96078 . 29404 •95579 .31068 •95052 •32722 •94495 54
7 .26079 .96540 •27759 . 96070 .29432 •95571 •31095 •95043 •32749 .94485 53
8 .26107 •96532 .27787 . 96062 . 29460 •95562 .31123 •95033 •32777 .94476 52

9 .26135 .96524 .27815 •96054 .29487 •95554 •31151 .95024 .32804 .944^6 5i
IO .26163 •965:7 •27843 .96046 •29515 •95545 .31178 •95015 •32832 •94457 50

ii .26191 .96509 .27871 .96037 •29543 •95536 .31206 . 95006 •32859 •94447 49
12 .26219 . 96502 .27899 . 96020 •29571 •95528 •31233 •94997 .32807 •94438 48
13 .26247 •96494 .27927 .96021 .29599 •95519 .31261 .94988 .32914 .94428 47
14 .26275 .96486 •27955 .96013 .29626 •955H .31289 •94979 .32942 .94418 46
15 .26303 •96479 .27983 .96005 .29654 •95502 •31316 94970 .32969 .94409 45
16 •26331 .96471 .28011 •95997 .29682 •95493 •31344 .94961 •32997 •94399 44
17 .26359 .96463 .28039 .95989 .29710 •95485 •31372 .94952 •33024 •94390 43
18 .26387 .96456 .28067 •9598i •29737 •95476 •31399 •94943 •33051 .94380 42
19 .26415 .96448 .28095 •95972 .29765 •95467 •31427 •94933 • 33079 •94370 41
20 • 26443 .96440 .28123 •95964 •29793 •95459 •31454 .94924 •33106 .94361 40

21 .26471 •96433 .28150 •95956 .29821 •9545o •31482 •94915 •33134 94351 39
22 .26500 .96425 .28178 .95948 .29849 •95441 •31510 .94906 •33161 .94342 38
23 .26528 .96417 .28206 .95940 .29876 •95433 •31537 .94897 •33189 •94332 37
24 .26556 .96410 •28234 •95931 .29904 .95424 •31565 .94888 •33216 •94322 36
25 .26584 . 96402 .28262 •95923 .29932 •95415 •31593 .94878 •33244 •94313 35
26 .26612 •96394 .28290 •95915 .29960 •95407 .31620 .94869 •33271 •94303 34
27 . 26640 .96386 .28318 •95907 .29987 •95398 .31648 .94860 .33298 •94293 33
28 .26668 •96379 .28346 .95898 .30015 •95389 •31675 •94851 •33326 .94284 32

29 . 26696 •96371 .28374 .95890 .30043 .95380 •31703 .94842 •33353 .94274 3i

30 .26724 •96363 .28402 .95882 •30071 •95372 •31730 •94832 •3338i .94264 30

31 .26752 •96355 .28429 •95874 . 30098 •95363 •31758 •94823 •334o8 .94254 29
32 .26780 •96347 .28457 •95865 .30126 •95354 .31786 .94814 •33436 .94245 28

33 . 26808 • 96340 .28485 •95857 .30154 •95345 .31813 .94805 •33463 •94235 27

34 .26836 .96332 .28513 .95849 .30182 •95337 .31841 •94795 •3349o .94225 26

35 .26864 .96324 .28541 .95841 . 30209 .95328 .31868 .94786 •335i8 •94215 25

36 . 26892 .96316 .28569 •95832 •30237 •95319 .31896 •94777 •33545 .94206 24

37 .26920 .96308 •28597 .95824 .30265 •953io •31923 .94768 •33573 .94196 23
38 . 26948 .96301 .28625 .95816 . 30292 •953oi •31951 .94758 . 33600 .94186 22

39 .26976 .96293 .28652 •95807 . 30320 •95293 •31979 .94749 •33627 .94176 21

40 .27004 .96285 . 28680 •95799 •30348 .95284 . 32006 •94740 •33655 •94167 20

4i .27032 .96277 .28708 •95791 • 30376 •95275 •32034 •9473° .33682 •94157 19

42 .27060 .96269 .28736 .95782 • 30403 .95266 .32061 •94721 •337io •94M7 18

43 .27088 .96261 .28764 •95774 •30431 •95257 . 32089 •94712 •33737 •94137 17

44 .27116 .96253 .28792 •95766 • 30459 .95248 .32116 . 94702 •33764 .94127 16

45 .27144 .96246 .28820 •95757 . 30486 .95240 •32144 •94693 •33792 .94118 15

46 .27172 .96238 .28847 •95749 •30514 .95231 .32171 .94684 33819 .94108 14

47 .27200 .96230 .28875 •9574o •30542 .95222 .32199 .94674 •33846 .94098 13

48 .27228 .96222 .28903 •95732 • 30570 •95213 .32227 .94665 •33874 .94088 12

49 .27256 .96214 .28931 •95724 • 30597 .95204 •32254 .94656 •339oi .94078 11

50 .27284 . 96206 .28959 •95715 .30625 •95195 .32282 .94646 •33929 .94068 10

5i .27312 .96198 .28987 •95707 •30653 .95186 .32309 •94637 •33956 •94058 9

52 .27340 .96190 •29015 .95698 . 30680 •95177 •32337 .94627 • 33983 .94049 8

53 .27368 .96182 . 29042 .95690 . 30708 .95168 .32364 .94618 .34011 7

54 •27396 •96174* . 29070 .95681 •30736 •95159 .32392 . 94609 •34038 .0 1"/') 6

55 .27424 .96166 .29098 •95673 •30763 •95150 .32419 •94599 •34065 .94019 5

56 .27452 •96158 .29126 .95664 •30791 •95M2 •32447 .94590 •34093 .94009 4

57 .27480 .96150 .29154 .95656 .30819 •95133 •32474 •9458o .34120 •93999 3

58 .27508 .96142 .29182 •95 r'47 . 30846 .95124 .32502 •94571 •34M7 •93989 2

59 •27536 .96134 . 29209 •95639 • 30874 •95H5 •32529 .94561 •34175 •93979 1

60 .27564 .96126 .29237 •Q5630 . 30Q02 .95106 •32557 •94552 .34202 • 93969

/

Cosine .Sine Cosine .Sine Cosine Sine (Cosine Sine Cosine .Sine
/

1A 73 72 71 7c
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28 Natural Sines and Cosines.

'

*S° 2C 27 28 29
/

Sine Cosine Sine Cosine Sine CCosine Sine (Cosine Sine (Josine

o .42262 .90631 •43837 .89879 •45399 .89101 .46947 .88295 .48481 .87462 60
I .42288 .90618 .43863 .89867 •45425 .89087 •46973 .88281 .48506 .87448 59
2 •42315 .90606 .43889 .89854 •4545i .80074 .46999 .88267 .48532 •87434 58

3 .42341 •90594 .43916 .89841 •45477 .89061 .47024 •88254 •48557 .87420 57

4 •42367 .90582 .43942 .89828 •45503 . 89048 .47050 .88240 .48583 .87406 56

5 •42394 .90569 .43968 .89816 .45529 •89035 .47076 .88226 .48608 •87391 5S
6 .42420 •90557 • 43994 . 89803 •45554 .89021 .47101 .88213 .48634 •87377 54
7 .42446 •90545 . 44020 .89790 •4558o . 89008 .47127 .88199 .48659 .87363 53
8 •42473 •90532 . 44046 •89777 . 45606 .88995 •47153 .88185 .48684 •87349 52

9 •42499 .90520 .44072 .89764 •45632 .88981 .47178 .88172 .48710 .87335 5i

IO •42525 •90507 . 44098 •89752 .45658 .88968 .47204 .88158 •48735 .87321 50

ii •42552 .90495 .44124 •89739 .45684 .88955 .47229 .88144 .48761 •87306 49
12 .42578 •90483 .44151 .89726 •457io .88942 •47255 .88130 .48786 .87292 48
J 3 .42604 .90470 .44177 •89713 •45736 .88928 .47281 .88117 .48811 .87278 47
14 .42631 .90458 •44203 . 89700 .45762 .88915 .47306 .88103 .48837 .87364 46
15 .42657 . 90446 •44229 .89687 .45787 .88902 •47332 .88089 .48862 •87250 45
16 .42683 •90433 •44255 .89674 .45813 .88888 •47358 •88075 .48888 •87235 44
17 •42709- .90421 .44281 .89662 •45839 .88875 •47383 .88062 .48913 .87221 43
18 .42736 . 90408 •44307 . 89649 .45865 .88862 •47409 .88048 .48938 .87207 42

19 .42762 .90396 •44333 .89636 .45891 .88848 •47434 .88034 .48964 •87193 4i

20 .42788 •90383 •44359 .89623 •45917 .88835 .47460 .88020 .48989 .87178 40

21 .42815 •90371 .44385 .89610 •45942 .88822 .47486 .88006 .49014 .87164 39
22 .42841 .90358 .44411 •89597 .45968 .88808 •475" •87993 . 49040 .87150 38

23 '.42867 • 90346 •44437 .89584 •45994 .88795 •47537 .87979 .49065 •87136 37
24 .42894 •90334 .44464 .89571 . 46020 .88782 .47562 •87965 .49090 .87121 36

25 .42920 .90321 •4449° •89558 . 46046 .88768 .47588 •87951 .49116 .87107 35
26 .42946 .90309 .44516 •89545 . 46072 •88755 .47614 •87937 .49141 .87093 34
27 .42972 .90296 .44542 •89532 .46097 .88741 •47639 •87923 .49166 .87079 33
28 •42999 .90284 .44568 .89519 .46123 .88728 .47665 . 87909 •49192 .87064 32

29 .43025 .90271 •44594 .89506 .46149 .88715 .47690 .87896 .49217 .87050 3i

3° •43°5i .90259 .44620 •89493 .46175 .88701 .47716 .87882 .49242 .87036 30

31 43077 .90246 . 44646 89480 .46201 .88688 •47741 .87868 .49268 .87021 29

32 .43104 .90233 .44672 .89467 .46226 .88674 •47767 •87854 .49293 .87007 28

33 •43130 .90221 .44698 .89454 .46252 .88661 •47793 .87840 .49318 .86993 27

34 •43156 .90208 •44724 .89441 .46278 .88647 .47818 .87826 •49344 .86978 26

35 .43182 .90196 •4475o .89428 .46304 .88634 .47844 .878:2 •49369 .86964 25

36 • 43209 .90183 .44776 .89415 •46330 .88620 .47869 •87798 •49394 .86949 24

37 •43235 .90171 .44802 .89402 •46355 .88607 •47895 •87784 •49419 .86935 23

38 .43261 •90158 .44828 .89389 .46381 •88593 .47920 .87770 •49445 .86921 22

39 .43287 .90146 •44854 •89376 .46407 .88580 .47946 •87756 .49470 . 86906 21

40 •43313 •90133 .44880 .89363 •46433 .88566 •47971 •87743 • 49495 .86892 20

4i •4334o .90120 . 44906 .89350 .46458 •88553 •47997 .87729 •49521 .86878 19

42 •43366 .90108 •44932 •89337 .46484 .88539 .48022 .87715 •49546 .86863 18

43 •43392 .90095 •44958 .89324 .46510 .88526 .48048 .87701 •49571 .86849 17

44 .43418 .90082 •44984 .89311 •46536 .88512 .48073 .87687 .49596 .86834 16

45 •43445 . 90070 .45010 .89298 •46561 .88499 . 48099 •87673 .49622 .86820 15

46 •43471 •90057 .45036 .89285 .46587 .88485 .48124 .87659 •49647 .86805 14

47 • 43497 .90045 . 45062 .89272 .46613 .88472 .48150 .87645 .49672 .86791 13

48 •43523 .90032 .45088 .89259 •46639 .88458 •48175 .87631 •49697 •86777 12

49 •43549 .90019 •45114 .89245 .46664 .88445 .48201 .87617 •49723 .86762 11

5<-> •43575 .90007 .45140 .89232 . 46690 .88431 .48226 .87603 .49748 .86748 10

5i .43602 •89994 .45166 .89219 .46716 .88417 .48252 .87589 •49773 .86733 9
52 .43628 . 8gg8

1

•45192 .89206 .46742 .88404 .48277 •87575 •49798 .86719 8

53 •43654 . 89968 .45218 .89193 .46767 .88390 .48303 .87561 .49824 .86704 7

54 .43680 .89956 •45243 .89180 •46793 •88377 .48328 .87546 .49849 . 86690 6

55 .43706 •89943 .45269 .89167 .46819 •88363 •48354 •87532 .49874 .86675 5

56 •43733 .89930 •45295 •89153 .46844 .88349 •48379 .87518 • 49899 .86661 4

57 •43759 .89918 •45321 .89140 .46870 •88336 .48405 .87504 •49924 . 86646 3

58 •43785 .89905 •45347 .89127 .46896 .88322 .48430 .87490 •49950 .86632 2

59 .43811 .89892 •45373 .89114 .46921 .88308 .48456 .87476 •49975 .86617 1

60 •438?7 .89879 • 45399 .89101 .46947 .88295 .48481 .87462 .50000 . 86603

'

Cosine Sine Cosine Sine Cosine Sine Cosine Sine Cosine Sine
'

L
64° 6 3° 6:5 6]E° 6<5°
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30 Natural Sines and Cosines.

/

35 36 37° 38 3<f
t

Sine Cosine Sine Cosine Sine C osine Sine C osine Sine Cosine

o •57358 .81915 •58779 . 80902 .60182 79864 .61566 78801 .62932 •77715 60
j

I •57381 .81899 .58802 .80885 .60205 79846 .61589 78783 •62955 .77696 • 59
2 •57405 .81882 .58826 .80867 .60228 79829 .61612 78765 .62977 .77678 58

3 •57429 .81865 .58849 .80850 .60251 798 1

1

.61635 78747 .63000 .77660 57
4 •57453 .81848 .58873 •80833 .60274 79793 .61658 78729 .63022 .77641 56
5 •57477 .81832 .58896 .80816 . 60298 79776 .61681 78711 .63045 •77623 55
6 •57501 .81815 .58920 . 80799 . 6032

1

79758 .61704 78694 . 63068 •77605 54
7 •57524 .81798 •58943 .80782 .60344 79741 .61726 78676 .63090 .77586 53
8 •57548 .81782 .58967 .80765 .60367 79723 .61749 78658 .63113 .77568 52

9 •57572 .81765 .58990 .80748 .60390 79706 .61772 78640 •63135 •77550 5i

IO •57596 .81748 .59014 .80730 .60414 79688 •61795 78622 .63158 •7753 1 50

n •57619 .81731 •59037 •80713 •60437 79671 .61818 78604 .63180 •775!3 49
12 •57643 .81714 .59061 .80696 . 60460 79653 .61841 78586 .63203 •77494 48
13 •57667 .81698 .59034 .80679 .60483 79635 .61864 78568 .63225 •77476 47
14 •57691 .81681 .59108 .80662 .60506 79618 .61887 78550 .63248 •77458 46
15 •57715 .81664 •59131 . 80644 .60529 79600 .61909 78532 .63271 •77439 45
16 •57738 .81647 •59154 .80627 •60553 79583 •61932 78514 •63293 .77421 44
17 •57762 .81631 .59178 .80610 .60576 79565 •61955 78496 .63316 .77402 43
18 •57786 .81614. . 59201 •80593 .60599 79547 .61978 78478 •63338 •77384 42

19 .57810 •81597 •59225 •80576 .60622 79530 .62001 78460 •63361 •77366 41
20 •57833 .81580 .59248 •80558 .60645 795" ,62024 78442 •63383 77347 40

21 •57857 .81563 .59272 .80541 .60668 79494 .62046 78424 .63406 .77329 39
22 .57881 .81546 • 59295 .80524 . 6069

1

79477 . 62069 78405 .63428 •773 IQ 38
23 •579°4 •81530 •593i8 •80507 .60714 79459 .62092 78387 .63451 .77292 37
24 .57928 .81513 •59342 .80489 .60738 79441 .62115 78369 •63473 •77273 36

25 •57952 .81496 •59365 .80472 .60761 79424 .62138 78351 .63496 •77255 35
26 •57976 .81479 •59389 .80455 .60784 794o6 .62160 78333 .63518 .77236 34
27 •57999 .81462 .59412 .80438 .60807 79388 .62183 78315 •63540 .77218 33
28 .58023 .81445 •59436 .80420 .60830 79371 .62206 78297 •63563 .77199 32

29 .58047 .81428 •59459 . 80403 .60853 79353 .62229 78279 .63585 .77181 3i

3° . 58070 .81412 .59482 .80386 .60876 79335 .62251 78261 .63608 .77162 3°

3 1 .58094 .81395 •595o6 .80368 . 60899 793 l8 .62274 78243 .63630 •77M4 29

32 .58118 .81378 •59529 .80351 .60922 79300 .62297 78225 •C3653 .77125 28

33 .58141 .81361 •59552 •80334 .60945 79282 .62320 78206 .63675 .77107 27

34 .58165 •81344 •59576 .80316 .60968 79264 •62342 78188 .63698 .77088 26

35 .58189 .81327 •59599 . 80299 .60991 79247 .62365 78170 .63720 .77070 25

36 .58212 .81310 .59622 .80282 .61015 79229 .62388 78152 .63742 • 77<'5 I 24

37 .58236 .81293 • 59646 .80264 .61038 792 1

1

.62411 78134 •63765 •77033 23

38 . 58260 .81276 .59669 . 80247 .61061 79^93 .62433 78116 .63787 •77014 22

39 .58283 .81259 •59693 .80230 .61084 79176 .62456 78098 .63810 . 76996 21

40 •58307 .81242 •597i6 .80212 .61107 79158 .62479 78079 .63832 •76977 20

41 •58330 .81225 •59739 •80195 .61130 79140 .62502 78061 •63854 .76959 19

42 •58354 .81208 •59763 .80178 .61153 79122 .62524 78043 .63877 .76940 18

43 •58378 .81191 .59786 .80160 .61176 79io5 .62547 78025 .63899 .76921 17

44 .58401 .81174 .59809 .80143 .61199 79087 .62570 78007 .63922 .76903 16

45 •58425 .81157 .59832 .80125 .61222 79069 .62592 77988 .63944 .76884 15

46 • 58449 .81140 .59856 .80108 .61245 79051 .62615 77970 .63966 .76866 M
47 .58472 .81123 •59879 .80091 .61268 79033 .62638 77952 . 63989 .76847 13

48 • 58496 .81106 .59902 .80073 .61291 79016 .62660 77934 .64011 •76828 12

49 08519 .81089. .59926 .80056 .61314 78998 .62683 77916 .64033 .76810 11

5o •58543 .81072 •59949 .80038 .61337 78980 .62706 77897 .64056 .76791 10

5i •58567 .81055 •59972 .80021 .61360 78962 .62728 77879 .64078 .76772 9
52 •58590 .81038 •59995 . 80003 .61383 78944 .62751 77861 .64100 •76754 8

53 .58614 .81021 .60019 .79986 .61406 78926 •62774 77843 .64123 •76735 7

54 •58637 .81004 .60042 .79968 .61429 78908 77824 .64145 .767,7 6

55 .58661 .80987 . 60065 •7995i .61451 78891 .62819 77806 .64167 . 76698 5

56 .58684 . 80970 .60089 • 79934 .61474 78873 .62842 77788 .64190 .76679 4

57 .58708 .80953 .60112 .79916 •61497 78855 .62864 77769 .64212 .76661 3

58 •58731 . 80936 .60135 .79809 .61520 78837 .62887 77751 •64234 .76642 2

59 .58755 .80919 .60158 .79881 •61543 78819 77733 .64256 .76623 1

60 •58779 . 80902 .60182 • 79864 .61566 78801 77715 .64279

|'
Cosine Sine Cosine Sine Cosine Sine Cosine Sine Cosine Sine

/

L 54 53 52° Si° 5<D°



Natural Sinks and Cosines. 31

t

4°°
\ 4

2° 43° 44
/

Sine Sine Cosine Sine Cosine
-

Cosine

•75471 .66913 •743M .68200 •73*35 .69466 •7*934 60

I .76586 .65628 •74295 .73116 .69487 .71914 59
2 .76567 .65650 .66956 •74276 .73096 .69508 .71894 58

3 .76548 •754*4 .66978 .68264 • 73076 .69529 •7*873 57

4 .65694 . 66999 •74237 .68285 •73056 .69549 •7*853 56

5 .65716 .67021 .68306 •73036 •69570 .7*833 55
.76492 .65738 •75356 .67043 •6S327 .73016 .71813 54

7 .76473 •7417S .68349 • 72996 .69612 53
•76455 .65781 .753i8 .67086 •74159 .68370 • 7«976 •69633 52

•76436 .65803 •75299 .67107 •74139 68391 •72957 •69654 5*

IO .65825 .75280 .67129 .68412 •72937 •69675 •7*732 50

ii .76398 .65847 .75261 .67151 .74100 .72917 .69696 49
12 . 76380 .65869 •75241 .67172 . 740S0 .68455 .69717 48

' i
.76361 .65891 .75222 .67194 .68476 •72877 •69737 .71671 47

«4 •76342 •65913 •75203 .67215 .68497 •72857 .69758 .71650 46

'5 •65935 .75184 •67237 .74022 .68518 •72837 .69779 .7*630 45
16 • 76304 .65956 •75165 .67258 .74002 •68539 .72S17 .69800 .71610 44
*7 .76286 .65978 75146 .67280 •73983 .68561 .69821 •7*590 43
i3 .64679 .76267 .60000 .75126 •67301 •73963 .68582 •72777 .69842 •7*569 42

19 .7624s .66022 •75107 •67323 •73944 .68603 •72757 .60862 •7*549 4*

.76229 .66044 .75088 •67344 •73924 .68624 •72737 .69883 •7*529 40

21 .76210 .66066 •75069 .67366 •73904 .68645 .69904 .7*508 39
22 .64768 .76192 .66088 •75050 .67387 .73885 .68666 •72697 .71488 38

2$ •76173 .66109 .67409 •73865 .68688 .72677 .71468 37
-'4 .64812 .76154 .66131 .75011 •67430 .73846 .68709 •72657 . 69966 •7*447 36

25 •76135 .66153 .74992 .67452 .73826 .68730 •72637 .69987 •7i4«7 35
26 .64856 .76116 .66175 •74973 •67473 .73806 .68751 .72617 .70008 •7*407 34
27 .64878 .76097 .66107 74953 .67495 .73787 .68772 •72597 .70029 .71386 33
23 .64901 .76678 .662^8 .67516 •73767 .68793 .70049 •7*366 J2

29 .64923 .76059 .66240 •749*5 •67538 .68814 •72557 .70070 •7*345 3*

3° .64945 .76041 .66262 .74896 •67559 •737*8 .6S835 •72537 .70091 •71325 30

3« .64967 .76022 .66284 .74876 .67580 •737o8 .68857 •725*7 .70112 •713<>5 29

32 .64989 .70003 . 66306 .74857 .67602 .72497 .70132 •7*284 28

33 •75984 .66327 .74838 .67623 .68899 •72477 •70153 .71264 27

34 •65033 •75965 .66349 .7481S .67645 •73^49 .68920 •72457 .71243 26

35 • 65°55 .75946 .66371 •74799 .67666 • 73629 .68941 25

36 •75927 .66393 .74780 .67688 .73610 .68962 24

37 • 75908 .66414 .74760 •67709 •7359o . 23

38 . .75889 . 66436 •7474* •67730 •7357o .69004 .70257 .71162

39 .75870 .66458 •67752 .69025 •72357 .71141
4'^> •75851 .66480 •74703 •67773 •7353i .69046 •72337 .71121

41 .65188 .75832 .66501 .74683 •67795 •735" .69067 •723*7 .703*9 .71100 *9

42 .65210 •75813 .66523 .74664 .67816 .69088 .7 .71080 18

43 .65232 .66545 •67837 •7*o59 *7

.65254 •75775 .66566 .67859 .69130 .70381 •7*039 16

45 •75756 .66588 .74606 .67880 .71019 *5

46 •75738 .66610 .74586 .67901 •73413 .69172 .70998 *4

47 .66632 •74567 •67923 .69103 .70978 *3

43 .66653 •74548 •67944 •73373 .69214 .72176 12

.75680 .66675 •74528 •67965 •73353 .69235 11

.75661 .66697 •74509 .67987 •73333 .69256 • 70505 .70916 10

5' .74489 .68008 •733*4 .69277 •70525 .70896 9
52 .68029 .69298 .72095 •70546 .70875 8

53 •74451 .68051 .73274 .69319 •70567 7

54 • .68072 •73254 6

55 .66805 .68093 .70608 5

56 4

57 •74373 .68136 •73*95 3

58 .66870 - 2

59 .65584 .66891 .68179 1

•

•743M .68200 •73135 •7*934 .70711

i

Sine 1

1

4<> \

4*$° 4 1 4<
5°

45



32 Natural Tangents and Cotangents.

/

o° 1° 2° 3° 4°
/

Tang Cotang Tang Cotang Tang Cotang Tang Cotang Tang Cotang

o .00000 Infin. .01746 57.2900 .03492 28.6363 .05241 19.0811 .06993 14.3007 60
I .00029 3437-75 .01775 56.3506 .03521 28.3994 .05270 18.9755 .07022 14.2411 59
2 .00058 1718.87 .01804 55-4415 •03550 28.1664 .05299 18.8711 .07051 14.1821 58
3 .00087 II45-92 .01833 54-5613 •03579 27.9372 •05328 18.7678 .07080 14-1235 57
4 .00116 859.436 .01862 53.7086 .03609 27.7117 •05357 18.6656 .07110 14.0655 56
5 .00145 687.549 .01891 52.8821 •03638 27.4899 •05387 18.5645 .07139 14.0079 55
6 .00175 572.957 .01920 52.0807 .03667 27.2715 .05416 18.4645 .07168 13-9507 54
7 .00204 491. 106 .01949 51-3032 .03696 27.0566 •05445 18.3655 .07197 13.8940 53
8 .00233 429.718 .01978 50.5485 •03725 26.8450 •05474 18.2677 .07227 13-8378 52

9 .00262 381.971 .02007 49.8157 •03754 26.6367 .05503 18.1708 .07256 13-7821 51
IO .00291 343-774 .02036 49.1039 •03783 26.4316 .05533 18.0750 .07285 13.7267 50

ii .00320 312.521 .02066 48.4121 .03812 26.2296 .05562 17.9802 •07314 13.6719 49
12 .00349 286.478 .02095 47-7395 .03842 26.0307 •05591 17.8863 .07344 13.6174 48
J 3 .00378 264.441 .02124 47.0853 .03871 25.8348 .05620 17.7934 •07373 13 5634 47
i4 .00407 245-55-' •02153 46.4489 .03900 25.6418 .05649 17.7015 .07402 13.5098 46
15 .00436 229.182 .02182 45.8294 .03929 25-4517 .05678 17.6106 •07431 13.4566 45
16 .00465 214.858 .02211 45.2261 .03958 25.2644 .05708 17.5205 .07461 13-4039 44
17 .00495 202.219 .02240 44.6386 •03987 25.0798 .05737 17-4314 .07490 13-3515 43
18 .00524 190.984 .02269 44.0661 .04016 24.8978 .05766 I 7-3432 .07519 13.2996 42
19 00553 180.932 .02298 43.5081 .04046 24.7185 .05795 17-2558 •07548 13.2480 4i

20 .00582 171.885 .02328 42.9641 .04075 24.5418 .05824 17.1693 .07578 13.1969 40

21 .00611 163.700 •02357 42.4335 .04104 24-3675 .05854 17.0837 .07607 13-1461 39
22 . 00640 156.259 .02386 41.9158 •04133 24.1957 .05883 16.9990 .07636 13.0958 38
23 .00669 149.465 .02415 41 .4106 .04162 24.0263 .05912 16.9150 .07665 13.0458 37
24 .00698 H3-237 .02444 40.9174 .04191 23-8593 .05941 16.8319 .07695 12.9962 36
25 .00727 I 37-5°7 •02473 40.4358 .04220 23-6945 .05970 16.7496 .07724 12.9469 35
26 .00756 132.219 .02502 39-9655 .04250 23-5321 •05999 16.6681 •07753 12.8981 34
27 .00785 127.321 .02531 39-5059 .04279 23-3718 .06029 16.5874 .07782 12.8496 33
28 .00815 122.774 .02560 39.0568 .04308 23.2137 .06058 16.5075 .07812 12.8014 32

29 .00844 118.540 .02589 38.6177 •04337 23-0577 .06087 16.4283 .07841 12.7536 3i

30 .00873 114.589 .02619 38.1885 .04366 22.9038 .06116 16.3499 .07870 12.7062 30

•3i .00902 110.892 .02648 37-7686 •04395 22.7519 .06145 16.2722 .07899 12.6591 29

32 .00931 107.426 .02677 37-3579 .04424 22.6020 .06175 16.1952 .07929 12.6124 28

33 .00960 104. 171 .02706 36.9560 .04454 22.4541 .06204 16. 1190 .07958 1 2
.
5660 27

34 .00989 101.107 •02735 36.5627 .04483 22.3081 .06233 16.0435 .07987 12.5199 26

35 .01018 98.2179 .02764 36.1776 .04512 22. 1640 .06262 15.9687 .08017 12.4742 25

36 .01047 95.4895 .02793 35.8006 .04541 22.0217 .06291 15-8945 .C8046 12.4288 24

37 .01076 92.9085 .02822 35-43I3 •04570 21.8813 .06321 .5.8211 .08075 12.3838 23

38 .01105 90-4633 .02851 35-0695 •04599 21.7426 .06350 15-7483 .08104 12.3390' 22

39 .01135 88.1436 .02881 34-7I5I .04628 21.6056 .06379 15.6762 •08134 12.2946 21

40 .01164 85.9398 .02910 34-3678 .04658 21.4704 .06408 1 5 . 6048 .08163 12.2505 20

4i .01193 83.8435 .02939 34.0273 .04687 21.3369 •06437 I5.5340 .08192 12.2067 19

42 .01222 81.8470 .02968 33-6935 .04716 2 1 . 2049 .06467 15.4638 .08221 12.1632 18

43 .01251 79-9434 .02997 33.3662 •04745 21.0747 .06496 15-3943 .08251 12.1201 l
l

44 .01280 78.1263 .03026 33-0452 .04774 20.9460 .06525 15.3254 .08280 12.0772 16 1

45 .01309 76
.
3900 •03055 32.73u 3 .04803 20.8188 .06554 15-2571 .08309 12.0346 15 '

46 .01338 74.7292 .03084 32.4213 .04833 20.6932 .06584 15.1893 •08339 n.9923 14

47 .01367 73-I390 .03114 32.1181 .04862 20.5691 .06613 15. 1222 .08368 n.9504 13

43 .01396 71.6151 .03143 31.8205 .04891 20.4465 .06642 I5-0557 •08397 n.9087 12

49 .01425 70.1533 .03172 31.5284 .04920 20.3253 .06671 14.9898 .08427 n.8673 11

50 .01455 68.7501 .03201 31.2416 •04949 20.2056 .06700 14.9244 .08456 11.8262 10

5i .01484 67.4019 .03230 30.9599 .04978 20.0872 .06730 14.8596 08485 ".7853
I52 .01513 .03259 30.6833 19.9702 •06759 14-7954 .08514 n.7448

53 .01542 64.8580 .03288 30
.
4 1 1

6

•05037 19.8546 .06788 I4-7317 .08544 n.7045 7

54 .01571 63.6567 .03317 30. 1446 .05066 .06817 14.6685 .08573 n.6645 6

55 .01600 62
. 4992 .03346 29.8823 •05095 19.6273 .06847 14.6059 .08602 n.6248 5

56 .01629 61.3829 03376 29.6245 •05124 i9-5 T 5^ .06876 14.5438 .08632 ".5853 4

57 .01658 60
.
3058 .03405 29.3711 •05153 19.4051 .06905 14.4823 .08661 n.5461 3

58 .01687 59-2659 .03434 29 1220 .05182 19.2959 .06934 14.4212 .08690 n.5072 2

59 .01716 58.2612 .03463 28.8771 .05212 19.1879 .06963 14.3607 .08720 n.4685 1

60 .01746 57.2900! .03402 28,6363 .052-1 T9.081T .06993 14.3007 .08749 11.4301

/

Cotang Tang Cotang Tang Cotang Tang Cotang Tang Cotang Tang
/

89° 88° 8 7
°

St 8«



Natural Tangents and Cotangents. 33

/

5° 1 6° 7° 8° 9°
/

Tang Cotang rang Cotang Tang Cotang Cotang Tang

o .08749 1 1. 4301 . 10510 9.5x436 .12278 8.14435 .14054 7-H537 •15838 6-31375 60
I .08778 ii. 3919 59
2 .08807 •12338 8.10536 .14113 7.08546 • 58

3 .08837 11. 3163 .10599 9-435*5 .12367 8.08600 .14143 .15928 57
4 .08866 11.27S9 .10628 9.40904 .12397 8.06674 14173 7-05579 .15958 6.26655 56

5 .08895 n.2417 • 10657 9.38307 8.04756 . I 4 J >2 55
6 .08925 .10687 9-35724 54

7 .08954 11.1681 .10716 9-33155 8.00948 . 1 4 _•' a 6.23160 53
8 .08983 ix.x3x6 .10746 9-30599 .12515 7 99058 6.99718 .16077 52

9 .09013 11.0954 •10775 .12544 7.97176 6.98263 6.20851 5i

IO .09042 n.0594 .10805 9.25530 .12574 7.95302 6.96823 .16137 6. 19703 50

ii .09071 .10834 9.23016 .12603 .14381 6.05385 .16167 6.18559 4 J

12 .09101 10.9882 . 10863 9.20516 .12633 7-9*582 .1441 1 6.93952 .16196 48
*3 .09130 10.9529 .10893 .12662 7-89734 .14440 .16226 6.1628; 47
»4 .09159 10.9178 915554 . 7.87895 .14470 . 46
15 .09189 10.8829 .10952 9.13093 7.86064 45
16 .09218 10.8483 .10981 9.10646 7.84242 6.88278 .16316 44
17 .09247 10.8139 .1 10x1 9. 082 1

1

.12781 7.82428 6.86874 43
18 .09277 10.7797 9.05789 .12810 7.80622 6.85475 .16376 6.10664 42
19 .09306 10.7457 • >

" 9-03379 7.78825 6. 0955 j 41
20 •09335 10.7119 .11099 9.00983 .14648 . 40

21 .09365 10.6783 .11128 8.98598 .12899 7-75254 .14678 6.81812 39
22 .09394 10.6450 .11158 8.96227 .12929 .14707 6.79936 38
23 .09423 10.6118 .11187 8.93867 .12958 6.78564 6.05143 37
M •09453 10.5789 .11217 8.91520 .12988 7.69957 6.77199 •16555 6.04051 36

.09482 10.5462 .11246 8. 89185 .13017 7.68208 .14796 6.75838 6 . 02962 35
26 .09511 10.5136 .11276 8.86862 7.66466 .14826 744"

) .16615 6.01878 34
27 .09541 10.4813 •11305 .13076 7.64732 .14856 6 73133 6.00797 33

.09570 10.4491 8.82252 .13106 7.63005 .14886 6.71789 5.90720 32

.09600 10.4172 .1x364 8.79964 .13136 7.61287 •14915 6
. 70450 .16704 5.98646 31

3° .09629 10.3854 ."394 8.77689 .13165 7-59575 .14045 6.69116 •16734 5 97576 30

3i .09658 TO. 3538 .11423 S-75425 •13195 7-57872 • M97 5 6.67787 5.96510 29
.09688 IO.3224 8 73172 7.56176 .15005 28

33 .09717 IO.29I3 8.70931 6.65144 27

34 .09746 I0.2602 .11511 7.52S06 6.63831 5-93335 26

35 .09776 . .11541 . 7-51132 6.62523 5.92283 25
36 .00805 IO. I988 .11570 .15124 6.61219 5.91236 24

37 •09834 IO.1683 .11600 8.62078 •13372 7.47806 •15153 6.59921 5 90191 23
38 .09864 . 1 1629 8.59893 7.46154 .15183 6.58627 5.89151 22

39 .09893 IO.I080 •11659 8.57718 7.44509 5.88114 21

•09923 IO.O780 .11688 8-55555 .13461 7.42871 6.56055 5.87080 20

4i •09952 IO.O483 .11718 6-54777 •17063 5.86051 19
42 .09981 IO.O187 8.51259 6.53503 5.85024 18

43 9.9893I .11777 8.49128 •13550 7 37999 • .X7123 5.84001 17

44 9.96007 .11806 8.47007 .13580 7.363S9 6.50970 5.82982 16

45 .10069 .11836 8.44896 •13609 7.34786 15
46 .10099 9 .

902 1

1

.11865 8.42795 .13639 7-33i9o .15421 6.48456 5-80953 14
.10128 9.87338 .11895 8.40705 .13669 7.31600 6.47206

48 .10158 8.38625 .13698 7.30018 6.45961 5.78938 12

49 .10187 9.81641 8.36555 .13728 7.28442 .15511 5-77036 11

.10216 9.78817 .11983 8.34496 .13758 10

5» 9.76009 .12013 8.32446 .13787 9
52 • 10275 9. 73217 .138.7 . 8

53 8.28376 .13846 7

54 9.67680 8.26355 6

55 9-64935 8.24345 5

4

57 9.59490 8.20352 3
58 9.56791
59 .10481 9-54io6 .12249 1

' .10510 9.^1436 .1227S 8-M435 •14054 .15838 6.31375

1

Cotang Cotang
/

84
° 83° 82° 8i° 8o°



34 Natural Tangents and Cotangents.

'

IO° ii° 12° 13° 14°
/

~6o~

Tang Cotang Tang Cotang Tang Cotang Tang Cotang Tang Cotang

o •17633 5.67128 • 19438 5-14455 .21256 4.70463 .23087 4-33 1^ •24933 4.01078
I .17663 5.66165 . 19468 5-13658 .21286 4 69791 .23117 4-32573 .24964 4.00582 59
2 •17693 5.65205 . 19498 5.12862 .21316 4 69121 .23148 4.32001 •24995 4.00086 58

3 •17723 5.64248 .19529 5.12069 .21347 4 68452 •23179 4-3I430 .25026 3-99592 57
4 •17753 5-63295 • 19559 5.11279 .21377 4 67786 .23209 4

.
30860 •25056 3.99099 56

5 .17783 5.62344 .19589 5 . 10490 .21408 4 67121 .23240 4.30291 .25087 3.98607 55
6 .17813 5.61397 .19619 5.09704 .21438 4 66458 .23271 4.29724

;

.25118 3-98ii7 54

7 •17843 5.60452 19649 5.08921 .21469 4 65797 .23301 4.29159 •25149 3.97627 53
8 .17873 5-595II . 19680 5.08139 .21499 4 65138 •23332 4.28595 .25180 3-97139 52

9 •17903 5-58573 .19710 5.07360 .21529 4 64480 •23363 4.28032 .25211 3.96651 5i
IO •17933 5.57638 .19740 5.06584 .21560 4 63825 •23393 4.27471 1 .25242 3.96165 50

n •17963 5.56706 .19770 5.05809 .21590 4 63171 •23424 4.26911 •25273 3.95680 49
12 •17993 5-55777 . 19801 5-05037 .21621 4 62518 •23455 4.26352 •25304 3.95196 48
*3 . 18023 5 54851 .19831 5.04267 .21651 4 61868 .23485 4-25795 •25335 3-947I3 47
14 . 18053 5.5392 7 .19861 5-03499 .21682 4 61219 .23516 4-25239 .25366 3.94232 46
15 .18083 5.53°°7 . 19891 5-02734 .21712 4 60572 .23547 4.24685 •25397 3-93751 45
16 .18113 5.52090 .19921 5-oi97i .21743 4 59927 23578 4.24132 .25428 3-93271 44
17 .18143 5.51176 .19952 5.01210 •21773 4 59283 .23608 4.23580 •25459 3-92793 43
18 .18173 5.50264 .19982 5.00451 .21804 4 58641 .23639 4.23030 • 25490 3.92316 42
19 .18203 5-49356 .20012 4.99695 .21834 4 58001 .23670 4.22481 •25521 3-9i839 4i
20 .18233 5-4845I . 20042 4.98940 .21864 4 57363 .23700 4-21933 •25552 3-91364 40

21 .18263 5-47548 .20073 '4.98188 .21895 4 56726 •23731 4.21387 •25583 3 .
90890 39

22 .I&2Q3 5.46648 .20103 4-97438 .21925 4 56091 .23762 4.20842 .25614 3.90417 38

23 .18323 5-45751 •20133 4 .
96690 .21956 4 55458 •23793 4.20298 •25645 3-89945 37

24 •18353 5-44857 .20164 4-95945 .21986 4 54826 •23823 4.19756 .25676 3.89474 36
25 .18384 5-43966 .20194 4.95201 .22017 4 54196 •23854 4-I92I5 .25707 3 . 89004 35
26 .18414 5-43°77 .20224 4 .

94460 .22047 4 53568 .23885 4.18675 •25738 3.88536 34
27 .18444 5.42192 .20254 4.93721 .22078 4 52941 •23916 4.i8i37 .25769 3.88068 33
28 .18474 5.41309 .20285 4.92984 .22108 4 52316 .23946 4 . 1 7600 .25800 3.87601 32

29 .18504 5.40429 •20315 4.92249 .22139 4 51693 •23977 4.17064 •25831 3-87136 31

3° •18534 5-39552 •20345 4.91516 .22169 4 51071 . 24008 4.16530 .25862 3.86671 30

31 .18564 5.38677 .20376 4.90785 .22200 4 50451 .24039 4-15997 .25893 3 . 86208 29

32 • 18594 5-37805 . 20406 4.90056 .22231 4 49832 .24069 4.15465 •25924 3-85745 28

33 .18624 5-36936 . 20436 4.89330 .22261 4 49215 .24100 4-14934 •25955 3.85284 27

34 .18654 5. 36070 . 20466 4.88605 .22292 4 48600 .24131 4.14405 .25986 3.84824 26

35 .18684 5.35206 .20497 4.87882 .22322 4 47986 .24162 4.I3877 .26017 3-84364 25

36 .18714 5-34345 .20527 4.87162 •22353 4 47374 •24193 4.13350 .26048 3 . 83906 24

37 .18745 5-33487 •20557 4.86444 .22383 4 46764 •24223 4.12825 . 26079 3-83449 23
38 .18775 5.32631 .20588 4.85727 .22414 4 46155 •24254 4.12301 .26110 3.82992 22

39 .18805 5-3I778 .20618 4.85013 .22444 4 45548 .24285 4-II778 .26141 3-82537 21

40 .18835 5.30928 . 20648 4.84300 •22475 4 44942 .24316 4.11256 .26172 3.82083 20

4i .18865 5 .
30080 . 20679 4-83590 .22505 4 44338 •24347 4.10736 .26203 3.81630 19

42 .l88q5 5-29235 .20709 4.82882 .22536 4 43735 •24377 4. 10216 .26235 3-8ii77 18

43 .18925 5 -.28393 .20739 4.82175 .22567 4 43134 . 24408 4 . 09699 .26266 3.80726 17

44 .18955 5-27553 .20770 4.81471 •22597 4 42534 •24439 4.09182 .26297 3.80276 16

45 .18986 5-26715 . 20800 4.80769 .22628 4 41936 .24470 4.08666 .26328 3-79827 15

46 . I9016 5.25880 .20830 4 . 80068 .22658 4 4i34o .24501 4.08152 •26359 3-79378 14

47 .19046 5-25048 .20861 4-7937° .22689 4 40745 •24532 4.07639 .26390 3-7893I 13

48 . 19076 5.24218 .20891 4.78673 .22719 4 40152 .24562 4.07127 .26421 3.78485 12

49 .19106 5-23391 . 2092

1

4.77978 .22750 4 3956o •24593 4.06616 .26452 3 •
78040 1

1

50 .19136 5.22566 .20952 4.77286 .22781 4 38969 .24624 4.06107 .26483 3-77595 10

5i .19166 5.21744 .20982 4.76595 .22811 4 38381 .24655 4-05599 .26515 3-77152 9
52 .19197 5.20925 .21013 4.75906 .22842 4 37793 .24686 4.05092 .26546 3.76709 8

53 .19227 5.20107 .21043 4.75219 .22872 4 37207 .24717 4.04586 •26577 3.76268 7

54 •19257 5.19293 .21073 4-74534 . 22903 4 36623 •24747 4.04081 .26608 3.75828 6

55 .19287 5.18480 .21104 4-7385I .22934 4 36040 .24778" 4-03578 .26639 3-75388 5

56 •I93!7 5.17671 .21134 4.73170 .22964 i 35459 .24809 4.03076 . 26670 3-7495° 4

57 •19347 5.16863 .21164 4.72490 .22995 4 34879 .24840 4.02574 .26701 3-74512 3

58 •19378 5.16058 .21195 4.71813 .23026 4 343oo .24871 4.02074 •26733 3-74075 2

59 • 19408 5.15256 .21225 4-7"37 .23056 4 33723 . 24902 4.01576 .26764 3-7364° 1

60 .19438 5-M455 .21256 4.70463 .23087 4 33M8 •24933 4.01078 •26795 3-73205

1/

Cotang Tang Cotang Tang Cotang Tang Cotang Tang Cotang Tang

7
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Natural Tangents and Cotangents. 35

/

i5° 17° '9°
1

Cotang Cotang Tang Cotang Cotang Cotang

3-73*°5 3.48741 •30573 3.27085 •32492 3.07708 •34433 a.0043] 60
I .30605 3-26745 •32524 5g
a •30637 32556 2.89873 58

3 . 30669 .32588 2.89600
57

4 3-25721; .32621 3-06554 •34563 2.89327 -"

5 3.46837 •30732 3-25392 .32653 3.06252 2.80055 55
6 3.46458 •30764 3 • *5°55 .32685 3-05950 2.88783 54

7 3.70188 .28895 3 .
46080 .30796 •32717 3-05640 2.88511 53

8 .28927 .30828 3-24383 3-05349 2.88240 5a

9 3-69335 .28958 ». 4S3«7 .30860 .32782 3-05049 •34726 2.87970 5i

IO .27107 3.68909 .28990 3-44951 .30891 3-23714 .32814 3-04749 .34758 2.87700 50

ii .27:38 3.684S5 . 2922

1

3-44576 .30923 3-23381 .32846 3.04450 •34791 2.87430 49
12 .27169 3.68061 .29053 •30955 3.23048 .32878 3-04152 .34824 2.87161 48
J 3 .29084 .30987 3.22715 .32911 3-03854 .34856 2.86892 47
14 3.67217 .29116 .31019 • •32943 3-03556 .34889 2.86624 46
15 3.66796 .29147 3.43084 .31051 3.22053 •32975 3.03260 .34922 2.86356 45
16 3.66376 .29179 .31083 3.21722 •33007 3 . 02963 •34954 2 . 86089 44
«7 .27326 3-65957 .29210 •3"'5 3.21392 •33040 3.02667 .34987 2.85822 43
iS •27357 3-65538 .29242 3-41973 •31 M7 3.21063 •33072 3.02372 . 35020 2.85555 42

'9 .27388 3-65121 3.41604 .31178 3-20734 3.02077 • 35052 2.85289 4i

20 .27419 3.64705 .29305 .31210 3 . 20406 .33136 >oi 7S3 .35085 2.85023 40

21 3.64289 •29337 3.40869 .31242 3.20079 •33 l69 3.01489 .35118 2.84758 39
22 3-63874 . 29368 3.40502 •31274 3- T9752 .33201 3.01196 •35150 2.84494 38

23 3.63461 .29400 3.40136 .31306 3.19426 .33233 3.00903 •35183 2.84229 37

24 3.63048 .29432 3-3977* •31338 3.19100 .33266 3.00611 .35216 2.83965 36

25 3.62636 .29463 3 •
394o6 •31370 3-i8775 .33298 3.00319 •35248 2.83702 35

3.62224 .29495 3-39042 3.18451 •33330 3.00028 .35281 2.83439 34
27 .27638 3.61814 .29526 3-38679 •3 r 434 3.18127 •33363 2.99738 •353'4 2.83176 33

.27670 3.61405 •29558 3-383I7 .31466 3.17804 33395 2.99447 •35346 2.82914 32

29 .27701 3.60996 .29590 3-37955 .31498 3.17481 •33427 2.99158 •35379 2.82653 3i

•27732 3.60588 .29621 3-37594 •3i53o 3-I7I59 •33460 2.98868 •35412 2.82391 jo

3i .27764 3.60181 .29653 3-37234 .31562 3.16838 •33492 2.98580 •35445 2.82130 29

32 •27795 3-59775 .29685 3.36875 3-16517 •33524 2.9S292 •35477 2.81870 28

33 .27826 3.59370 .29716 3.36516 .31626 3.16197 •33557 2
.
98004 •355io 2.81610 27

34 .27858 3.58966 .29748 3-36158 .31658 3-I5877 •33589 2.97717 •35543 2.81350 26

35 . 27889 3.58562 .20780 3.35800 .31690 3-I5558 •33621 2-9743° •35576 2.81091 25

36 3.58160 .29811 3-35443 .31722 3.15240 •33654 2.97144 .35608 2.80833 24

37 3-57758 .29843 3-35087 3.14922 .33686 2.96858 .35641 2.80574 23

38 3-57357 .29875 3-34732 .31786 3.14605 •337i8 2.96573 .35674 2.80316 22

.28015 3-56957 .29006 3-34377 .31818 3.14288 •33751 2.96288 •35707 2 . 80059 21

3-56557 .29938 3-34023 .31850 3-*3972 •33783 2.96004 •35740 2
.
79802 20

41 .28077 .29970 3.33670 .31882 3.13656 .33816 2.95721 •35772 2.79545 19

I-' .28109 .30001 .33848 •35805 2.79289 18

43 3-55364 .30033 3.13027 .33881 2.95'55 2.79033 17

4* •31978 •33913 2.94872 2.78778 16

.30097 2.94591 2 78523 J 5

.30128 •33978 2.94309 •35937 2.78269 14

3-53785 3-3I565 .34010 2.94028 •35969 2.78014 13

2.93748 .36002 2.77761 12

3 .
30868 2.93468 •36035 2.77507 1 1

3-30521 3.10842 .34108 2.93189 .36068 2.77254 10

. 30287 3-3OI 74 3.10532 .36101 2
.
77002 9

.36134 8

.36167 2.76498 7

3-28795

2.76247 6

2
• 75996 5

3-28452 3.08091 .36265 4

57 3-49894 .3 478 3.08685 • 36298 2.75496 3

58 •36331 2

1

3.27085 .36397 2.74748

t

Tang Cotang Tang
t
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36 Natural Tangents and Cotangents.

1

20° 21° 22° 23° 24°
/

Tang Cotang Tang Cotang Tang Cotang Tang Cotang Tang Cotang

o •36397 2.74748 .38386 2 . 60509 .40403 2.47509 .42447 2-35585 •44523 2 . 24604 60
I .36430 2.74499 .38420 2.60283 .40436 2.47302 .42482 2-35395 .44558 2.24428 59
2 • 36463 2.74251 .38453 2.60057 .40470 2

• 47095 .42516 2.35205 •44593 2.24252 58
3 .36496 2

.
74004 .38487 2.59831 • 40504 2.46888 •42551 2-35015 .44627 2.24077 57

4 .36529 2.73756 .38520 2
.
59606 .40538 2.46682 •42585 2.34825 .44662 2.23902 56

5 .36562 2-73509 •38553 2.59381 .40572 2.46476 .42619 2
. 34636 •44697 2 23727 55

6 •36595 2.73263 .38587 2.59156 . 40606 2.46270 .42654 2-34447 •44732 2.23553 54
7 .36628 2.73017 .38620 2.58932 . 40640 2

.
46065 .42688 2.34258 .44767 2.23378 53

8 .36661 2.72771 .38654 2.58708 .40674 2.45860 .42722 2
. 34069 .44802 2.23204 52

9 • 36694 2.72526 .38687 2.58484 .40707 2-45655 •42757 2.33881 •44837 2.23030 5i

IO .36727 2.72281 .38721 2.58261 .40741 2.45451 .42791 2.33693 •44872 2.22857 50

ii .36760 2.72036 •38754 2.58038 •40775 2.45246 .42826 2.33505 .44907 2.22683 49
12 •36793 2.71792 .38787 2.57815 . 40809 2.45043 .42860 2.33317 .44942 2.22510 48
13 .36826 2.71548 .38821 2-57593 .40843 2.44839 .42894 2.33130 •44977 2.22337 47
M .36859 2.71305 •38854 2-57371 .40877 2.44636 .42929 2.32943 .45012 2.22164 46
15 .36892 2.71062 .38888 2.57150 .40911 2-44433 .42963 2.32756 •45047 2.21992 45
l6 36925 2.70819 .38921 2.56928 • 40945 2.44230 .42998 2.32570 .45082 2.21819 44
17 •36958 2.70577 .38955 2.56707 .40979 2.44027 •43032 2.32383 •45"7 2 .21647 43
18 .36991 2.70335 .38988 2.56487 .41013 2.43825 .43067 2.32197 .45152 2.21475 42
19 •37024 2

. 70094 . 39022 2.56266 .41047 2.43623 .43101 2.32012 .45187 2.21304 41
20 .37057 2.69853 .39055 2.56046 .41081 2.43422 •43^36 2.31826 .45222 2.21132 40

21 •37090 2.69612 .39089 2.55827 .41115 2.43220 •43170 2.31641 •45257 2 .20961 3°
22 •37123 2.69371 .39122 2.55608 .41149 2.43019 .43205 2.3H56 •45292 2 . 20790 38
23 •37157 2.69131 •39156 2.55389 .41183 2.42819 •43230 2.31271 •45327 2.20619 37
24 •37190 2.68892 .39190 2.55170 .41217 2.42618 •43274 2.31086 •45362 2 . 20449 36
25 •37223 2.68653 •39223 2-54952 .41251 2.42418 •43308 2

.
30902 •45397 2.20278 35

26 •37256 2.68414 •39257 2-54734 .41285 2.42218 •43343 2
.
307 1

8

•45432 2.20108 34
27 •37289 2.68175 .39290 2.54516 •41319 2 .42019 •43378 2.30534 •45467 2 • 19938 33
28 •37322 2.67937 •39324 2.54299 •41353 2.41819 .43412 2. 3035

1

•45502 2.19769 32

29 •37355 2.67700 •39357 2.54082 .41387 2.41620 •43447 2.30167 •45538 2.19599 31
30' .37388 2.67462 •39391 2.53865 .41421 2.41421 .43481 2.29984 •45573 2.19430 30

31 .37422 2.67225 •3942 5 2.53648 .4M55 2.41223 •435i6 2.29801 .45608 2.19261 29
32 •37455 2.66989 •39458 2-53432 .41490 2.41025 •43550 2.29619 •45643 2.19092 28

33 •37488 2.66752 • 39492 2.53217 .41524 2.40827 •43585 2.29437 .45678 2.18923 27

34 •3752i 2.66516 •39526 2.53001 .41558 2.40629 .43620 2.29254 •45713 2.18755 26

35 •37554 2.66281 •39559 2.52786 .41592 2.40432 •43654 2.29073 •45748 2M8587 25
36 37588 2.66046 •39593 2.52571 .41626 2.40235 .43689 2.28891 •45784 2.18419 24

37 .37621 2.65811 . 39626 2-52357 .41660 2
.
40038 •43724 2.28710 .45819 2.18251 23

38 .37654 2.65576 .39660 2.52142 .41694 2.39841 •43758 2.28528 •45854 2.18084 22

39 .37687 2.65342 • 39694 2.51929 .41728 2.39645 •43793 2.28348 .45889 2.17916 21

40 .37720 2.65109 •39727 2-5I7I5 .41763 2.39449 .43828 2.28167 45924 2.17749 20

4i •37754 2.64875 •3976i 2.51502 •41797 2.39253 .43862 2.27987 .45960 2.17582 19

42 .37787 2.64642 •39795 2.51289 .41831 2
. 39058 .43897 2.27806 •45995 2.17416 18

43 .37820 2.64410 .39829 2.51076 .41865 2.38863 •43932 2.27626 . 46030 2.17249 17

44 37853 2.64177 .39862 2.50864 .41899 2
.
38668 •43966 2.27447 .46065 2.17083 16

45 .37887 2.63945 .39896 2.50652 •41933 2.38473 .44001 2.27267 .46101 2. 16917 15

46 .37920 2.63714 .39930 2
.
50440 .41968 2.38279 •44036 2.27088 .46136 2.16751 14

47 •37953 2.63483 .39963 2.50229 . 42002 2.38084 .44071 2 . 26909 .46171 2.16585 13

48 37986 2.63252 •39997 2.50018 .42036 2.37891 .44105 2. 26730 .46206 2. 16420 12

49 . 38020 2 . 6302

1

.40031 2.49807 .42070 2.37697 .44140 2.26552 .46242 2.16255 11

50 38053 2.62791 . 40065 2-49597 .42105 2
• 37504 •44175 2 . 26374 .46277 2. 16090 10

5i
. 38086 2.62561 .40098 2.49386 .42139 2.37311 .44210 2.26196 .46312 2-15925 9

52 •38120 2.62332 .40132 2.49177 •42173 2.37118 .44244 2.26018 •46348 2.15760 8

53 38i53 2.62103 .40166 2.48967 .42207 2.36925 •44279 2.25840 .46383 2.15596 7

54 38186 2 61874 . 40200 2.48758 .42242 2.36733 .44314 2.25663 .46418 2.15432 6

55 .
38220 2.61646 .40234 2.48549 .42276 2-36541 •44349 2.25486 .46454 2.15268 5

56 •38253 2.61418 .40267 2.48340 .42310 2.36349 •44384 2.25309 .46489 2.15104 4

57 .38286 2. 61 190 •40301 2.48132 •42345 2.36158 .44418 2.25132 •46525 2.14940 3

58 • 38320 2 . 60963 •40335 2.47924 .42379 2.35967 •44453 2.24956 .46560 2.14777 2

59 •38353 2.60736 .40369 2.47716 •42413 2.35776 .44488 2.24780 •46595 2.14614 1

60 .38386 2 . 60509 .40403 2.47509 .42447 2.35585 •44523 2.24604 .46631 2.14451

/

Cotang Tang Cotang Tang Cotang Tang Cotang Tang Cotang Tang
/
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Natural Tangents and Cotangents. 37

1

*5° 26° 2'7° 2 8°
2 9° H

Tang Cotang Tang Cotang Tang Cotang Tang n • 1t otang Cotang

1

o 2.14451 •48773 2.05030 •50953 1 . ,1 261 •53171 1 .88073 5543i 1.80405 60
I 2.14288 .48809 2/04879 . 50989 1 .96120 .53208 1. 8794

1

1.80281 59
2 a . 14125 .48845 2.04728 .51026 1-95979 •53246 1.87809 •55507 1.80158 58

3 2.13963 .48881 2.04577 .51063 1.95838 .53283 1.87677 1.80034 57
2.13801 .48917 2.04426 .51099 1.95698 •53320 1.87546 .55583 1-799" -'

5 .46808 a .
1 3639 .48953 2.04276 •51136 1-95557 .53358 1.87415 1.79788 55

6 2.13477 .48989 • 5"73 •53395 1.87283 •55659 1
• 79665 54

7 2.13316 .49026 2.03975 .51209 1-95277 •53432 1. 87152 •55697 53
8 a.i3i54 • 4') ><'.' 2.03825 .51246 •53470 1. 8702

1

•55736 1. 79419 52

9 2.12993 .49098 2.03675 •51283 •53507 1. 8689

1

1
. 79296 51

IO .46985 2.12832 .49134 2.03526 •5'3'9 1.94858 •5J545 1.S6760 .55812 1-79I74 50

I, .47021 2. 12671 .49170 2.03376 •51356 1.94718 •53582 1.86630 .55850 1. 79051 49
• 2 •47056 2. 1251

1

. 49206 2.03227 •51393 1-94579 1 .86499 .55888 48
'3 2.12350 .49242 2.03078 •5M30 •53657 1.86369 55926 47
'

1
.47128 2. 12190 .49278 2.02929 •51467 1.94301 •53694 1.86239 •55964 1.78685 46

15 2.02780 •51503 1. 86109 .56003 1.78563 45
16 .47199 2.11871 •49351 2.02631 •5 '54° •53769 1.85979 .56041 1.78441 44
17 2.11711 •49387 2.02483 •51577 1.93885 53807 1.85850 • 56079 1-78310 43
18 2.11552 .49423 2.02335 .51614 1.93746 •53844 1.85720 .56117 1. 78198

1

-•

|

'9 •473°5 2. T I392 •49459 2.02187 .51651 1.93608 .53882 1-85591 .56156 1.78077 4 1

20 •47341 2- I 1233 •49495 2 . 02039 .51688 1.93470 •53920 .56194 1-77955 40
|

21 •47377 2. I IO75 •49532 2.01891 •51724 1-93332 •53957 1-85333 .56232 1-77834 39
22 • «74i-2 2.IO916 .49568 2.01743 .51761 I-931Q5 •53995 1 .85204 .56270 I-777I3 38

23 •4744S 2.IO758 .49604 2.01596 .51798 1.93057 • 54°32 1-85075 • 56309 1-77592 37 1

24 •474*3 2. I0600 .49640 .51835 1
.
92920 • 54070 1 .84940 .56347 1.7747* 36

25 •47519 2 .1 '44 2 •49677 2.01302 .51872 1.92782 •54io7 1. 84818 .56385 1-77351 35
26 •47555 •49713 2.01155 .51909 1.92645 1.84689 .56424 1.77230 34

33•4759^> 2. IOI26 •49749 2.01008 •51946 1.92508 •54183 1. 84561 . 56462

28 .47626 2.O9969 .49786 2.00862 •51983 1. 92371 .56501 1.76990 32

29 .47662 2.O98H .49822 2.00715 . 52020 1.92235 .54258 1.84305 •'56539 1
.
76869 3i

30 .47698 2.09654 .49858 2.00569 •52057 1
.
92098 •54296 1.84177 •56577 1.76749 3o

31 •47733 2.09498 2.00423 • 52094 1 .91962 •54333 1 . 84049 .56616 1.76629 29
32 •47769 2.O934I .49931 2.00277 •52131 1. 91826 •54371 1 .83922 .56654 1.76510 28

33 .47805 2.O9184 .49967 2.00131 .52168 1. 91690 .54409 •56693 1.76390 27
.47840 2.O9028 .50004 1.99986 .52205 1.91554 .54446 1.83667 •56731 26
.47876 2.08872 .50040 1. 9984

1

.52242 1.91418 .54484 1.83540 .56769 1. 76151 25
36 .47912 2.08716 .50076 1.99695 •52279 1.91282 . 56808 1 .76032 -'

t

•47948 2.08560 •SO'- 13 1.99550 .52316 1.91147 •5456o 1.83286 .56846 1.75913 23

I

38 .47984 2.08405 .50149 1.99406 •52353 1 .91012 •54597 1.83159 .56885 1-75794 22
.48019 .501 85 1. 9926

1

•52390 1.90876 •54635 1.83033 •56923 1-75675 21

.48055 2.08094 .
50222 1. 991 16 •52427 1-00741 •54673 1.82906 • 56962 I.75556 20

4* .48091 2.O7939 .50258 1.98972 .52464 1.90607 •547" 1.82780 .57000 1-75437 19
42 .48127 2.07785 •50295 1.98828 .52501 •54748 1.82654 • 57039 1.753I9 18

43 .48163 2.07630 •50331 1.98684 •52538 1.90337 .54786 1.82528 .57078 1 .75200 17

44 . 50368 1.98540 •52575 1.90203 •54824 .57116 1.750S2 16
.50404 1.98396 •52613 1 .90069 .54862 1.82276 •57155 15

46 •48270 2.O7167 1.98253 .52650 1.89935 1. 82150 1.74846 14

47 .48306 1 .98110 .52687 1. 8980

1

• 54938 13

48 2.06860 1 .97966 1.89667 1. 81899 12

49 •48378 2.06706 1.97823 •52761 11

50 2.06553 •50587 1. 9768

1

•52798 1.89400 •55051 •57348 10

5i •48450 2.064OO .50623 I.97538 .52836 1.89266 •55089 1. 81524 •57386 9
52 .48486 2.06247 .50660 '•97395 •52873 1. 89133 1.74140 8

53 .48521 2.06094 .50696 '•97253 .52910 7
54 •48557 2.O5942 •52947 I.73905 6

55 •48593 2.0579D 1.96969 .52985 •57541 L737S8 5
56 .48629 2.O5637 .50806 1.96827 .53022 •55279 •57580 1-73671 4

.48665 2.O5485 .50843 1.96685 •57619 ;

.48701 2.05333 .50879 •576S7 .•

.48737 2.O5182 .50916 1

;

.48773 2.05030 •50953 1.88073 •57735 1
• 73205

Tang Cotang
-
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38 Natural Tangents and Cotangents.

t

3°° 3 ] 32° 33° 34°

60

Tang Cotang Tang Cotang Tang Cotang Tang Cotang Tang Cotang

o •57735 1
. 73205 .60086 1.66428 .62487 1.60033 .64941 1.53986 •67451 1.48256

I •57774 1.73089 .60126 1. 66318 .62527 i-5993o .64982 1.53888 .67493 1.48163 59
2 •57813 1-72973 .60165 1 . 66209 .62568 1.59826! .65024 1-53791 •67536 1 .48070 58

3 .57851 1.72857 . 60205 1 . 66099 .62608 1-59723 .65065 1-53693 •67578 1.47977 57

4 .57890 1. 72741 .60245 1.65990 .62649 1
. 59620 .65106 1-53595 .67620 1.47885 56

5 •57929 1.72625 .60284 1. 6588

1

.62689 1-59517 .65148 1-53497 .67663 i- 47792 55
6 .57968 1.72509 .60324 1.65772 .62730 1. 59414 .65189 1.53400 .67705 1.47699 54
7 .58007 1-72393 .60364 1.65663 .62770 1-593" .65231 1.53302 •67748 1.47607 53
8 . 58046 1.72278 .60403 1-65554 .62811 1.59208 .65272 1-53205 .67790 I-475M 52

9 .58085 1. 72163 .60443 1.65445 .62852 1. 59105 •653M i-53i 7 .67832 1.47422 51
IO .58124 1.72047 .60483 1 65337 .62892 1

. 59002 •65355 1. 53010 .67875 1-47330 50

ii .58162 1. 71932 .60522 1.65228 .62933 1.58900 •65397 1.52913 .67917 1.47238 49
12 .58201 1.71817 .60562 1 .65120 •62973 I-58797 .65438 1.52816 .67960 1.47146 48
13 . 58240 1. 71702 .60602 1.65011 •63014 1.58695 .65480 1. 52719 .68002 1-47053 47
»4 •58279 1. 71588 . 60642 1.64903 •63055 T - 58593 .65521 1 .52622 .68045 1.46962 46
!5 .58318 1 -7U73 .60681 1.64795 •63095 1

. 58490 •65563 1-52525 .68088 1.46870 45
16 .58357 1-71358 .60721 1.64687 .63136 1.58388 .65604 1.52429 .68130 1.46778 44
17 08396 1. 71244 .60761 1.64579 .63177 1.58286 .65646 1.52332 .68173 1.46686 43
18 •58435 1.71129 .60801 1. 64471 •63217 1.5S184 .65688 1.52235 .68215 1.46595 42

19 •58474 1.71015 .60841 1.64363 .63258 1.58083 .65729 1.52139 .68258 1.46503 4 1

20 •58513 1 .70901 .60881 1 .64256 .63209 1. 57981 .65771 1.52043 .68301 1. 46411 40

21 •58552 1.70787 . 6092

1

1. 64148 .63340 ^57879 .65813 1.51946 .68343 1.46320 39
22 •58591 1-70673 . 60960 1 .64041 .63380 1-57778 .65854 1.51850 .68386 1 .46229 38

23 .58631 1 .70560 .61000 1-63934 .63421 1.57676 .65896 I.51754 •68429 1. 46137 37

24 .58670 1.70446 .61040 1.63826 .63462 1-57575 .65938 1.51658 .68471. 1 .46046 36

25 .58709 1.70332 .61080 1. 63719 .63503 1-57474 .65980 1. 51562 .68514 1-45955 35
26 .58748 1. 702 19 .61120 1. 6361

2

•63544 1-57372 . 6602

1

1. 51466 •68557 1.45864 34
27 •58787 1. 70 106 .61160 1 -63505 .63584 1-57271 .66063 I-51370 .68600 1-45773 33
28 .58826 1 .69992 .61200 1.63398 .63625 1. 57170 .66105 1. 51275 .68642 1.45682 32

20 .58865 1.69879 .61240 1.63292 .63666 1 - 57069 .66147 1-51179 .68685 1-45592 3i

3° .58905 1 . 69766 .61280 1. 63185 •63707 1.56969 .66189 1.51084 .68728 1.45501 3°

31 •58944 1.69653 .61320 1.63079 .63748 1.56868 .66230 1
.
50988 .68771 1.45410 29.

32 •58983 1. 6954

1

.61360 1.62972 .63789 1.56767 .66272 1
. 50893 .68814 1.45320 28

33 . 59022 1.69428 .61400 1.62866 .63830 1.56667 .66314 1
. 50797 .68857 1.45220 27

34 .59061 1.69316 .61440 1.62760 .63871 1.56566 .66356 1
.
50702 . 68900 1-45I39 26

35 -59101 1.69203 .61480 1.62654 .63912 1
.
56466 .66398 1

.
50607 .68942 1.45049 25

36 •59149 1. 69091 .61520 1.62548 •63953 1.56366 . 66440 1. 50512 .68985 1.44958 24

37 •59179 1.68979 .61561 1.62442 •63994 1.56265 .66482 1. 5041

7

. 69028 1.44868 23

38 .59218 1.68866 .61601 1.62336 .64035 1.56165 .66524 1.50322 .69071 1.44778 22

39 •59258 1.68754 .61641 1.62230 .64076 1.56065 .66566 1 .50228 .69114 1.44688 21

40 • 59297 1.68643 .61681 1. 62125 .64117 1.55966 .66608 1-50133 •69157 1.44598 20

41 •59336 1. 68531 .61721 1.62019 .64158 1.55866 .66650 1
.
50038 . 69200 1.44508 10

42 •59376 1. 68419 .61761 1.61914 .64199 I.55766 .66692 1
. 49944 .69243* 1.4441S 18

43 •59415 1.68308 .61801 1. 61808 .64240 1
.
55666 .66734 1.49849 .69286 1.44320 17

44 •59454 1. 68196 .61842 1. 61703 .64281 I-55567 .66776 1-49755 .69329 1.44239 16

45 •59494 1.68085 .61882 1.61598 .64322 I.55467 .66818 1
. 4966

1

.69372 1. 44149 15

46 •59533 1.67974 .61922 1.61493 •64363 1.55368 .66860 1.49566 .69416 1 .44060 14

47 •59573 1.67863 .61962 1. 61388 . 64404 1.55269 . 66902 1.49472 •69459 1.43970 13

48 .59612 1.67752 .62003 1.61283 . 64446 1-55*70 .66044 1.49378 .69502 1. 43881 12

49 •59651 1.67641 .62043 1.61179 .64487 1. 55071 .66986 1.49284 .69545 1.43792 I
1

5<=> .59691 1.67530 . 62083 1. 61074 .64528 1.54972 .67028 1. 49190 .69588 L43703 1 1

5i •59730 1. 67419 .62124 1.60970 .64569 L54873 .67071 1
. 49097 .69631 1. 43614 9

52 •5977° 1.67309 .62164 1.60865 .64610 1-54774 .67113 1.49003 .69675 8

53 .59809 1. 67198 .62204 1. 6076

1

.64652 I.54675 •67155 1 48909 .69718 I.43436 7

54 •59849 1.67088 •62245 1.60657 •64693 I.54576 .67197 1. 48816 .69761 1-43347 6

55 . 59888 1.66978 .62285 *• 60553 •64734 1.54478 •67239 1.48722 . 69804 1.43258 5

56 1.66867 .62325 1 . 60449 •64775 1-54379 .67282 1.48629 .69847 1. 43169 4

57 1.66757 .62366 1.60345 .64817 1. 54281 •67324 1.48536 .69891 1 .43080 3

53 .60007 1 .66647 .62406 1. 6024

1

.64858 1.54183 .67366 1.48442 •69934 1 .42902 2

59 .60046 1.66538 .62446 1. 60137 .64899 1
. 54085 .67409 1.48349 • 69977 1

. 42903 1

60 .60086 • .66428 .62487 1.60033
1
.64941 1.53986 •67451 T. 48256 .70021 1.42815

/

Cotang Tang Cotang Tang Cotang Tang Cotang Tang Cotang Tang
/
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Natural Tangents and Cotangents. 30

/

35° 36 37° 3&° 39°
/

Tang Cotang Tang Cotang Tang Cotang Tang Cotang Tang Cotang

o .70021 1.428.5 •72054 .
. 37638 •75355 1 • 32704 .

78 1 29 1.27994 .80978 1.23490 '

I .70064 1.43726 '•37554 •754oi 1.32624 •78175 1. 2791

7

.81027 1.23416 59
2 t. 37470 •75447 '•32544 .78222 1. 27841 .81075 i- 23343 58

3 .70151 1.42550 .7278b 1.37386 . 78269 1.27764 .81123 1.23270 57

4 .72832 1.37502 .75538 1.32384 .78316 1.27688 .8. .71 1 1 J/ 56

5 .72877 1. 37218 .75584 .78363 1.27611 .81220 1.23.23 55
6 .70281 '•37'34 • 75629 1

.
{2324 .78410 '•27535 .81268 54

7 •70325 1. 42198 1
• 37050 •75675 I. 32144 •78457 1.27458 .81316 1.22977 53

8 .70368 1 .42110 .73010 1.36967 •75721 I
.
32064 .78504 1 .27382 .81 (64 I .22904 52

9 .70412 73055 1.36883 •75767 I. 31984 .78551 1 .27306 .81413 I .2283I 5'
IO •70455 .73100 1

.
36800 .75812 I. 31904 .78598 1 .27230 .81461 1.22758 50

ii . 70499 1. 41847 •73M4 1. 36716 .75858 I. 31825 .78645 '•27153 .815.0 1.22685 49
12 .73189 '•36633 i.3»745 .78692 1.27077 .81558 I .22612 48
13 .70586 '•36549 •75950 1. 31666 .78739 i .27001 .81606 1.22539 47
M . 70629 1. 41584 •73278 1

.
36466 •75996 1. 31586 .78786 1 .26925 .8.655 I .22467 46

15 .70673 1. 41497 •73323 1.36383 .76 14a '•31507 .78834 1.26849 .8.703 1.22394 45
l6 • 7«7 1

7

•73368 1
.
36300 .76088 1. 31427 .78881 1.26774 .81752 1 .22321 44

17 . 70760 •73413 1. 36217 •76134 1.31348 .78928 1.26698 .81800 43
18 . 70804 1. 41235 •73457 1. 36134 .76180 1. 31269 •78975 1.26622 .81849 I .22176 42
'9 .70848 1.41148 •73502 1. 36051 .76226 1. 31 190 .79022 1 . 26546 .81898 I .22I(>4 4'
2" .70891 1 .41061 •73547 1.35968 .76272 1 .311 10 .79070 1.26471 .81946 1 .22031 40

21 •70935 1.40974 •73592 1.35885 • 763 '8 1-3103' • 79"7 1.26395 .81995 I. 21959 39
22 •70979 1.40887 •73637 1.35802 •76364 1.30952 .79164 1. 26319 .82044 I. 2l886 38
23 .71023 1

.
40800 .73681 '•357'9 .76410 '•30873 .79212 1 .26244 .82092 I.2l8l4 37

24 .71066 1. 407 14 •73726 '•35637 .76456 '.30795 •79259 1 .26169 .82141 I. 21742 36
25 .71110 •73771 '•35554 . 76502 1. 30716 •79306 1.26093 .82.90 I .2167O 35
26 7"54 .73816 1 .35472 .76548 1.30637 •79354 1.26018 .82238 1.21598 34
27 .71198 1.40454 .73861 1.35389 .76594 '•30558 .7940. '•25943 .82287 I. 21526 33
2". 1.40367 .73906 '•35307 . 76640 1

.
30480 •79449 '.25867 .82336 1.21454 32

29 .71285 1. 4028

1

•73951 1.35224 .76686 1 .30401 .79496 1.25792 .82385 I. 21382 3'

3° •71329 1.40195 •73996 '•35'42 •76733 1.30323 .79544 '•25717 .82434 I.2I3IO 30

3i •71373 1. 40109 .74041 1 .35060 •76779 •7959' i .25642 .82483 I. 21238 29
32 •7'4'7 .74086 1.34978 .76825 1. 30166 .79639 '•25567 .82531 1. 21166 28

33 .71461 1.39936 •74131 1.34896 .76871 1 .30087 .79686 1.25492 .82580 1. 2 1094 27
34 .7I5°5 1

. 39850 •74176 .76918 1 .30009 •79734 i.a54i7 .82629 1. 2 1023 26

35 •71549 1.39764 .74221 '•34732 . 76964 1. 29931 .79781 '•25343 .82678 1. 20951 25
36 •71593 1. 39679 •74267 1.34650 .77010 1.29853 .79829 1.25268 .82727 1 .20879 24

37 •71637 1 • 39593 .7431a 1.34568 .77057 1.29775 •79877 1 25193 .82776 1 . 20808 23
38 .71681 '

• 39507 '•34487 •77'03 1 . 29696 • 79924 1.25118 .82825 1 .20736 22

39 •71725 1. 39421 .74402 '•34405 .77149 1. 29618 .79972 1.25044 .82874 1 . 20665 2.

40 .71769 '
• 39336 •74447 .77196 '•29541 .80020 1.24969 .82923 1.20593 20

4i .71813 1.39250 1.34242 1.29463 .80067 1.24895 .8297a 1 .20522 '9
42 .71857 •77289 '•29385 .Sons 1.24820 .83022 1. 2045

1

18

43 .71901 •74583 1.34079 •77335 1.29307 .80163 1.24746 .83071 1.20379 '7

44 .71946 1
. 38994 .74628 1.33998 •773S2 .80211 1.24672 .83120 1 . 20308 16

45 .71990 1
. 38909 1. 33916 •77428 1.29152 .80258 '•24597 .83169 1 .20237 '5

; 1.38824 •747'9 '•33835 •77475 .80306 '•24523 .83218 . ,2 166 14

47 .72078 1.38738 '•33754 .77521 1.28997 .80354 1 .-'444') .83268 1 .20095 13
48 '•38653 '•33673 •77568 1.28919 .83317 12

49 1.38568 '•33592 •77615 1.28842 .83366 1 '9953 11

50 1.38484 '•335" 1.28764 .80498 1 .24 2 J

7

•8 34'5 10

51 •72255 '•38399 •74946 1 -33430 •777o8 1.28687 .80546 .83465 1.19811 9
52 •72299 •77754 1. 28610 .80594 I.24079 .83514 1.1 174 8

53 '.33268 .77801 '•28533 .80642 .83564 7
54 .723S8 1. 38145 1.33.87 •77848 ..28456 .80690 1.2393' .836,3 1. '9599 6
55 .75128 1.28379 .80738 I.23858 .83662 1. 19528 5
y •72477 ' .80786 I.23784 .83712 1. 1 .(

-

4
57 1. 3789

1

•77988 1.28225
1

.83761 1. 19387 3
i

58 ' 83811 1-19316 2

59 .83860 1

>.,
1.27994 . 80978 1 .23490 •83910 i.i9»75

1

1

/
Cotang Cotang 1

5 5.3° 1
5-1 5 i° 5 D°



40 Natural Tangents and Cotangents.

/

40° 4 i° 4
2° 43° 44°

Tang Cotang Tang Cotang Tang Cotang Tang Cotang Tang Cotang

60o .83910 1-19175 .86929 1.15037 .90040 1. 11061 •93252 1.07237 .96569 1-03553
I .83960 1.19105 .86980 1. 1 4969 .90093 1 . 10996 .93306 1. 07174 .96625 1.03493 59
2 .84009 1. 19035 .87031 1. 14002 .90146 1.10931 •93360 1. 07112 .96681 1 -°3433 58

3 . 84059 1 . 18964 .87082 1. 14834 .90199 1 . 10867 •93415 1.07049 .96738 1 -03372 57
4 .84108 1. 18894 .87133 1. 14767 .90251 1 . 10802 .93469 1.06987 •96794 1. 03312 56
5 .84158 1.18824 .87184 1. 1 4699 .90304 1. 10737 •93524 1 .06925 .96850 1.03252 55
6 .84208 1. 18754 .87236 1. 14632 .90357 1 . 10672 •93578 1.06862 .96907 1.03192 54
7 .84258 1. 18684 .87287 1. 14565 .90410 1 . 10607 •93633 1 . 06800 .96963 1. 03132 53
8 .84307 1.18614 •87338 1 . 14498 .90463 1 -10543 .93688 1.06738 .97020 1.03072 52

9 •84357 1. 18544 .87389 1. 144 30 .90516 1 . 10478 •93742 1 .06676 .97076 1. 0301

2

51
IO .84407 1. 18474 .87441 1 • 14363 .90569 1 . 10414 •93797 1 .06613 .97133 1.02952 50

ii .84457 1. 18404 .87492 1 . 14296 . 9062

1

1 . 10349 .93852 1. 0655

1

.97189 1 .02892 49
12 .84507 1. 1 8334 .87543 1. 14229 .90674 1. 10285 .93906 1 .06489 .97246 1.02832 48
l 3 .84556 1.18264 •87595 1.14162 .90727 1 . 10220 .93961 1 .06427 .97302 1 .02772 47
M .84606 1.18194 .87646 1 . 14095 .90781 1.10156 .94016 1 .06365 •97359 1 .02713 46
!5 .84656 1.18125 .87698 1 . 14028 .90834 1 .1009

1

•94071 1 .06303 •974i6 1 .02653 45

1

16 .84706 1. 1 8055 .87749 1.13961 .90887 1 .10027 •94125 1. 06241 •97472 1.02593 44
17 .84756 1. 1 7986 .87801 1. 13894 .90940 1.09963 .94180 1.06179 •97529 1.02533 43
18 .84806 1.17916 .87852 1. 13828 .90993 1.09899 •94235 1.06117 .97586 1.02474 42
19 .84856 1. 1 7846 .87904 1 .13761 .91046 1.09834 .94290 1.06056 •97643 1.02414 41
20 .84906 1. 17777 •87955 1.13694 .91099 1.09770 •94345 1.05994 .97700 1-02355 40

21 .84956 1. 17708 .88007 1. 13627 •9"53 1 .09706 .94400 1.05932 •97756 1.02295 39
22 .85006 1. 17638 .88059 1-13561 .91206 1 .09642 ' -94455 x. 05870 •978i3 1 .02236 38
23 •85057 1. 1 7569 .88110 1.13494 •91259 1.09578 .94510 1.05809 .97870 1. 02

1 76 37
24 .85107 1. 17500 .88162 1. 13428 •91313 1. 09514 •94565 i-o5747 .97927 1.02117 36
25 •85157 1. 17430 .88214 1.13361 •91366 1.09450 .94620 1.05685 .97984 1 .02057 35
26 .85207 1.17361 .88265 1. 13295 .91419 1.09386 .94676 1.05624 .98041 1.01998 34
27 •85257 1. 17292 .88317 1. 13228 •91473 1.09322 .94731 1.05562 .98098 1. 01939 33
28 .85308 1.17223 .88369 1.13162 .91526 1.09258 .94786 I. 05501 •98i55 1.01879 32

29 •85358 1-17154 .88421 1 . 1 3096 .91580 1. 09195 .94841 1.05439 .98213 1. 01820 31

30 .85408 1. 17085 .88473 1. 1 3029 .91633 1. 09131 .94896 1.05378 .98270 1. 01761 30

31 85458 1.17016 .88524 1.12963 .91687 1.09067 •94952 1-05317 •98327 1. 01702 29
32 •85509 1. 1 6947 .88576 1. 12897 •91740 1 . 09003 .95007 1- 05255 •98384 1 .01642 28

33 •85559 1. 16878 .88628 1.12831 •91794 1 .08940 .95062 I. 05194 .98441 1.01583 27

34 .85609 1. 1 6809 .88680 1. 12765 .91847 1.08876 .95ii8 1-05133 .98499 1.01524 26

35 .85660 1.16741 .88732 1. 12699 .91901 1. 08813 •95173 I .05072 .98556 1.01465 25
36 .85710 1 .16672 .88784 1. 12633 •91955 1.08749 •95229 1.05010 .98613 1. 01406 24

37 .85761 1 . 16603 .88836 1. 12567 .92008 1.08686 .95284 1.04949 .98671 1.01347 23
38 .85811 1-16535 .88888 1.12501 .92062 1.08622 •95340 1.04888 .98728 1. 01288 22

39 .85862 1. 1 6466 .88940 1-12435 .92116 1.08559 •95395 1.04827 .98786 1.01229 21

40 .85912 1. 16398 .88992 1. 12369 .92170 1.08496 •95451 1.04766 .98843 1 .01170 20

41 .85963 1. 16329 .89045 1. 12303 .92224 1.08432 .95506 1.04705 .98901 1.01112 19

42 .86014 1 . 16261 .89097 1. 12238 .92277 1.08369 •95562 1.04644 .98958 1.01053 18

43 .86064 1.16192 .89149 1. 12172 .92331 1.08306 .95618 1.04583 .99016 1.00994 17

44 .86115 1.16124 .89201 1. 12106 •92385 1 .08243 •95673 1.04522 •99073 1.00935 16

45 .86166 1 . 16056 •89253 1.12041 •92439 1. 08179 •95729 I .04461 •99i3i x. 00876 15

46 .86216 1. 15987 . 89306 I-II975 •92493 1. 08116 •95785 1 .04401 .99189 I. 00818 14

47 .86267 1. 15919 .89358 1 . 1 1909 •92547 1.08053 .95841 1.04340 .99247 1.00759 13

48 .86318 1.15851 .89410 1. 1 1844 .92601 1.07990 •95897 1.04279 .99304 1.00701 12

49 .86368 1-15783 .89463 1.11778 •92655 1.07927 •95952 1. 04218 .99362 I .00642 11

50 .86419 1-15715 .89515 1.1x713 .92709 1 .07864 .96008 I. 04158 .99420 1.00583 10

5i .86470 1. 1 5647 .89567 1. 1 1648 .92763 1.07801 . 96064 1.04097 .99478 1.00525 9
52 .86521 1.15579 .89620 1.11582 .92817 1.07738 .96120 1.04036 .99536 I .00467 8

53 .86572 1-15511 .89672 1-11517 .92872 1.07676 .96176 1.03976 •99594 I . 00408 7

54 .86623 1. 15443 •89725 1.11452 .92926 1.07613 .96232 I. 03915 .99652 1.00350 6

55 .86674 1-15375 .89777 1. 1 1387 .92980 1-07550 .96288 1.03855 •997io I .00291 5

56 .86725 1. 15308 .89830 1.11321 •93034 1.07487 •96344 1-03794 .99768 1.00233 4

57 .86776 1.
1 5240 .89883 1 .11256 .93088 1.07425 .96400 1.03734 .99826 I. 00175 3

58 .86827 1.15172 •89935 1 . 11191 93M3 1.07362 •96457 1.03674 .99884 I .00116 2

59 .86878 1. 15104 . 89988 1.11126 93197 1.07299 •96513 1.03613 •99942 1.00058 1

60 .86929 1. 15037 .90040 1.11061 •93252 1.07237 .96569 1-03553 1 .00000 I. 00000

t

Cotang Tang Cotang Tang Cotang Tang Cotang Tang Cotang Tang
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INDEX

Note.—All
section. Thus,
section 6.

items in this index refer first to the section and then to the page of the
'Acute angle, §6, p3" means that acute angle will be found on page 3 of

Absolute term, §5, pl9.

Abstract number, §1, pi.

Acute angle, §6, p3.

Addition, §1, p4.

and subtraction of fractions in algebra, §4,

P22.

of decimals, §1, p38.

of denominate numbers, §2, pl5.

of fractions, §1, p27.

of monomials, §3, pl2.

of polynomials, §3, pl7.

Proof of, §1, p8.

Rule for, §1, p8.

table, §1, p5.

Adjacent angles, §6, p3.

sides, §6, p25.

Affected quadratic equation, §5, pl6.

Aggregation, Symbols of, §1, p4 (J; §3, pp6, 22.

Algebra, §3, p4.

Algebraic expressions, Factors of, §4, p4.

ions, Reading, §3, p8.

Altered number, §2, p39.

Altitude of cone, |fl

of cylinder, §6, pp62, 63.

of frustum, §6, p66.

of parallelogram, §6, p49.

of prism. §6, pp62, 63.

of pyramid, §6, p64.

nf triangle, §6,

Amount (Percentage), §2, p2.

Angle, |4

Right, §'.

< r.t of, §2, pi 1.

| !

Application of trigonometric functions, §'">.

Arabic notation, § I

Arc of a circle. §6,

Arcs, Measure of, §2, pll.

Area, §6, p46.

of circle, §6, p51.

of cone, Convex, §6, p64.

of ellipse, §6, p67.

of frustum, §6, p66.

of parallelogram, §6, p49.

of plane figure, §6, ;

of pyramid, Convex, §0, p66.

of regular polygons, §6, poo.

of sector, §6, p53.

of segment, §6, p53.

of similar figures, §6, p75.

of sphere, §6, p6S.

of trapezoid, §6, p49.

of triangle, §6, p47.

Arithmetic, Definition oi, §1, pi.

Fundamental processes of, §1, pi.

Avoirdupois weight, §2, p9.

Axes of symmetry, §6, p?2.

B
Base (Percentage), §2, p2.

of system of logarithms, §5, pll.

of triangle, §6, p9
To find the. §2, pp3, 5.

Bases of frustum, §6, pp66, 67.

Binomial. $•'.. p7.

Brace. §1. ;

Brackets. §1, p49.

logarithms, |5, pll.

Broken line, §<>, pi.

ition, §1, pl9; §r>, p3.

Rule for. §1, p21.

1 <>f, §2. plO.

Center of dn
Chain. Rngini

Ciuntcr's, I'

Vll

40-37



V1U INDEX

Characteristic of a logarithm, §5, p42.

Rules for, §5, p43.

Chord of circle, §6, pl4.

Cipher, §1, p2.

Circle, §6, pl4.

Area of, §6, p51.

Circumference of, §6, ppl4, 50.

Diameter of, §6, p51.

Tangent to, §6, pl8.

Circles, Concentric, §6, pl8.

Circumference of circle, §6, ppl4, 50.

Coefficient, §3, p5.

Common denominator, §1, p26.

logarithms, §5, p41.

Complement of an angle, §6, p5.

Complete divisor, First, §2, p44.

divisor, Second, §2, p44.

divisor, Third, §2, p44.

Complex fraction, §4, p29.

Composite number, §4, p3.

Compound denominate number, §2, p8.

proportion, §2, p67.

Concentric circles, §6, pl8.

Concrete number, §1, pi.

Cone, Altitude of, §6, p64.

Area of, §6, p64.

Frustum of, §6, p65.

Slant height of, §6, p64.

Vertex of, §6, p63.

Volume of, §6, p64.

Consequent, §2, p55.

Convex surface of solids, §6, p60.

Cosine of angle, §6, pp24, 25.

Cotangent of angle, §6, p26.

Couplet of a proportion, §2, p59.

of a ratio, §2, p55.

Cross section of a solid, §6, p69

Cube, §6, p61.

of a number, §2, p23.

root, §2, pp23,26; §4, p7.

root, Exact method of extracting, §2, p50.

root, Importance of, §2, p27.

root, Table method of extracting, §2, p36.

Cubes, To factor sum or difference of two per-

fect, §4, P 13.

Cubic measure, §2, p9

Curved line, §6, pi.

Cylinder, §6, p61.

Altitude of, §6, p62.

Area of, §6, p62.

Volume of, §6, p62.

Cylindrical ring, §6, p69.

D
Decagon, §6, pp7, 55.

Decimal point, §1, p36.

point, Location of, §2, p34.

Decimal—Continued

To raise a whole number or, to any power,

§2, P25.
Decimals, §1, p35.

Addition of, §1, p38.

Division of, §1, p42.

Multiplication of, §1, p40.

Reduction of, §1, p46.

Subtraction of, §1, p39.

I\n )minate number, §2, p7.

r umber, Compound, §2, p8.

number, simple, §2, p7.

Denominator, §1, p22; §4, pi 7.

Common. §1, p26.

Diameter of circle, §6, ppl4, 50.

Difference, §1, p9.

First, §2, p39.

(Percentage), §2, p2.

Second, §2, p39.

Digits, §1, p2.

Direct proportion, §2, p59.

Direct ratio, §2, p55.

Dividend, §1, pl6.

First, §2, p43.

Second, §2, p44.

Third, §2, p44.

Division, §1, pl6.

by logarithms, §5, p52.

of decimals, §1, p42.

of denominate numbers, §2, p20.

of fractions, §1, p32; §4, p26.

of monomials, §3, p32.

of polynomials, §3, p36.

Rule for, §1, pl8.

Sign of, §1, pl6.

Divisor, §1, pl6.

Dodecagon, §6, pp7, 65.

Dry measure, §2, plO.

E
Edges of a solid, §6, p60.

Effects, Causes and, §2, p66.

Elimination of equations, §5, p30.

Ellipse, §6, p56.

Area of, §6, p57.

Perimeter of, §6, p56.

Engineer's chain, §2, p9.

Equal factors, §4, p7.

Equality, Sign of, §1, p4.

Equation, §3, p4; §5, pi.

Literal, §5, pp5, 9.

Members of, §5, pi.

Quadratic, §5, pl6.

Root of, §5, p6.

Solution of an, §5, p2.

To satisfy an, §5, p6.

Transforming an, §5, p3.



INDEX IX

Equations containing one unknown quantity,

;
11.

containing two unknown quantities, §5,

p29.

Elimination (if, by addition or subtraction,

|5, p32.

Elimination of, by comparison, §5, p31.

Elimination of, by substitution, §5, p30.

[ndependent, §.">, p29.

Simple, §•"), p.">.

Simultaneous, §5, p30.

Equilateral polygons, §0, p7.

triangle, §6, pp9, 55.

Even numbers, §4, p3.

Evolution, §2, p26.

by logarithms, §5, p57.

P2xact method of extracting cube root, §2, p50.

method of extracting fifth root, §2, p52f.

method of extracting fourth root, §2, p52f.

method of extracting square root, §2, p43.

Exponent, §2, p23; §3, p5; §4, p31.

Literal, §4, p31.

Extension, Measures of , §2, p8.

Extremes of a proportion, §2, p59.

Faces of a solid, §6, p60.

Factor of a quantity, §4, p2.

Prime, §1, p20; §4, p3.

Factoring, §4, ppl, 2.

. §1 pl9; §3. p5.

Equal, §4, p7.

Irrational, §2, p32.

of algebraic expressions, §4, p4.

of monomials, §4, p5.

of polynomials, <: I

Rational. §2, p.32.

Fifth. Higher roots than, §2, p52f.

Exact method of extracting, §2, p">2f.

root. Table method of extracting. §2, p37.

Figun

Figures, Significant, §2.

tnplete divisor, §2, p44.

difference, §2.

dividend

trial divisor, §2
;" an ellipse

Formula, §::

Fourtl 2 p23

-tracting, §2,

Table nv • \tracting, §2,

l §4, p29.

Fraction—Continued

Improper, §1, p23.

Lowest terms of, §1, p25.

Proper, §1, p23.

Signs of a, §4, pl8.

Terms of, §4, pl7; §1, p23.

To invert, §1, p33.

To raise a, to any power, §2, p25.

To reduce a decimal to a, §1, p47.

To reduce a mixed quantity to a, § 1, : i28.

To reduce, to a decimal, |1, p46.

To reduce, to a higher term, |1, p23.

To reduce, to an equal fraction with a given

denominator, §1, p24.

To reduce, to lower terms, §1. p24.

To reduce, to simplest form, §4, pl9.

Value of, §1, p23.

Fractions, Addition of, §1, p27.

Addition and Subtraction of, §4, p22.

Clearing an equation of, §5, p4.

Division of, (1, p32; § I

Multiplication of, §1, p31; §4, p25.

Reducing to common denominator, §1 p27;

§4. p21.

Reduction of, §1, p23.

Roots of, §2, p40.

Subtraction of, |1, p29.

To reduce to a common denominator, §1,

P27.

Frustum of pyramid or cone, §0, p65.

Functions, Trigonometric, §0. p22.

Fundamental processes of arithmetic, §1, p4.

Gain or loss, §2. p6.

Gallon, British Imperial, §2, pll.

U. S. Standard, §2, pll

Geometry, §0, pi.

Guntet's chain, §2. p8.

H
: 55.

Horizontal line, $6
• '9.

Square described on, §G, plO.

I

Imperfect powers, §2, p32
Improper fraction, §1, j>:_

, ."'>.

To reduce to decimal part of a foot

|1,

Independent equations, §.*>, p'J'J.

Index ' p28.

6 plO.

6 plG.

r, §1. p2.



INDEX

Integral expression, §4, pp4, 27.

part of a number, §2, p29.

part of expression, §4, p27.

places, §5, p43.

Intersection, Point of, §6, p2.

Inverse proportion, §2, pp59, 62.

ratio, §2, p55.

Involution, §2, p23.

by logarithms, §5, p55.

Irrational factors, §2, p32.

Isosceles triangle, §6, p9.

K
Known quantities, §5, pi.

Least common denominator, §1, p26.

Letters, Use of, in algebra, §3, pi.

Like numbers, §1, pi.

terms, §3, p7.

Line, Broken, §6, pi.

Curved, §6, pi.

Horizontal, §6, p2.

Perpendicular, §6, p2.

Straight, §6, pi.

Vertical, §6, p2.

Linear measure, Surveyor's, §2, p8.

measures, §2, p8.

Lines, Parallel, §6, pi.

Liquid measure, §2, plO.

Literal equation, §5, pp5, 9.

exponent, §4, p31.

Location of decimal point, §2, p34.

Logarithmic functions, §2, p64.

Logarithms, §5, p41.

Briggs' or common, §5, p41.

Division by, §5, p52.

Evolution by, §5, p57.

Hyperbolic or natural, §5, p41.

Involution by, §5, p55.

Multiplication by, §5, p51.

Napierian, §5, p41.

Long ton table, §2, plO.

Loss or gain per cent., §2, p6.

M
Major axis of ellipse, §6, p56.

Means (Proportion), §2, p59.

Measure, Definition of, §2, p8.

Dry, §2, plO.

Linear, §2, p8.

of angles of arcs, §2, pll.

of money, §2, pll.

of time, §2, pll.

Square, §2, p9.

Surveyors' linear, §2, p8.

Surveyors' square, §2, p9.

Measures, Classification of, §2, p8.

Measures—Continued

Cubic, §2, p9.

Liquid, §2, plO.

Miscellaneous, §2, pll.

of capacity, §2, plO.

of extension, §2, p8.

of stonework, §8, p68.

of weight, §2, p9.

Standard units of, §2, p8.

Members of an equation, §5, pi.

Mensuration, §6, p46.

of plane surfaces, §6, p46.

of solids, §6, p60.

Meter, §2, pll.

Method of extracting cube root, §2, p50.

of extracting fifth root, §2, p52f.

of extracting fourth root, §2, p52f.

of extracting square root, §2, p43.

Minor axis of ellipse, §6, p56.

Minuend, §1, p9.

Minus, §1, p9.

Minutes of a degree, §6, p20.

Miscellaneous tables, §2, pll.

Mixed number, §1, p23.

number, To reduce to improper fraction, §1,

p25.

quantity, §4, p27.

Money, Measure of U. S., §2, pll.

Monomial, §3, p7.

To extract any root of, §4, p32.

To raise to any power, §4, p32.

Monomials, Addition of, §3, pl2.

Division of, §3, p32.

Factors of, §4, p5.

Multiplication of, §3, p25.

Subtraction of, §3, pl8.

Multiple of a quantity, §4, p2.

Multiplicand, §1, pll.

Multiplication, §1, pll.

by logarithms, §5, p51.

of decimals, §1, p40.

of denominate numbers, §2, pl9.

of fractions, §1, p31; §4, p25.

of monomials, §3, p25.

of polynomials, §3, p29.

Proof of, §1, pi 5.

Rule for, §1. pi 4.

Sign of, §1, pll.

table, §1, pl2.

Multiplier, §1, pll.

N
Natural functions, §6, p22.

logarithms, §5, p41.

Naught, §1, p2.

Nonagon, §6, p55.

Notation, §1, pi.

Arabic, §1, p2.
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Number, Abstract, $1. pi.

Altered, §2, p39.

Composite, §4, p3.

Concrete, §1 ,
]>1

.

Even, §4. p3.

having same significant parts, §2, p28.

1. igarithm of a, 55, p41.

Mixed, §1, p28.

Odd, §4, p3.

Prime, §1, p20; §4, p8.

Unit of a, §1, pi.

Numbers, Denominate, §2, p7.

lluw expressed, §1, p2.

Like, 81, pi.

Reading, §1, p3.

Unlike. 51, pi.

Numeration, §1, pi.

Numerator, §1, p22; §4, pl7.

O
Oblique-angled triangles, §(>, p9.

angled triangles, Solution of, §0, p40.

Obtuse angle, §6, p3.

Octagon, §0, pp7, 55.

Odd number, §4, p3.

Opposite angles, §6, p4.

Order in use of signs, §1, p49.

Parallel lines, §6, pi.

Parallelogram, §(5, p48.

Altitude of, §6, p49.

Area of, §(>, p49.

Diagonal of, §o, p49.

Parallelopipedon, §G, p61.

Parenthesis, §1, p49.

Parts, Significant, §2, p28.

Pentagon, §(i, pp7, 55

Percentage, §2, ppl, 2.

Meaning of, §2, pi.

Per cent., Sign of, §2, pi.

: p7.

rs, §2, p32.

square, §4, p7.

squares, difference between, To factor. §4,

pll.

Perimeter of a polygon, 5'

radicular Hi

Plane figure, $(>. p7

figure, Area of, i<\
|

17

n of a s<>lid, §C»

surface, Jfi, p7.

surfaces, Mensuration of, §G, p40.

Point, \i

of cootat • |6, plfl

of intersection, $<

Point—Continued

of tangency, §6, pl8.

i "i, §(>, p7.

Angles of, $("), pp7, 8.

Equiangular, §<>, p7.

Equilateral, §<>, p7.

Inscribed, §(>, pl6.

Perimeter of a, §(>, p7.

Regular, §6, p (S.

Polynomial, §3, p7.

Polynomials, Addition of, §3, pi 7.

Division of, §3, p:>(>.

Factors of, §4, p5.

Multiplication of, §3, p29.

Subtraction of, §3, p21.

Positive and negative quantities, §3, p9.

Power of a number, §2, p23.

of a quantity, §3, p(S.

Powers and roots in proportion, §2, p64.

Imperfect, §2, p32.

Perfect, §2, p32.

Prime factor, §1. p20; §4, p3.

number, §1, p20; §4, p3.

Principles, Useful Arithmetic, §2, p30.

Prism, §6, p61.

Area of, §6, p62.

Volume of, §6, p62.

Problems, Statement of. §5, pll.

Product, §1, pll.

Projections, §6, p71.

Proper fraction, §1, p23.

Proportion, §2, p58.

Compound, §2, pG7.

Direct, §2, p59.

Inverse, §2, pp59, 62.

Powers and roots in, §2, p04.

Simple, §2, p67.

Pure quadratic equation, §5, pl6
Pyramid, §(>, pfl3.

Altitude of, §(>, pfl4.

Area of, §1), pQ4.

Frustum of, §<>. p65.

Slant height of. $<>, p64

Vertex of, 56, p63.

Volume of, §C, p64.

Quadrant, |6, pi 5.

Quadratic equation, §"), plfl.

equation, Affected, 55, ppl 6, is

equation containing two unknown quanta-

ties. £.-,,

ation, Pure, §.", plfl.

Quadrilateral, £<i. p7.

Quantities, Known ami Unknown, 55

Quantity, 53, p4.

Quotient, §1, plfl.
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Radical sign, §2, p28; §3, p6.

Radius of a circle, §6, pl4.

Rate (Percentage), §2, p2.

Ratio, §2, p54.

Direct. §2, p55.

Inverse, §2, p55.

Reciprocal, §2, p55.

Terms of a, §2, p55.

Value of a, §2, p55.

Rational factors, §2, p32.

Reading decimals, §1, p36.

Reciprocal of a number, §2, p55; §3, p35.

ratio, §2, p58.

Rectangle, §6, p48.

Reducing fractions to common denominator

§4, P21.

Reduction of decimals, §1, p46.

of denominate numbers, §2, pl2.

of fractions, §1, p23; §4, ppl7, 19.

Regular polygons, §6, p8.

polygons, Area of, §6, p55.

Remainder, §1, p9.

Rhomboid, §6, p48.

Rhombus, §6, p48.

Right angles, §6, p3.

angled triangle, §6, p9.

angled triangle, Solution of, §6, p36.

cylinder, §6, p62.

line, §6, pi.

prism, §6, p62.

Ring, Cylindrical, §6, p69.

Root, §2, p23.

Cube, §2, pp23, 26; §4, p7.

cube, Exact method of extracting. §2, p55.

cube, Importance of, §2, p27.

cube, Table method of extracting, §2, p36.

Fifth, §2, p26.

Fifth, Exact method of extracting, §2, p52f.

Fifth, Table method of extracting, §2, p37.

Fourth, §2, pp23, 26.

Fourth, Exact method of extracting, §2,

p52f.

fourth, Table method of extracting, §2,

p37.

higher than fifth, §2, p52f.

Index of, §2, p28.

of a quantity, §3, p6.

of an equation, §5, p6.

of fractions, §2, p40.

of fractions, Rule for, §2, p40.

Second, §2, p23.

vSquare, §2, p26; §4, p7.

square, Exact method of extracting, §2, p43.

square, Importance of, §2, p27.

square, Table method of extracting, §2,

p33.

Rule for addition, §1, p8.

for cancelation, §1, p21.

for compound proportion, §2, p68.
for division, §1, pl8.

for extracting roots of fractions, §2, p40.
for multiplication, §1, pl4.

for subtraction, §1, plO.

of three, §2, p59.

Rules for percentage, §2, p2.

for use of trigonometric functions, §6, p30.

S

Scalene triangle, §6, p9.

Secant of an angle, §6, p26.

Second complete divisor, §2, p44.

difference, §2, p39.

dividend, §2, p44.

root, §2, p23.

trial divisor, §2, p44.

Seconds, §6, p20.

Section of a solid, Plane, §6, p69.
Right, §6, p69.

Sector of a circle, §6, pl5.

of a circle, Area of, §6, p53.

Segment of a circle, §6, pi 4.

of a circle, Area of, §6, p53.

Semicircle, §6, pl6.

Semicircumference, §6, pl6.

Short method of extracting square root, §2,

p48.

Side adjacent to an angle, §6, p25.

opposite to an angle, §6, p25.

Sign of addition, §1, p4.

of division, §1, pl6.

of equality, §1, p4.

of multiplication, §1, pll.

of per cent., §2, pi.

of subtraction, §1, p9.

Radical, §2, P28; §3. p6.

Significant figures, §2, p28.

figures, in root, §2, p30.

figures, Number of, to use. §2, p30.

parts of a number, §2, p28.

Signs, Changing, §5, p4.

of a fraction, §4, pl8.

Similar figures, §6, p73.

figures, Application of law governing, §6,

P74.
figures, Area of, §6, p75.

solid, §6, p73.

Simple denominate numbers, §2, p7.

equation, §5, p5.

proportion, §2, p67.

Simultaneous equations, §5, p30.

Sine of an angle, §6, p25.

Slant height of a pyramid or a cone, §6, p64.

Solid, §6, p60.
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Solids, Mensuration of, §6, p60.

Similar, §6, p73.

Solution of triangles, §6, p36.

Sphere, §6, p67.

Area of, §6. p68.

Volume of, §6. p68.

Square, §2, p23; §6, pp48, 55.

described on the hypotenuse, §6, plO.

measure. §2, p9.

root, §2, pp23, 26; §4, p7.

root, Exact method of extracting, §2, p43.

root, Importance of, §2, p27.

root, Short method of extracting, §2, p48.

root, Table method of extracting, §2, p33.

Unit, §6, p46.

Squares, To factor difference between perfect,

§4, pll.

Straight line, §6 pi

Subtraction, §1, p9.

of decimals, §1, p39.

of denominate numbers, §2, pl7.

of fractions, §1, p29.

of monomials, §3, pl8.

of polynomials, §3, p21.

Proof of, §1, pll.

Rule for, §1, plO.

Sign of, §1, p9.

Subtrahend, §1, p9.

Sum or difference of two perfect cubes, To
factor, §4, pi 3.

Supplement of an angle, §6, po.

Supplementary angles, §6, p5.

Surface, Area of, §6. p46.

Convex, §6, p60.

Plane. §6, p7.

Surfaces, Mensuration of, §G, p46.

Surveyor's linear measure, §2, p8
square measure, §2, p9.

Symbols of aggregation, §1, p49; §3, pp6, 22.

Symmetrical figures, §6, p72.

Symmetry, Axis of, §6, p72.

Table method of extracting cube root, §2, p36.

method of extracting fourth and fifth roots,

.37.

method of extracting square root, §2, p33.

Tangency, Point of, §6. pl8.

Tangent circles. §6, pl8.

of an angle, §6, p25.

to a circle, §6. pl8.

Terms. Like, §3, p7.

of a fraction, §1, p2S; 54, pl7.

of a ratio, §2,
|

of an algebraic expression, §M, p7.

'. $3. p7.

Third complete divisor. §2, pi 1.

Third—Continued

dividend, |2, p 1 4.

trial divisor. §2, p44.

Time, Measure of, §2, pll.

To reduce a mixed quantity to a fraction, §4,

p28.

Transposition, §5, p3.

Trapezium, §6, p48.

Trapezoid, §6, p48.

Area of, §6. p49.

Trial divisor, First. §2, p43.

divisor, Second, §2, p44.

divisor, Third, §2, p44.

Triangle, Area of, §6, p47.

Triangles, §6, p9.

Equal, §6, pl2.

Equilateral, §6. p9.

Isosceles, §6, p9.

Oblique-angled, §6, p9.

Right-angled, §6, p9.

Scalene, §6, p9.

Solution of, §6, p36.

Trigonometric functions, §6, pp22, 24.

functions. Rules for use of, §6. p30.

Tables, Directions for using, §6, p31.

Trigonometry, §6, pi 9.

Trinomial, §3, p7.

To factor a, that is a perfect square, §4, p8.

Troy weight, §2, plO.

U
Unit, §1, pi.

of a number, §1, pi.

of a square, §6, p46.

Unlike numbers, §1, pi.

terms, §3, p7.

U. S. money, §2, pll.

V
Value of a fraction, §1, p23.

of a ratio. §2, p55.

Versedsine, §6, p27.

Vertex of an angle, §6, p2.

of a cone, §6, p63.

of a pyramid, §6, p63
Vertical line, §6, p2.

Vinculum, §1, p49.

Volume of cylindrical ring, §6 p70.

of frustum of pyramid or cone, §<>, p8&
of prism or cylinder, §6, p62
ot pyramid or cone §6, p63.

of solid, §6, p60.

of sphere, §6. p68.

W
Weight, Avoirdupois, §2, p9.

Measures <>t , §2, pQ,

Troy, §2. plO.

Z
Zero, §1, p2.
















